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1 Introduction

An intricate web of claims and obligations ties together the balance sheets of a wide variety
of financial institutions, banks, hedge funds, and various intermediaries. Some argue that
these ties have played a large role in the dissemination of the financial crisis of 2007-2008. As
such, interbank claims are an important concern for both bankers and regulators and there is
a general call for addressing their role in the risk of the system, the so-called ’systemic’ risk.!
This paper proposes to measure the spill-over effects that interbank liabilities generate on
the propagation of default. The measure is based on an explicit criterion: the aggregate debt
repayments (equivalently, in the model, the aggregate assets’ size), and is bank’s specific,
affected by the bank’s characteristics and links to other banks. Such measure can be useful
to a regulator to determine in which banks cash should be injected during a default episode
or to evaluate the impact of raising capital before the occurrence of default. The approach
applies more generally to a system of entities that are linked through financial claims. This
is illustrated to evaluate the consolidated foreign claims of 10 EU countries.

The analysis builds on a simplified description of a banking system due to Eisenberg
and Noe (2001) (hereafter EN). Banks have liabilities to each other and the result of the
activities of each bank is summarized by a single value, its cash-flow. Under limited liability,
the capacity of a bank to repay its liabilities depends not only on its realized cash-flow but
also on the reimbursements of its loans, calling for a joint determination of the repayments.
The clearing mechanism defined by EN solves this: at clearing repayment ratios, each bank
in default reimburses as much as it can under limited liability and given others’ repayments.
The aggregate repayments at the clearing ratios thus measure the reimbursement capacity
of the system as a function of the cash-flows of all banks.

The variation in the aggregate repayments due to a decrease in a bank’s cash-flow is our
measure of the bank’s impact on the system. When the bank defaults, the variation includes
not only the decrease in the bank’s repayment following the decrease in its cash-flow but
also the decrease caused by the propagation of defaults, the spill-over effects. When the
bank does not default, the variation is null. The variation is simple to compute if the bank’s

cash-flow decrease is moderate enough to leave unchanged the set of defaulting banks. In

!The new framework proposed by the Basel committee (Basel III) identifies some ’systemically important
financial institutions’ (SIFI) from which higher standards are required. The SIFI are mainly determined by

their size.



that case, the variation is proportional to a term called hereafter threat index. The index
of a bank depends not only on its own liabilities but also on the whole set of defaulting
banks and the liabilities between them. The threat index and default ratio of a bank (the
complement to 1 of its repayment ratio) are both measures of its weakness. However, they
typically differ, and are, in some precise sense, dual to each other. A bank’s default ratio
is determined by the capacity of its debtors to repay their debts whereas its threat index is
determined by the capacity of its creditors to repay their debt.

The analysis has several implications from a regulation perspective. First, it is helpful
to determine a policy of cash injection into banks during a default episode. As an injection
is similar to an increase in banks’ cash-flows, the policy must account for the spill-over
effects across banks so as to improve aggregate repayments as much as possible. When the
amount of cash is moderate, the optimal policy is characterized by the threat indices: Cash
should be injected into the defaulting banks with the largest threat index. As a result, due
to the discrepancy between threat indices and default levels, injecting cash into the banks
that appear the weakest, those with the largest default ratios, may be sub-optimal.

Second, the lack of information on the bilateral liabilities between financial institutions
is a concern to regulators. How valuable is this information? To address this question,
we compare the optimal injection strategy, which assumes complete information, with the
benchmark in which the regulator knows the total liabilities and total loans of each bank
only, but not the bilateral ones. The value of information is defined as the improvement in
the aggregate repayments reached by the optimal policy under complete information over the
benchmark. The value is driven by the heterogeneity and asymmetry in liabilities structure.
When the injected amount is moderate, the value is proportional to the difference between
the maximal index and the average index over the defaulting banks. This difference is
determined partly by the heterogeneity in the proportions of their liabilities that defaulting
banks owe towards defaulting banks. It also depends on the heterogeneity in intricate spill-
over effects that account for liabilities cycles between defaulting banks, as described by the
dominant eigenvector of a certain matrix.

Third, the impact of increasing the capital level of a bank can be assessed by considering
an ex ante stage before the cash-flows are realized and the clearing ratios are determined.
The value of raising capital at the margin is simply the expectation of the threat index. Since
the threat index depends on the liabilities structure within the defaulting banks, its ex ante

value depends both on the whole liabilities structure and the distribution of the defaulting



set, which, in turn, is determined by the cash-flows’ distribution. In particular, the value is
increasing in the probability that the defaulting set is large when the bank defaults. This
probability is affected by other factors than the liabilities, such as the correlation between
the cash-flows or the size of the bank.

Finally, the analysis can be applied more generally to a system of entities that are linked
through financial claims. The approach is illustrated on the consolidated foreign claims
for 10 EU countries and uncovers interesting features not easy to see from the liabilities
structure, due to its asymmetry and heterogeneity.

The literature on financial contagion is growing. Empirical studies have examined the
potential for contagion in real banking systems. Often models use a binary variable that
represents either failure or safeness. The contagion risk of a bank is defined as the expected
number of subsequent failures (possibly weighted by their size) following its initial failure.
The first simulations were calibrated on real payment systems (see e.g. Furfine 2003 on
Fedwire) or on interbank networks (e.g. Upper and Worms 2004, Elsinger et al. 2004,
Degryse and Nguyen 2004 for Germany, Austria, Belgium respectively). These studies
concluded that systemic risk was extremely limited, in the sense that the probability of a
large number of failures triggered by the single initial failure of a bank was almost null,
though the possibilities of bail-out were not taken into account. One explanation for these
very low effects is that data on bilateral exposures is limited and the technics to fill’ the
missing data is likely to lead to underestimate contagion. This point is related to the analysis
of the value of information on the bilateral liabilities and their heterogeneity (Section 4).

Interbank liabilities have two opposing effects on contagion: they increase the oppor-
tunities for sharing liquidity shocks among counter-parties but also facilitate the channels
through which default spreads. Recent studies aim to assess the impact of the liabilities
structure on this trade-off? (Gai and Kapadia 2008, Elliott, Golub, and Jackson 2013,
Glasserman and Young 2015, Acemoglu, Ozdaglar and Tahbaz-Salehi 2015). For exam-
ple, Gai and Kapadia (2008) use a random graph in which the expected number of links
(i.e. number of creditors) of a bank is given by a parameter, identical for all banks. They
find that financial systems exhibit a robust-yet-fragile tendency: while greater connectivity

reduces the likelihood of widespread default, the impact on the financial system, should

2A more economic approach has been initiated by Allen and Gale (2000) and Freixas, Parigi, and Ro-
chet (2000).



problems occur, can be on a significantly larger scale than hitherto.? The analysis however
relies on (a priori) symmetric networks and measures systematic risk by the expected con-
tagion size given an expected bank picked at random. Given the observed heterogeneity of
financial institutions, both in their size and connections, an important question is to assess
the spill-over effects initiated by a given bank, as is performed by the measure introduced
in this paper.

Regulation is typically defined at the unit level, determined by the balance sheet of
the bank under consideration. A prominent example is the Value at Risk indicator (VaR),
which is based on a statistical assessment of a bank’s payoffs independently from what is
happening to other banks. Various measures of systemic risks have been recently intro-
duced, such as CoVaR (Adrian and Brunnermeier 2008) or Marginal Expected shortfall
(Acharya et al. 2008, Brownee and Engle 2010). CoVaR for example is a measure simi-
lar to VaR but conditional on systemic events, defined, say, as those in which the stock
market portfolio falls below a threshold. These measures are based on a reduced form and
cannot distinguish between the initiation and contagion effects. Gouriéroux, Héam, and
Monfort (2012) propose an approach related to ours, also based on the equilibrium EN
model. They decompose for each bank the impact of shocks on the balance sheets into a
direct and a contagion effect, and illustrates it on a French banking system. The analysis
differs from here as they do not base the analysis on the aggregate asset size nor evaluate
targeting strategies.

Finally, the paper also relates to the large literature that studies the interactions and
externalities channeled through a network of connections. Firstly, the threat index provides
an assessment of a position in a network, and, as such, is related to the power or centrality
indices introduced in the sociological literature by Katz (1953) or Bonacich (1987). These
indices depend on an ‘attenuation’ parameter, which captures the importance of indirect
links. Our approach however differs in an important way as it is based on an explicit
objective; as a result, the relevant network is endogenous, restricted to the links between
defaulting banks and the threat index does not depend on an exogenous attenuation param-
eter because the importance of indirect links is endogenously determined as well. Secondly,

injection policies have been investigated in alternative network models in which individ-

3This result is driven by the assumption that a bank’s total amount of assets and liabilities is kept fixed,
irrespective of the network structure. In practice this amount is related positively with the number of links,

which is likely to hamper the risk-sharing benefit of forming links.



ual actions generate externalities channelled through a network. In a criminal network for
example, the ’key player’ to remove, the one whose arrest triggers the largest decrease in
global criminal activity, may not be the one the more active (see Ballester, Calvé-Armengol,
Zenou 2005). Similar insights hold in our model since the most threatening banks are not
necessarily those with the lowest repayment ratios.

The paper is organized as follows. Section 2 presents the model and the clearing mech-
anism, and introduces the aggregate repayments value. Section 3.1 analyzes how this value
varies with the cash-flows and introduces the threat indices. Section 3.2 examines the opti-
mal injection policies and relates them to the threat indices. Section 4 computes the value
of the information on the bilateral liabilities to a regulator who decides on a cash injection
policy. Section 5 takes an ex ante point of view and introduces the value of raising capital.
Section 6 illustrates the approach on the consolidated foreign claims for 10 EU countries

and Section 7 concludes. Section 8 gathers the proofs.

2 A liquidation model with default

There are n financial institutions, called banks for simplicity. Denote N = {1,--- ,n}.
Banks draw some revenues from their activities and are linked through claims on each other.
We are at an ex-post stage, or liquidation stage. The revenues are realized, summarized
by a single value for each bank, called its cash-flow, z; for bank 4, which is positive.* The
interbank assets and liabilities are described by the nominal debt obligations of each bank
i towards any other bank j, £;;. Liabilities have the same priority. The vector of cash-flows
z = (%) and the n x n matrix € = (¢;;) where £;; is null for each i summarizes the relevant
data.

The liabilities structure depends on the situation under consideration, in particular on
the horizon of the debts. In payment systems, liabilities are often both ways, reflecting
common clienteles for example. Not only both /;; and /j; can be simultaneously positive
but they are likely to be both positive or both null. In long term arrangements however,
some patterns are more directed, such as the ones described in the Austrian banking system,

with almost a pyramidal structure (see for example Upper and Worms 2004).

12 may also be interpreted as the market value of the bank’s activities Shin (2008). As long as these

values are not affected by the clearing mechanism, the analysis goes through.



Clearing repayment ratio vectors The capacity for banks to repay their debts depends
on the cash-flow levels z, the mutual liabilities £, and the repayments they effectively receive.
Some banks may be unable to repay fully their debts and default possibly propagates due to
the mutual liabilities. The clearing mechanism determines the outcome of propagation. It
bears on the proportion of the debt reimbursed -as liabilities have the same priority, a bank
reimburses the same fraction of its liability to each creditor- and is based on two simple
rules, limited liability and creditors’ priority over stockholders. It turns out that these two
rules pin down the outcome and furthermore maximize the aggregate repayments under the
limited liability constraint. This will serve as a basis for defining spill-over effects.

Let us denote by ¢; i’s total nominal liabilities
= Z lij. (1)
J

Start by assuming that all banks fully repay their debts to ¢. In that case, i’s asset is equal
to z + . ; 4ji- Due to the limited liability of stockholders, bank ¢ will fully repay its debts
only if its asset is larger than ;. Otherwise i defaults; ¢ is said to ’initiate’ default, since it
defaults even under full repayments of its loans.

Default can be partial, meaning that a bank in difficulty pays a fraction of its liability.
This fraction, between 0 and 1, is called repayment ratio or simply ratio, denoted by 6;. A
ratio (vector) @ = (6;) specifies the repayment ratio of each bank, where 6; is between 0
and 1. The default ratio is then defined as 1 — 6;. Under limited liability, i’s repayments are
constrained by its asset value, which is the sum of its cash-flow and the loans repayments

by other banks. Formally, given the ratio vector €, bank i’s asset value denoted by a;() is
a;(0) =z + Z 0l (2)
J

i’s repayments, 6;¢7, are constrained to be less than a;(@) since stockholders cannot be

forced to add cash. Equivalently, i’s equity defined as
61(9) =2z; + Z Hjeji — Ozéj (3)
J
must be non-negative. In particular, bank 7 initiates default when e;(1) < 0 where 1 denotes

the n-vector of 1.

The clearing mechanism basically requires debtors to reimburse as much as they can



under limited liability.’

Definition 1 Given (z,£), a vector 8@ = (0;) in [0,1]" is said to be a clearing ratio if it

satisfies for each i
(limited liability): a;(0) > 0;0 (equivalently e;(0) > 0)

(priority of creditors over stockholders): either 8; =1 or a;(0) = 6,07 i.e. ;(0) =0.

One checks that 1 is a clearing ratio vector when no bank initiates defaults, since then
ei(1) > 0 for each i. The existence of a clearing ratio vector follows from the complemen-
tarities between banks’ ratios, as shown by EN: The capacity of a bank to repay its debts
is increasing in its asset, hence in other banks’ repayment ratios. Complementarities imply
that there is a greatest (in each component) ratio vector under which limited liability is
satisfied for each bank. Formally, let us say that 6 in [0, 1]™ is feasible if e;(8) > 0 for each
i; the set of feasible ratios has a greatest element (the set is nonempty: the null ratio 0 is
feasible). This greatest feasible ratio is a clearing ratio. To see this, assume, by contradic-
tion, that creditors’ priority is not satisfied: for some 4, both 6; < 1 and e;(@) > 0. Then all
equities are still non-negative under an increase in 6; that is small enough to keep i’s equity
positive (since, by complementarity, all others’ equities can only improve). This implies
that the greatest feasible vector is a clearing vector; it is surely the greatest clearing vector.
Furthermore, it turns out that this is the unique clearing vector when the cash-flows are all
positive, as we have assumed.b

Creditors’ priority can thus be seen as forcing the clearing ratio vector to maximize the
payment of each bank within the system under the limited liability condition. As a result,
the clearing vector maximizes any function that is increasing in the ratios, in particular it

maximizes the aggregate repayments.

5The ratio for a bank with no liabilities towards other banks is defined, though this has no true meaning,

and is equal to 1 according to the definition. This convention allows us not to distinguish these banks.
5The assumption of positive cash-flows is weak. It simplifies the presentation and furthermore does not

change substantially the results. In case of multiple clearing vectors, equities are unaffected by the chosen

clearing vector and the greatest clearing vector is the solution to the program P.



The aggregate repayments As we have just seen, the clearing vector maximizes the

aggregate debt repayments over the feasible set. Formally it solves

P(z) max 007
0,0<60<1 P
007 — Z 6lj; < z; for each 1. (4)

J
Let V(z) denote the value of the program P(z). The aggregate payments V', will be taken
as the objective of a regulator or of the payment system. In particular, a cash injection into
banks or a decrease in banks’ cash-flows are evaluated through this system’s perspective by
considering their impact on V.7

This objective coincides with that of maximizing the aggregate size of the balance sheets:
Summing asset values (2) over 4, the aggregate asset size, ) ;. a;(0), writes as Y .. 2z +

> ien 0il;, which is the sum of the aggregate cash-flows and the debt repayments.

Discussion Our approach extends to alternative objectives, provided they are increasing in
the ratios (since the clearing ratio vector maximizes such objectives under limited liability,
as we have seen). It does not extend to an objective pertaining to aggregate equity because
aggregate equity is constant over the ratios: Summing equity values (2) over i, >, x €i(0)
is equal to the aggregate cash-flow, ), 2i, whatever € because the payments within N
cancel out. In case of default, the clearing mechanism thus performs transfers between the
stockholders. The banks that initiate default, those for which the value e;(1) is negative,
finally end up with a null equity value without the need for their stockholders to add cash.
All the other banks end up with an equity that is smaller than e;(1), the level would be no
default.® Partial default on liabilities hence plays the role of a "buffer’ to stockholders.

In what follows, a bank is said to be safe if its equity is positive at the clearing ratio.
Since all equities are non-negative at the clearing ratio and their sum is equal to the positive
aggregate cash-flow, surely one bank is safe. A bank is said to be defaulting if its ratio is
strictly lower than 1. To state some results, we need to exclude the situations where a bank
is at the boundary of being safe and defaulting: Bank i is at the boundary if ¢;(8) = 0 and
0; = 1. Typically there is no boundary bank: If there are, a small perturbation in z (or £)

makes either their ratios strictly smaller than 1 or their equities strictly positive.

"The liabilities structure also influences payments. The impact of a change in the liabilities is investigated

in Section 3.2.5.
8This is obvious for those that do not default as their asset is decreased and repayments unchanged. For

those that end up defaulting, their equity is null hence smaller than e;(1).



Notation. I denotes the n x n identity matrix. Given a n-vector  and .S a subset of indices,
xg denotes the vector obtained from « by keeping the components indexed by S. If S is
reduced to a singleton {i}, _; denotes xy_¢; and z = (v;,x_;). Similarly, Agx7 denotes
the matrix obtained from a matrix A by keeping the rows indexed by ¢ in .S and the columns

indexed by j in T. A? denotes the transpose of A.

3 Increasing the aggregate debt repayments

This section first analyzes how the objective V' varies with the banks’ cash-flows, define

banks threat indices and relates them to optimal cash injection policies.

3.1 Properties of V and threat indices

Observe that a defaulting bank is surely indebted, ¢; > 0. Let us define i’s liabilities shares

by m;; = %5 for each j.

Proposition 1 The function V is piece-wise linear and concave. V is differentiable at each
z for which no bank is at the boundary. Given the set of defaulting banks D, the derivative
vector (%) is null outside D, i.e., of the form (On_p,pp), and pp is the unique solution

to

i =1+ Z mijpj for each i in D. (5)
Jje€D
w; is called i’s threat index. The clearing ratio is non-decreasing and convex in z, the default

set and the threat indices are non-increasing in z. Furthermore V is sub-modular:

For every i,z > z; and 2’_; > z_; imply V (25, 2",) = V(2;,2",) SV (2}, z_) — V (21, 2—i).

(6)

The function V is well-behaved since it is piece-wise linear and concave. Assuming no bank
at the boundary, its derivative (the threat index) depends on z through the set of defaulting
banks D only, as can be seen from (5). Therefore V is linear over the set of cash-flows z
that lead to the same set D and the kinks arise at cash-flows for which there is a bank at
the boundary.

The derivative of V' with respect to i’s cash-flow is equal to the multiplier u; associated

to the equity constraint (4) at points where V is differentiable (according to the envelope

10



theorem). Thus, a marginal decrease of one unit in #’s cash-flow decreases the payments
by p; units, hence the term ’threat’ index for p; (considering an increase instead, the index
can be interpreted as a credit multiplier as well). For a safe bank, its index is null since its
repayments are full and unchanged by a small variation of its cash-flow, hence no change
occurs. For the defaulting banks, the indices follow expression (5) by applying standard
complementarity relationships between the repayment ratios (the solutions to P) and the
threat indices (the solutions to its dual).® The threat indices of defaulting banks are jointly
determined: the index of defaulting i is the sum of 1 -one unit in #’s cash-flow induces i
to repay one unit of its debts- and a term that depends on the indices of i’s creditors that
are themselves defaulting. This additional term thus represents the spill-over effects due
to liabilities. It will be investigated more closely in Section 3.2.2, which also considers the
case where a bank is at the boundary.

The monotony properties for the ratios and the threat indices relate to the complemen-
tarity between ratios: increasing the cash-flow of one bank not only (weakly) increases its
ratio but also those of the other banks. As a result, the set of defaulting banks, hence
the threat indices, decrease. Sub-modularity extends this to non-marginal variations of the
cash-flows. Equation (6) compares the incremental values in V' due to an increase in 4’s
cash-flow (from z; to z}) when the other banks’ cash-flows are either z_; (the right-hand
side) or the largest values 2’ ; (the left-hand side). When the defaulting set is the same set
D for the cash-flows z and 2/, V is linear for the cash-flows larger than z and smaller than
z'; hence the two incremental values are equal to (2] — z;) where p; is the index of i given
D. When the defaulting set changes, sub-modularity says that the incremental value in V
due to an increase in i’s cash-flow is larger the lower other banks’ cash-flows are. As shown
in the proof, this is due to the fact that the decreases in default and in spill-over effects due

to an increase in i’s cash-flow are larger the weaker other banks are.

A pyramidal structure Consider the pyramidal structure described in Figure 1. An
arrow from ¢ to j represents a positive liability of ¢ towards j. Thus each intermediary lends
to its unique ’superior’ and collects funds from its ’subordinates’. This corresponds to a
situation in which chains of intermediaries collect funds for the bank at the top, bank 1.

Let the level of an intermediary be defined as the number of links between it and top bank

9The fact that they are unique -a necessary condition for the differentiability of V- is not straightforward

without further assumptions on £. See Section 3.2.2.

11



level 1

level 2

10 tp
level kK — 1

/I\x z/l\ level k

Figure 1: Pyramidal network

1; k denotes the maximum level. Clearing ratios are computed recursively from the top.
Once the default set is known, indices are also computed recursively from the bottom.

Clearing ratio vector. Bank 1 has no claims on other banks so its repayment ratio is
determined by its cash-flow as the minimum of 1 and z;/¢;. The repayment ratios of the
banks at level 2 can now be computed since they receive payments from bank 1 only and
these are known. The computation proceeds: Once the ratios are determined for the banks
at some level [, the repayments to a bank at level [ + 1, hence its asset value, are known;
the repayment ratio is thus determined (equal to the minimum of 1 and the ratio of the
asset value to total liabilities). After k steps, the clearing vector is obtained.

Threat index vector. Knowing which banks are defaulting, the threat indices are com-
puted recursively, starting from the bottom. Assume no boundary bank.!'® A bank at level
k has no creditors, so its threat index is either equal to 0 (the bank does not default) or 1
(the bank defaults). The computation proceeds: At level I, the index of a non-defaulting
bank is set to zero; that of a defaulting bank is computed using expression (5) since the
threat indices of its creditors (which are a level [+ 1) have been determined at the previous
step.

When the pyramidal structure reduces to a single debt chain, one easily checks that the
threat index of a defaulting bank is simply equal to 1 plus the number of its consecutive
direct or indirect creditors that are defaulting. Clearly, the orders given by the default
ratios and the threat indices may differ.

Similar recursive computations can be performed in the reverse situation in which all the

liabilities point toward the top, as in the case of a 'conglomerate’ in which each institution

107f there are boundary banks, the computation can be performed by either considering these boundary
banks as defaulting banks, so as to obtain the maximal threat indices, or by considering them as safe banks,

so as to obtain the minimal indices, as explained in next section.
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lends funds to its direct subordinates. The top bank has a null threat index, and the
structure can be qualified as less prone to contagion than the previous one because a single
default cannot affect all banks. .

In a general network, a recursive computation is not possible because of the cycles. There
are various ways to compute the clearing vector, for instance through linear programming
by solving the program P or through an algorithm that exploits the complementarities
structure (see Section 3.2.4). Once the set D is known, the threat indices are computed by
solving the linear system (5), which entails considering the cycles between the defaulting
banks, as explained in section 3.2.2. The backward-forward relationships between clearing
ratios and threat indices that arise in pyramidal structures are still present in the form of

dual relationship, as we examine now.

Comparing clearing ratios and threat indices Let us write down the conditions
satisfied by the clearing ratio and threat index vectors, assuming no boundary bank. They
are respectively of the form (1x_p,0p) and (On_p, pp) where D denotes the default set.
The clearing ratio satisfies the system of linear inequalities that says that equity is positive
for banks that are not in D, i.e., £f — > . 0;lji — > icqlji < 2i, and equity is null for
those in D, that is, 6,07 —

jeD 0il;; — ZjeS lj; = z;. Dividing by ¢; the equations on D,

0p and pp respectively solve the linear systems

foreachiin D : 6; = Z mji + Z Hjﬂji%,

j¢D JjED ¢
foreachiin D : pu;=1+ Emjuj.
Jj€D

Whereas the distress of a bank i as measured by its repayment ratio depends on the distress
of its debtors (through the 7j;), the threat the bank imposes on the payment system depends
on the threat of its creditors (through the m;;). Also, the repayment ratios are affected by
the precise values taken by the cash-flow whereas the indices depend on these values only
through the default set (see Section 3.2.2 for an explanation). This explains why the ratios

and threat indices of the defaulting banks are not necessarily aligned.

3.2 Threat indices and moderate injection policies

This section examines policies of cash injection into banks during a default episode when

the objective is to improve aggregate repayments. It first considers a regulator who injects
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cash into banks. As the threat indices play a major role in determine the optimal policies,
we investigate more closely their determinants and compared them with the default ratios
and the order of defaults in EN algorithm. An alternative policy that relies on banks and

forces some banks to write-off part of their claims is examined.

3.2.1 Cash injection policies

Consider a planner whose objective is to maximize aggregate payments (or aggregate asset
values), by injecting an amount of cash denoted by m. A feasible injection policy is described
by a non-negative n-vector * = (x;) whose total ) z; less than or equal to m (budget
equation). x; represents the amount received by ¢, which changes z; into z; + x;. As a
result, aggregate payments are changed from V' (z) to V(z + x).

A injection policy x is said to be optimal is it maximizes V(z + @) over the set of
feasible strategies. A ’target’ is a bank that receives a positive amount. The optimal

injection policies are characterized by the threat indices when m is small enough.

Proposition 2 A marginal injection of cash is optimal if it targets the defaulting banks
with the largest threat index. The same strategy is optimal for larger amounts that are
moderate enough to keep the set of defaulting banks unchanged. The increase in 'V is equal

to ™ m where p™** denotes the mazximal threat indez.

The proposition follows from Proposition 1. The policy is especially simple when the injected
amount is moderate since there is no need to modify the targets. These targets may not be
the banks with the largest default ratios, since ratios and threat indices can be in different
order. The targets may not be the banks with a large ’size’ either (the size can be measured
in different ways, for instance by the liabilities total or the ratio of this total to the cash-
flow). As clear from the expression (5), the threat index of a defaulting bank is determined
by its liabilities’ shares towards its creditors that are in default (this property is interpreted
in Section 3.2.2). Hence the defaulting banks with the largest index are not necessarily those
with the largest size. This should not be interpreted, however, that size does not matter.
The threat index is computed at the liquidation stage, given the realized default set. One
may suspect that a large bank, more precisely a bank with large liabilities, generates more
default among its creditors when it defaults. If true, its index is likely to be large when its

default. This issue is addressed in Section 5 and the illustration of Section 6.
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3.2.2 Explaining the link between cash injection and threat indices

Let us consider the process of reimbursements triggered by the injection of one unit of cash
into a bank, say 7. Assume first no bank at the boundary and the unit be small enough
so that the banks’ status do not change. If i is safe, ¢ keeps the unit as it already fulfills
its obligations: The process stops (u; = 0). If i is defaulting, ¢ uses the additional unit to
increase its reimbursements. i’s creditors that are themselves in default, in turn, use the
additional cash to repay their debts, and so on. The initial unit thus triggers a sequence of
additional reimbursements along chains of defaulting banks; their sum is precisely measured
by w;. The explicit expression for the sequence can be obtained as follows. The relationships

(5) between the threat indices of defaulting banks writes in matrix form!!

(I—7m)pxppp = 1p. (7)

The matrix (I — 7)pxp is invertible and the inverse expressed as an infinite sum, as stated

by the following Lemma.

Lemma 1 Let D be the default set at a clearing ratio vector. Any subset of D has a
creditor outside D and the dominant eigenvalue pp of wpxp is smaller than 1. Thus the

matriz (I—m)pxp is invertible, with a positive inverse given by the converging infinite sum:

(I- TI')leD =1Ip«p +7Tpxp + W(DZ)xD + ...+ ﬂ'%))XD + ... where wP) denotes the product of

7 by itself p times.

The proof relies on the fact that any subset of D has creditors outside the subset: Since the

z;$ are positive and each defaulting bank has null equity, some payments must go out from

the subset. This implies that, for some integer p, the total of each row of ﬂ'(g)x p is strictly

1.12

less than 1, hence the dominant eigenvalue of 7w px p is smaller than Well known results

"There is a slight abuse of notation because the matrix 7r is not defined on N x N if some banks are not

indebted. But these banks are surely not defaulting.
2The property is obvious for a complete liability structure (¢;; > 0 for each distinct 4 and j): In that

case the total of each row of wpxp is strictly smaller than 1 (D is a strict subset of N). For an incomplete
liability structure, the property is true for a set of defaulting banks but not necessarily for any subset of N.
Without an outside creditor for each subset, invertibility may fail, as in the following example. Let subset

T be made of indebted banks and

TTxT =

(= =]
[ R
o o O
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on positive matrices then imply that (I — 7)pxp is invertible with an inverse given by the
infinite sum of the powers of wp«p.

Applying Lemma 1, (7) yields
pp=1p+mpplp+72 1p+..+a% 1p+ (8)
D D DxDLD DxDALD T .- DxDYD T .-

which also writes for each ¢ in D as

pi—1=) mj+ > mymE A+ > iy W1 o Wjajs - Tip-1dp T+ (9)
JjeD JEDkED G1.d2,dp all in D

Recall that p; — 1 measures the spill-over effects generated by the unit of cash injected in
defaulting ¢, that is, the reimbursement flows in addition to the first unit initiated by q.
The spill-over effects are decomposed into a sequence of triggered additional flows, corre-
sponding to the terms on the right hand side of (9). First, each i’s creditor j receives the
share 7;; of the unit reimbursed by 4, entirely used for reimbursement by those in default.
This generates a first additional payment equal to i’s cumulated liabilities share toward D,
>_jep Tij» the first term on the right hand side of (9). By the same argument, each of
the 7;; units received by defaulting i’s creditor j generates ), 7 extra units of pay-
ments. Summing over all defaulting creditors of ¢, the second indirect additional payment
equals > cp mij (3 opep Mik) OF D pep(Dojep Tijmik). Iterating, the additional indirect im-
pact along a path of p banks, each one defaulting and indebted to its successor, is given by
the p-th term in (9).

The above process explains why the indices are determined by the liability shares (not
the absolute liabilities) within the set D and furthermore do not depend upon cash-flows’
levels. The priority of creditors triggers automatic payments that are entirely determined

by the liability shares of the recipient defaulting banks.

The process when some banks are at the boundary When a bank, say i, is at the
boundary, an increase in the cash flow of has to be distinguished from that of a decrease.

An injection of one unit in i’s cash-flow has no impact on payments because i already repays

its debt: gz‘i = 0. A decrease in i’s cash-flow instead triggers its default; thus surely the

Rows totals are 1 for banks 1 and 2 and 0 for bank 3. This implies that bank 3 has a creditor outside T',
hence T has a creditor outside 7. But banks 1 and 2 have no creditor outside {1,2}. The matrix (I—m)rxT
is not invertible because the vector @ = (1, 1, 0) satisfies @ = xwrx7. One checks that 7' cannot be a default

set: since 1 and 2 are isolated, surely 81 or 02 is equal to 1 at a clearing ratio.
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left derivative g‘i is at least equal to 1, which explains why the value function V is not

%

differentiable. Using the same argument as above, the exact value of the left derivative
can be computed by taking for D the whole set of banks that are defaulting or at the

boundary.'3

Finally, note that an alternative interpretation of expression (7) is in stochastic term. In-
terpret 7 as a transition matrix in which element 7;; is the probability of reaching j from i
(by definition the sum }, m;; is equal to 1). Start with a bank in D and stops the process
as soon as a safe bank is reached. Since pp < 1, the process reaches a safe bank for sure.
In that interpretation, the element i, j of the matrix ﬂ%)x p is the probability of reaching j
from ¢ in p steps while staying all along in D and p; is the average number of times where

the process stays in D when it starts at ¢. Such an interpretation allows one to use standard

probability technique