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Abstract

We augment the standard cartel formation game from non-cooperative coalition theory,
often applied in the context of international environmental agreements on climate
change, with the possibility that singletons support coalition formation without becom-
ing coalition members themselves. Rather, their support takes the form of a monetary
transfer to the coalition, which increases the members’ payoffs, and thereby provides an
incentive for other singletons to join the coalition. We show that, under mild conditions
on the costs and benefits of contributing to the public good (i.e. abatement of CO2
emissions), supporters exist in equilibrium. The existence of supporters increases the
size of stable coalitions, increases abatement of CO2 emissions, and increases payoffs
to each of three types of agents: members, free-riders, and supporters. Importantly,
this result does not require commitment.
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1 Introduction

We augment the standard cartel formation game from non-cooperative coalition theory,

often applied in the context of international environmental agreements (IEAs, cf. Hoel,

1992; Carraro and Siniscalco, 1993; Barrett, 1994), with the possibility that singletons

support coalition formation without becoming coalition members themselves. Rather, their

support takes the form of a monetary transfer to the coalition, which increases the members’

payoffs, and thereby provides an incentive for other singletons to join the coalition. In the

model, a larger coalition implies an increase in provisioning of the public good, which is

the prime incentive to provide transfers to the coalition. We refer to these paying singletons

as supporters. We show that there exist equilibria (that is, stable coalition structures), with

a strictly positive number of supporters. The existence of supporters increases the size of

stable coalitions, increases contributions to the public good, and increases payoffs to each

of three types of agents: members, free-riders, and supporters.

A standard application of the model used in the current paper is the formation of

IEAs for the case of climate change mitigation (Finus, 2003). Up till now, cooperation by

countries to reduce greenhouse gas emissions has taken off slowly with the Kyoto Protocol

as the prime example. To the best of our knowledge, however, this protocol—as well

as other IEAs—has not (yet) seen financial support by non-participating countries. One

possible reason is that many IEAs, including the Kyoto Protocol, appear to be void in the

sense that ratifying countries would have reached their objective also non-cooperatively

(Finus and Tjøtta, 2003; Böhringer and Vogt, 2004). If this feature of IEAs is common

knowledge among singletons, there is no incentive for support.

Yet, when cooperating countries would manage to agree on actions that go beyond

non-cooperative behaviour, our paper demonstrates that augmenting IEAs with the option

of support would significantly improve the prospects for wider cooperation. This result

is substantiated in the following two examples from other fields than climate change

economics. The first example is given by peace-keeping missions. Typically a small core

group of countries (i.e. the coalition) joins to lead the mission in terms of sending troops

and equipment (Bove and Elia, 2011), with a set of other countries supporting this coalition

financially (Khanna et al., 1998; Shimizu and Sandler, 2002). In the case of UN-missions,

this support is partly formalized trough a sharing rule for peace-keeping costs, although

countries may opt out. In the case of non-UN missions, regional aspects and private

incentives affect whether countries send troops or choose to provide financial support

(Bobrow and Boyer, 1997; Gaibulloev et al., 2009).

The second example is the occurrence of private charitable giving by donors to volunteer
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organizations. Typically, such charities use part of their gift income to expand their activities

by recruiting additional volunteers, and possibly compensating them for any costs incurred.

Contrary to donating money, volunteers donate their time to work for the charity. Volunteer

organizations therefore raise two types of charitable activities: a group of volunteers (i.e.

the coalition) contributes their time to provide the charitable good, with a set of donors

supporting the charity financially.1

The model that we use is a standard cartel formation game which features simultaneous

membership decisions, a single coalition, and open membership. We augment this model

with the option that singletons support the coalition (we discuss alternative support options

in Section 6). Importantly, we separately model the process of singleton agents joining the

coalition in response to support. We refer to these agents as joiners. Subsequently, we solve

the game for its Nash equilibria in membership and support strategies, which implies that

no agent has an incentive to unilaterally change its membership or its support decision.

The main result shows that, under mild conditions on the costs and benefits of contributing

to the public good (i.e. abatement of CO2 emissions), supporters exist in equilibrium.

Our paper is inspired by a classic paper on IEA formation by Carraro and Siniscalco

(1993, henceforth CS93), who analyze four types of commitment to expand coalitions

beyond what is feasible non-cooperatively. One of these (see their Proposition 5 on external

commitment) is the possibility that a subset of singletons makes transfers to the coalition,

thereby inducing the remaining singletons to join the coalition. This resembles the setting

of the current paper, but, importantly, CS93 make three assumptions that we relax (see

Section 3). The first two assumptions are that CS93 fix the level of supporting transfers

and they fix the number of joiners at the maximum level. We drop both assumptions by

endogenizing the level of transfers as well as the number of joiners. The third assumption

is that CS93 require commitment among the supporters. This type of commitment implies

that supporters will not deviate ex post, even if this is profitable to them. Finus (2003)

correctly observes that: “. . . commitment is not compatible with the notion of self-enforcing

IEAs. In fact, assuming enough commitment, any problem of cooperation can trivially be

solved”. We therefore drop the commitment assumption and, instead, impose appropriate

stability conditions on the supporters.

CS93 find that commitment is required to prevent instability, without further examining

the sensitivity of this result with respect to the model setup. Subsequent research has

taken this result for granted, so that further analysis on external support has been largely

1Although the two types may partially overlap within households or individuals (Freeman, 1997), chari-
table giving and volunteering are generally seen as substitutes rather than complements (Feldman, 2010;
Bauer et al., 2013).
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neglected in the literature (as opposed to the other types of commitment analyzed by CS93,

but see Ansink and Bouma, 2013). This lack of attention is somewhat surprising since

the potential increase in cooperation due to support is substantial. Our paper therefore

contributes to the policy discussion on the design, or architecture, of IEAs (Aldy and

Stavins, 2009). Specifically, the option of support allows IEA participation by countries

in differentiated ways, which is likely to broaden participation as well as the scope for

agreement negotiations (Olmstead and Stavins, 2012).

In the next section we introduce the model. In Section 3 we compare our stability

conditions with those by CS93. In Section 4 we present the main result on the existence of

a positive number of supporters in equilibrium. In Section 5 we illustrate our existence

result using a workhorse IEA model specification due to Barrett (1994). Conclusions are

provided in Section 6.

2 An IEA model with supporters

The standard coalition (cartel) formation game is a two-stage game where agents choose

to sign up as coalition members in stage 1. In stage 2, a conventional public goods game is

played in which each agent chooses his contribution to the public good (i.e. abatement of

CO2 emissions). In this game, coalition members act as a single agent by coordinating their

contributions. How contributions are coordinated and how payoffs are distributed among

coalition members is not always obvious. In the domain of international environmental

agreements (IEAs) the conventional assumption is that members maximize joint welfare. In

a transboundary pollution setting, for example, members are assumed to equate individual

marginal abatement costs to the sum of members’ marginal abatement benefits (Barrett,

1994). However, other behavioural assumptions have also been discussed and applied,

usually in the context of asymmetric agents. These include assumptions on permit allocation

schemes and on the distribution of payoffs among coalition members (Hoel, 1992; Botteon

and Carraro, 1997; Hoel and Schneider, 1997; Altamirano-Cabrera et al., 2008).

Behavioural assumptions will usually reflect the underlying motives of agents in a game

or may constitute a shortcut to avoid overly complex and intractable game structures. In

our paper we extend the conventional cartel formation game to allow for supporters of

the coalition. Hence, agents may choose to support (i.e. subsidize) the coalition without

becoming a member. This leads to a partition of the set of agents in three subsets: mem-

bers, supporters and free-riders. Similar to the standard coalitional public goods game,

members coordinate their contributions to the public good. Free-riders can benefit from

these improvements without facing the costs. Supporters take an intermediate position.
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They would offer a subsidy to the coalition in order to stimulate others’ participation in

the coalition (some alternatives are discussed in Section 6). The full set of behavioural

assumptions concerning contributions and supporting transfers is provided in Table 1.

Table 1: Behavioural assumptions of three subsets of agents
Subset Decision Determined How
Members Contribution Jointly Best response
Supporters Supporting transfer Individually Conditional transfer
Supporters Contribution Individually Best response
Free-riders Contribution Individually Best response

Table 1 shows that all decisions are made individually except for contribution decisions

by coalition members. Also, all decisions are best responses except for supporting transfers,

which are made conditionally. Let us explain this conditionality. Transfers will indirectly

impact the level of contributions to the public good by encouraging participation and

thereby increasing contributions to the public good. It is natural to assume that the

transfers are conditional on (i) effectiveness and (ii) advantage. Effectiveness requires that

supporting transfers are made to increase the size of the coalition by stabilizing a larger

coalition than would be possible without support. Advantage requires that there will be no

transfer if the amount needed to stabilize the coalition is so large that supporters would be

better-off with the largest coalition that is stable without support.

Summarized, we consider a cartel formation game with members, supporters, and free-

riders, with behavioural assumptions as outlined in Table 1. In this section, we introduce

the model following the intuition by CS93 that supporters only make their support decision

after the formation of a stable coalition. This implies that the model consists of two parts.

Part A consists of two stages and is identical to the standard cartel formation game without

support. We focus our attention on stable coalitions before turning to part B, which consists

of three stages and introduces the option of supporting transfers.

2.1 Part A: Membership

Consider a set N = {1, 2, . . . , n} consisting of n symmetric agents (the case of asymmetric

agents is briefly discussed in Section 6). In stage 1, each agent decides to become a coalition

member or not. We denote this decision by µi ∈ {1, 0} ∀i ∈ N . The outcome of this stage 1

is a vector µ = (µi : i ∈ N), which partitions the set of agents N in two subsets: the coalition

M = {i : µi = 1} consisting of m= |M | members, and its complement N \M consisting of

all n−m singletons.
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In stage 2, given M , each agent decides how much of the public good to provide. These

individual contributions are denoted qi with q = (q1, q2, . . . , qn). Welfare maximization

implies that members maximize the aggregate welfare to all members of the coalition,

while singletons maximize their individual welfare. Welfare is based on the benefits and

costs of the provisioning of public goods:

wi(q) = b
�

∑

j∈N q j

�

− c(qi) ∀i ∈ N . (1)

The benefit function b () is increasing and concave in
∑

j∈N q j while the cost function c()
is increasing and convex in qi. Benefits depend on total contributions to the public good,

while costs depend only on individual contributions. Given symmetric agents, contributions

and payoffs can be determined using a partition function approach, based on the partition
�

M , N \M
	

. Because all agents are ex ante symmetric, M and N \M can be identified by

their size, allowing to calculate contributions by members and singletons as follows:

q(m)≡ qi = argmax
z

m · b
�

∑

j 6=iq j + z
�

− c
�

z
�

∀i ∈ M , (2)

q(m)≡ qi = argmax
z

b
�

∑

j 6=iq j + z
�

− c
�

z
�

∀i ∈ N \M . (3)

Let κi(m) denote the welfare of agent i when agent i and m− 1 other agents are in

the coalition. Similarly, let λi(m) denote his welfare when agent i is not in the coalition

formed by m agents. By convexity of c(qi) we have q(m)≤ q(m)≤ mq(m). This notation

allows us to write out κi(m) and λi(m):

κi(m) = b
�

mq(m) + (n−m)q(m)
�

− c
�

q(m)
�

, (4)

λi(m) = b
�

mq(m) + (n−m)q(m)
�

− c
�

q(m)
�

. (5)

Using this notation for welfare of members and singletons, we now turn to the stability

conditions for part A. The standard approach to assess equilibria is to assess internal and

external stability (D’Aspremont et al., 1983) of the coalition, which are derived from Nash

equilibria in membership strategies. This stability concept features two conditions: (i) no

member has an incentive to leave the coalition and (ii) no singleton has incentive to join

the coalition. A coalition M that satisfies both conditions is called stable:

κi

�

m
�

≥ λi

�

m− 1
�

, (6a)

λi

�

m
�

≥ κi

�

m+ 1
�

. (6b)
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2.2 Part B: Support

In stage 3, given an initially stable coalition M , each singleton i ∈ N \M decides to become

a supporter s or not. We denote this decision by σi ∈ {1,0} ∀i ∈ N \M . The outcome of

stage 3 is a vector σ = (σi : i ∈ N \M), which, jointly with µ, partitions the set of agents N

in three subsets. We refer to this partition as the coalition structure
�

M , F, S
	

, where

M = {i : µi = 1} is a set of m= |M | members, (7)

F = {i : µi = 0∧σi = 0} is a set of f = |F | free-riders, and (8)

S = {i : µi = 0∧σi = 1} is a set of s = |S| supporters, (9)

and n= m+ f + s.

In stage 4, given coalition structure
�

M , F, S
	

, each supporter chooses its supporting

transfer t(s)≥ 0 to the coalition. The transfers are used to (i) give an (indirect) incentive to

a subset J ⊆ F of free-riders, to join the coalition (by increasing the coalition’s welfare), and

(ii) stabilize the size m+ j(s) coalition, where j(s) is shorthand notation for the composite

function j(t(s)), denoting cardinality of the set of joiners J as a function of supporting

transfers. For now, we avoid forcing any specific structure on j(s) nor on t(s). Rather, the

existence of equilibria with supporters depends on whether there exist functions j(s) and

t(s) such that the stability conditions, introduced below, hold. In Section 4 (see Lemmas 1

and 2) we will see that this procedure leads to a specific form of t(s) and a weak condition

on j(s).
Note that we do not include J as a separate set in the coalition structure

�

M , F, S
	

. The

reason for not doing so is that the size of J may change instantaneously in response to a

change in S. This is further discussed in the description of stability conditions, below.

Stabilization is induced by the aggregate transfer st(s) being distributed among the

m+ j(s) members/joiners through transfers τi with τ= (τ1,τ2, . . . ,τn). A natural feature

of a model with ex ante symmetric agents2 is that both the transfers by supporters as well

as the distribution of the sum of transfers among members is based on equal sharing (Yi,

1997). That is, τi = −t(s) ∀i ∈ S and τi =
st(s)

m+ j(s) ∀i ∈ M ∪ J . Clearly, a positive value

of τi reflects a positive transfer and vice versa. When t(s) = 0, then obviously j(s) = 0 and

in this case we will interpret supporters as free-riders. This interpretation avoids trivial

equilibria with supporters that do not support.

In stage 5, given the joiners in stage 4, each agent updates its initial contribution

decision from stage 2. Doing so, members/joiners now maximize their aggregate welfare

2Despite agents being symmetric ex ante, they may receive different payoffs ex post due to their decisions
in stages 1 and 4.
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while supporters and remaining free-riders still maximize their individual welfare, which

extends (1) to:

wi(q,τ) = b
�

∑

j∈N q j

�

− c(qi) +τi ∀i ∈ N . (10)

Equation (10) implies that transfers must be self-financed, consistent with CS93.

Having described all stages, we now turn to the stability conditions for part B. These

are, again, based on stability conditions, derived from Nash equilibria in membership and

support strategies. We introduce the stability conditions in their general form, without

forcing any specific structure on j(s) or t(s).
Extending the internal and external stability conditions (6a) and (6b) to include support-

ers and joiners, we obtain a system of four stability conditions. Conditions (11a)–(11b)—

based on stages 1 and 4 decisions—are the internal and external stability conditions for the

set of members/joiners, stating that none has an incentive to become a free-rider and vice

versa. When s = 0, they simplify to Conditions (6a)–(6b). Conditions (11c)–(11d)—based

on stage 3 decisions—are the internal and external stability conditions for the set of sup-

porters, stating that none has an incentive to become a free-rider and vice versa. Note that

the conditionality of supporting transfers is reflected in these two stability conditions since

changes in the number of supporters may instantaneously affect both j(s) and t(s). While

the concepts of internal and external stability reflect an equilibrium state that is immune

to single deviations, the conditionality of supporting transfers nevertheless requires that a

change in transfers can directly affect the number of joiners. Note that this model feature

is different from allowing for multiple deviations. As a result, the RHS of Condition (11c)

allows for a change in the number of joiners when one supporter deviates to free-riding.

Likewise, the RHS of Condition (11d) allows for a change in the number of joiners as well

as a change in the level of transfers when one free-rider deviates to become a supporter.

Any particular coalition structure
�

M , F, S
	

that satisfies all four conditions is called

stable:

κi

�

m+ j(s)
�

+
st(s)

m+ j(s)
≥ λi

�

m+ j(s)− 1
�

, (11a)

λi

�

m+ j(s)
�

≥ κi

�

m+ j(s) + 1
�

+
st(s)

m+ j(s) + 1
, (11b)

λi

�

m+ j(s)
�

− t(s) ≥ λi

�

m+ j(s− 1)
�

, (11c)

λi

�

m+ j(s)
�

≥ λi

�

m+ j(s+ 1)
�

− t(s+ 1). (11d)

Strictly speaking, our model setup does not allow for members/joiners switching to
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supporters or vice versa since these decisions are made in different stages of the model.

This would eliminate the need to check for such switching in terms of stability. Nevertheless,

since we cannot exclude such deviations to occur in practice, we still assess both conditions

in the next section:

λi

�

m+ j(s)
�

− t(s) ≥ κi

�

m+ j(s− 1) + 1
�

+
(s− 1)t(s− 1)

m+ j(s− 1) + 1
, (11e)

κi

�

m+ j(s)
�

+
st(s)

m+ j(s)
≥ λi

�

m+ j(s+ 1)− 1
�

− t(s+ 1). (11f)

Condition (11e) states that no supporter should have an incentive to switch and become a

member, while Condition (11f) states the reverse.

3 Comparing stability conditions

Our stability conditions differ from those introduced by CS93, mainly because we relax

three of their assumptions. First, CS93 assume commitment, which was discussed already

in Section 1.

Second, CS93 assume that t(s) is such that Condition (11a) holds with equality. We do

not impose this assumption. We will see in Lemma 1, introduced below, that in equilibrium,

t(s) should be such that Conditions (11c) and (11d) hold with equality. This implies that

Condition (11a) holds, but not necessarily with equality. That is, the set of members/joiners

should receive transfers that exceed the amount needed to keep them from deviating. This

larger transfer is needed to make sure that no free-rider has an incentive to become a

supporter (and thereby having to contribute to this transfer).

Third, CS93 assume that supporters maximize the number of joiners so that j(s) =
n−m−s. As a consequence, this assumption eliminates the existence of ‘normal’ free-riders:

agents that do not support and are not in the coalition. We do not impose this restriction

but rather endogenize the size of the set of joiners so that j(s)≤ n−m− s.

Driven by these assumptions, CS93 consider only two agent types, members/joiners

and supporters, for which they establish three stability conditions. We now relate their

conditions to ours, using our model setup and notation (we write m′ = m+ j(s) since CS93

do not model the process of joining):

1. No member should have an incentive to deviate and free-ride, assuming that all

others do not deviate: κi

�

m′
�

+ st(s)
m′ ≥ λi

�

m′ − 1
�

. This condition is equivalent to

Condition (11a) and we also check the reverse deviation in Condition (11b).
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2. No supporter should have an incentive to deviate and free-ride, assuming that all

others would deviate too, so that the original non-cooperative coalition emerges:

λi

�

m′
�

− t(s) ≥ λi

�

m
�

. This condition is implied by the stricter Condition (11c)

(which drops the commitment assumption) and we also check the reverse deviation

in Condition (11d).

3. No supporter should have an incentive to deviate and join the coalition as a member

(supported by the remaining supporters), assuming that all others do not deviate:

λi

�

m′
�

− t(s)≥ κi

�

m′+1
�

+ (s−1)t(s−1)
m′+1 . This condition is implied (in their model setup)

by the former condition. In our model it is equivalent to Condition (11e) for the case

where j(s− 1) = j(s) and we also check the reverse deviation in Condition (11f).

4 Existence of equilibria with supporters

Our main result requires one restriction on the incentive of members/joiners to deviate, as

a function of the number of members/joiners. Following Hoel and Schneider (1997), we

use the following function to reflect (internal) stability:

Φi

�

m+ j(s)
�

= κi

�

m+ j(s)
�

−λi

�

m+ j(s)− 1
�

. (13)

We make the following assumption.

Assumption 1. Φi

�

m+ j(s)
�

is a decreasing function of m+ j(s). That is, an increasing

number of members/joiners makes the coalition structure less stable by monotonically

increasing the incentive to deviate.

By (internal and external stability) Conditions (6a)–(6b), we have Φi

�

m+ 0
�

≥ 0 and

Φi

�

m + 1
�

≤ 0. As a result, Assumption 1 implies that Φi

�

m + j(s)
�

is negative for all

j(s)≥ 1. Hence, by Condition (11a), transfers (from supporters) are necessary to stabilize

any equilibrium with a positive number of joiners. Assumption 1 is not very restrictive (cf.

Hoel and Schneider, 1997; Finus and Maus, 2008) and is a sufficient (but not a necessary)

condition for the existence result in Proposition 1.

Before presenting our main result, we first prove the following two lemmas that provide

structure to j(s) and t(s), based on the system of stability conditions (11). We will use

both lemmas in the proof of Proposition 1 as well as in Section 5.

Lemma 1. Stability of coalition structure
�

M , F, S
	

implies that t(s) = λi

�

m+ j(s)
�

−λi

�

m+
j(s− 1)

�

.
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Proof. Any stable coalition structure
�

M , F, S
	

satisfies Conditions (11a)–(11d). Substitute

t(s) = λi

�

m+ j(s)
�

−λi

�

m+ j(s− 1)
�

into Conditions (11c)–(11d) to obtain:

λi

�

m+ j(s)
�

−
�

λi

�

m+ j(s)
�

−λi

�

m+ j(s− 1)
��

≥ λi

�

m+ j(s− 1)
�

, (14)

λi

�

m+ j(s)
�

≥ λi

�

m+ j(s+ 1)
�

−
�

λi

�

m+ j(s+ 1)
�

−λi

�

m+ j(s)
��

. (15)

Both inequalities hold with equality, which implies that any other level of t(s) would violate

one of them. Therefore, stability of
�

M , F, S
	

implies that t(s) = λi

�

m+ j(s)
�

− λi

�

m+
j(s− 1)

�

.

Lemma 1 states that, in equilibrium, the supporting transfers are such that supporters

have no incentive to deviate and terminate their support (and vice versa). Interestingly,

when a coalition structure is not stable—or, equivalently, s is larger than necessary to

stabilize
�

M , F, S
	

—Lemma 1 implies that t(s) = 0. To see why, note that for any unstable

coalition structure, we have j(s) = j(s− 1).
A consequence of Lemma 1 is that, in searching for stable coalition structures, we can

restrict ourselves to a specific functional form for t(s).

Lemma 2. For any stable coalition structure
�

M , F, S
	

we have j(s)> j(s− 1).

Proof. Since we ignore trivial equilibria with supporters that do not support, we have

t(s) > 0. Because of this strictly positive support, and because the function λ() in (5) is

increasing in m+ j(s), Condition (11c)—or, alternatively, Lemma 1—dictates that j(s)>
j(s− 1).

Lemma 2 states that, in equilibrium, when the number of supporters decreases by one,

the number of joiners decreases strictly. Note that the related inequality j(s+1)> j(s), does

not necessarily hold, which we will see confirmed by an example illustrated in Figure 1.

In order to avoid confusion in the interpretation of Lemmas 1 and 2, recall that our

stability conditions are based on single deviations, derived from Nash equilibria in mem-

bership and support strategies. These equilibria take strategies of other agents as given,

so that the coalition structure that results after a deviation (e.g. one with j(s− 1) joiners)

may not be stable itself. Stability of the ‘resulting’ coalition structure is irrelevant for the

stability analysis of the ‘current’ coalition structure.3

We now present our main result.

Proposition 1. Under Assumption 1, there exist stable coalition structures
�

M , F, S
	

with

s > 0.
3Alternative equilibrium concepts may be employed, such as farsightedness (cf. Diamantoudi and Sartze-

takis, 2015).
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Proof. Consider coalition structure
�

M , F, S
	

. Using Lemma 1, take the supporting transfer

such that supporters have no incentive to deviate and terminate their support:

t(s) = λi

�

m+ j(s)
�

−λi

�

m+ j(s− 1)
�

. (16)

By the proof of Lemma 1, (16) implies that Conditions (11c) and (11d) hold with equality.

We proceed to check the final two conditions of system (11). Substitute (16) in Condi-

tions (11a)–(11b) and rearrange the resulting inequalities, using chained notation:

�

m+ j(s)
�

·
�

λi

�

m+ j(s)− 1
�

−κi

�

m+ j(s)
�

�

≤ s·
�

λi

�

m+ j(s)
�

−λi

�

m+ j(s− 1)
�

�

(17)

≤
�

m+ j(s) + 1
�

·
�

λi

�

m+ j(s)
�

− κi

�

m+ j(s) + 1
�

�

.

That is, the aggregate incentive to deviate to the m+ j(s) members/joiners is (weakly)

smaller than the aggregate supporting transfer and this transfer is (weakly) smaller than

the aggregate incentive to deviate to m+ j(s) + 1 members/joiners.

To verify for which s, if any, the system of inequalities (17) holds, we first check whether

the inequality holds between the first and last term. Using (13), and flipping signs, we

write the inequality between the first and last term of (17) as

�

m+ j(s)
�

·
�

Φi

�

m+ j(s)
�

�

≥
�

m+ j(s) + 1
�

·
�

Φi

�

m+ j(s) + 1
�

�

. (18)

Recall that we focused on stable coalitions when we introduced the possibility of supporting

transfers (see stage 3). Hence, using (13), the external stability condition (6b) implies that

Φi(m+ 1)≤ 0. Combining this inequality with Assumption 1 we have 0≥ Φi

�

m+ j(s)
�

≥
Φi

�

m+ j(s) + 1
�

, which implies that (18) holds with strict inequality.

Now, combining Lemmas 1 and 2—or, alternatively, since we ignore trivial equilibria

with supporters that do not support—we have t(s) = λi

�

m+ j(s)
�

−λi

�

m+ j(s− 1)
�

> 0,

and we know by transitivity that there exists a non-empty interval
�

s, s
�

3 s such that

(17) holds.

Next, we prove by example that there exists some combination of b
�

∑

j∈N q j

�

and c(qi)
for which the interval

�

s, s
�

3 s contains at least one natural number. This example is

provided in Section 5. Obviously, when the interval
�

s, s
�

contains more than one natural

number, s is the smallest of these, since otherwise j(s) = j(s − 1), which contradicts

Lemma 2.
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As a corollary to Proposition 1, we extend our result to include Conditions (11e)–(11f).

This extension requires one additional assumption.

Assumption 2. The function λ() in (5) is convex in m+ j(s).

Corollary 1. Under Assumptions 1–2, there exist stable coalition structures
�

M , F, S
	

with

s > 0 that satisfy Conditions (11e)–(11f).

Proof. Building on the proof to Proposition 1, we proceed to check whether Conditions

(11e) and (11f) hold. We start with Condition (11e) in which we substitute (16) to obtain:

λi

�

m+ j(s− 1)
�

≥ κi

�

m+ j(s− 1) + 1
�

+
(s− 1)t(s− 1)

m+ j(s− 1) + 1
. (19)

Inequality (19) is similar to Condition (11b) but with one supporter less and therefore, by

Lemma 2, fewer joiners.

There are two cases to consider. First, if the coalition structure
�

M , F ′, S′
	

, with

f ′ = f +1 and s′ = s−1, is stable, then (19) holds since it is the equivalent of Condition (11b)

for this coalition structure.

Second, if the coalition structure
�

M , F ′, S′
	

is not stable, then we know that t(s′) = 0

(see the discussion of Lemma 1), so that the last RHS term cancels out. We are left to check

whether λi

�

m+ j(s− 1)
�

≥ κi

�

m+ j(s− 1) + 1
�

, which, by (13), can be written as

Φ(m+ j(s− 1) + 1)≤ 0. (20)

Using (13), the external stability condition (6b) implies that Φi(m+ 1) ≤ 0 and, by

Assumption 1, Φi() decreases further for larger numbers of joiners. Since m+ j(s−1)+1≥
m+ 1, we know that inequality (20), and therefore inequality (19), holds.

Because inequality (19) holds in both cases, we know that Condition (11e) is satisfied.

We now turn to Condition (11f) in which we substitute (16) to obtain:

κi

�

m+ j(s)
�

+
st(s)

m+ j(s)
≥ λi

�

m+ j(s+1)−1
�

−λi

�

m+ j(s+1)
�

+λi

�

m+ j(s)
�

. (21)

This inequality is implied by Condition (11a) as long as

λi

�

m+ j(s+ 1)
�

−λi

�

m+ j(s+ 1)− 1
�

≥ λi

�

m+ j(s)
�

−λi

�

m+ j(s)− 1
�

. (22)

For any j(s + 1) ≥ j(s), this inequality holds if λ() is convex in m + j(s), and we use

Assumption 2.
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Assumption 2 is restrictive. It puts a constraint on the functional forms and parameter

values of the cost- and benefit functions for which the corollary holds. Nevertheless, our

example in the next section with linear benefits and quadratic costs satisfies Assumption 2.

5 Example

In this section we analyze an example of a cartel formation game that satisfies Assumptions 1

and 2. This example both finishes the proof of our existence result in Proposition 1 and it

illustrates the possibility of multiple equilibria. Our example uses a model specification

with a linear benefit function and a quadratic cost function. We update (1) to:

wi = β
�

∑

j∈N q j

�

−
1
2
γ (qi)

2 ∀i ∈ N , (23)

where β and γ are model parameters. A well-known result is that, without the option of

support, the unique stable coalition size for this model specification equals m = 3 whenever

n≥ 3 (Barrett, 1994, Proposition 2).

Next, consider the possibility of supporting transfers. The model specification in (23)

dictates that each agent has a dominant strategy in terms of contributions. Using (2)

and (3) we have:

q
�

m+ j(s)
�

=

�

m+ j(s)
�

β

γ
, (24)

q
�

m+ j(s)
�

=
β

γ
. (25)

Using these contribution decisions as well as (4) and (5), we can write κi

�

m+ j(s)
�

and

λi

�

m+ j(s)
�

as follows:

κi

�

m+ j(s)
�

=
β2

γ

�

1
2

�

m+ j(s)
�2
+
�

n−m− j(s)
�

�

, (26)

λi

�

m+ j(s)
�

=
β2

γ

�

�

m+ j(s)
�2
+
�

n−m− j(s)
�

−
1
2

�

. (27)

We will now continue by examining, first, if there exists an s such that we have a

stable coalition structure with j(s) = 1. We will see below that such an s exists. Given its

existence, we also know, by Lemma 2, that j(s − 1) = 0. This allows us, using Lemma 1

and the stability conditions (11a)–(11d), to determine the level of s. We continue with

j(s) = 2,3, . . ., constrained by j(s) + s ≤ n − m. Note that we may not always find an
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equilibrium for each j(s), an issue that is further discussed in the last paragraph of this

section.

Consider a coalition with m = 3 members. Take parameter values β = γ = 1 and n = 50

and consider j(s) = 1. Using (16) and Lemma 2 we have t(s) = λi

�

m+ j(s)
�

−λi

�

m+ j(s−
1)
�

= λi

�

3+ 1
�

−λi

�

3+ 0
�

= 611
2 − 551

2 = 6. By the proof of Proposition 1, this transfer

implies that stability conditions (11d) and (11c) hold with equality.

Next, we verify whether there exists a positive number of supporters s such that stability

conditions (11a) and (11b) hold. We do so by substituting (26) and (27) into (17), using

our selected parameter values. Doing so, we obtain:

�

3+ 1
�

·
�

55
1
2
− 54

�

≤ s ·
�

61
1
2
− 55

1
2

�

≤
�

3+ 1+ 1
�

·
�

61
1
2
− 57

1
2

�

. (28)

This chained inequality holds for the interval s ∈
�

s = 1, s = 20
6

�

, containing the natural

numbers 1, 2, and 3. The number of supporters in equilibrium is the smallest of these (see

the last sentence of the proof to Proposition 1), so that s = 1. That is, a coalition structure

with 3+ 1= 4 members/joiners is stable when there is one supporter.

Next, we illustrate stable coalition structures with j(s)> 1. To avoid having to check

many uninteresting cases, we restrict ourselves to functions j(s) such that, for any stable

coalition structure
�

M , F, S
	

, we have j(s−1) = j(s)−1. That is, if one supporter deviates,

the remaining supporters are not able to support the original number of joiners but, rather,

choose their transfers based on one joiner less. This restriction gives structure to Lemma 2

and thereby provides a one-to-one relationship between the number of supporters s, the

number of joiners j(s), and the related transfers t(s), which facilitates our calculations in

this section.

We can now substitute our parameter values and write out (16):

t(s) = λi

�

3+ j(s)
�

−λi

�

3+ j(s− 1)
�

=
�

3+ j(s)
�2
+
�

50− 3− j(s)
�

−
�

3+
�

j(s)− 1
��2
−
�

50− 3−
�

j(s)− 1
��

=
�

3+ j(s)
�2
−
�

3+ j(s)− 1
�2
− 1. (29)

Following the same procedure as above, we calculate the equilibrium number of s as a

function of the number of joiners j(s)≥ 1 on top of the m= 3 coalition members.

Results of this procedure are shown in Figure 1, which displays the equilibrium number

of joiners as a function of the number of supporters on top of the 3 coalition members.

The horizontal bars depict the interval
�

s, s
�

for each value of j(s). Equilibrium s is the

smallest natural number in each of these intervals (see the last sentence of the proof to
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s

j(s)

�

s, s
�

for each j(s)
equilibrium s for each j(s)
s+ j(s)≤ n−m= 50− 3

Figure 1: Equilibrium number of j(s) joiners as a function of the number of s supporters on
top of the m= 3 coalition members, given the parameter values introduced in Section 5.
Bars depict the interval

�

s, s
�

for each value of j(s) and the decreasing line indicates the
constraint on the aggregate number of supporters and joiners, given by the total number
of n= 50 agents minus m= 3 members.

Proposition 1). Clearly, there are multiple equilibria. Figure 1 shows 11 distinct stable

coalition structures that differ in the number of supporters and joiners. The equilibrium

number of supporters and joiners is constrained by two factors. One factor is that, given

the functional forms and parameterization used in this section, equilibrium s is increasing

and convex in the number of joiners j(s) so that increasingly larger numbers of supporters

are required to achieve one additional joiner. The other factor is the constraint provided

by the total number of agents. Since the aggregate of joiners and supporters cannot

exceed 50− 3= 47, the maximum size of m+ j(s) is achieved with 33 supporters which

allows 10 joiners.

By (10) and using the parameter values from our example we can now calculate payoffs
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of members/joiners, supporters, and free-riders for each equilibrium.

wi = κi

�

m+ j(s)
�

+
st(s)

m+ j(s)

=
1
2

�

3+ j(s)
�2
+
�

47− j(s)
�

+ s
�

4+ 2 j(s)
3+ j(s)

�

∀i ∈ M ∪ J , (30)

wi = λi

�

m+ j(s)
�

− t(s)

=
�

2+ j(s)
�2
+
�

47− j(s)
�

+
1
2

∀i ∈ S, (31)

wi = λi

�

m+ j(s)
�

=
�

3+ j(s)
�2
+
�

47− j(s)
�

−
1
2

∀i ∈ F \ J . (32)

0 1 2 3 4 5 6 7 8 9 10

50

100

150

200

j(s)

wi

free-riders
members/joiners
supporters

Figure 2: Individual welfare based on (10) for each of three types of agents—free-
riders, members/joiners, and supporters—for each of the equilibria as identified by
j(s) ∈ (0, 1, . . . , 10).

In Figure 2 we plot these payoffs for each of the stable equilibria identified in Figure 1.

Note that welfare of members/joiners and supporters are nearly identical, deviations only

caused by differences between equilibrium s and s. Payoffs increase monotonically in j(s),
which demonstrates that by allowing for supporters, the cartel formation game has turned

into a coordination game in which equilibria with higher numbers of supporters payoff-

dominate those with fewer (cf. Barrett, 2003). Consequentially, our example illustrates

that allowing for support would significantly improve the prospects for wider cooperation

in cartel formation games.

Our example hosts not only multiple equilibria but—constrained by the aggregate

number of supporters and joiners—it also includes each possible equilibrium number of
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joiners, i.e. the full range j(s) ∈ (0,1, . . . , 10). This result is sensitive to our selected

parameters. To illustrate this sensitivity, we check stability for the more general cost

function c(qi) =
1
2γ (qi)

α, where the cost parameter α≥ 1 determines convexity. We find

that, compared with α = 2, decreasing cost convexity destabilizes coalition structures with

low numbers of joiners, by violating Condition (11a), Condition (11b), or both. Similarly,

increasing cost convexity destabilizes coalition structures with high numbers of joiners. In

our example, for α /∈ [1.53,3.61], no stable coalition structure with s > 0 exists.

6 Discussion and conclusion

Inspired by CS93, we augment the standard cartel formation game from non-cooperative

coalition theory with the possibility of support. We show that, under mild conditions on

the costs and benefits of providing the public good, supporters exist in equilibrium. In a

standard IEA specification with linear benefits and quadratic costs, we demonstrate that

multiple stable coalition structures exist. This multiplicity of equilibria turns the cartel

formation game into a coordination game with substantial potential for additional gains

by the possibility of support. Our paper therefore highlights an option for IEA design that

allows countries to participate in differentiated ways, and with potential to substantially

increase (i) cooperation, (ii) abatement of CO2 emissions, and (iii) associated payoffs to all.

This option is particularly promising for IEAs for which free-riding incentives are typically

large, as is the case for climate change.

Three features of our model need some discussion here, since they could be changed

or generalized in future work: (i) symmetry, (ii) the five-stage model setup, and (iii)

supporters’ behaviour. We do not expect that such changes or generalization would impact

our main result.

First, we assume symmetric agents, which allows an analytical solution to our existence

result. For internal commitment (i.e. some or all members, and possibly joiners too, will

not deviate ex post), the more countries are committed, the larger are the gains from

expanding the coalition (CS93). The symmetry assumption was dropped first by Botteon

and Carraro (1997) who showed in a simulation that, with asymmetric agents, only little

or even no internal commitment is necessary to reach the grand coalition (see also Petrakis

and Xepapadeas, 1996; Jeppesen and Andersen, 1998). Clearly, asymmetry expands the

scope for cooperation and increases the scope for larger coalitions through transfers without

a need for commitment (Barrett, 2001; McGinty, 2007; Weikard, 2009; Fuentes-Albero

and Rubio, 2010). In our current paper, we find, for the case of symmetric agents, that

wide cooperation can be achieved without commitment. Hence, transferring the results
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on internal commitment to the current setting, we expect this will be even easier with

asymmetric agents.

Second, our model has five stages, following the intuition by CS93 that supporters only

make their support decision after the formation of a stable coalition. When this assumption

is dropped, the model could potentially be simplified to a more conventional two-stage

model. However, one quickly runs into problems since it is not straightforward how the

number of joiners can be determined endogenously (a crucial step in our analysis) in a

two-stage model.

Third, we assume that supporters offer a subsidy to the coalition in order to stimulate

others’ participation in the coalition. One could consider plausible alternatives, of which

we mention two. One of these is that supporters target their transfer to a specific agent in

order to convince him to join the coalition (i.e. the support would not be shared with the

coalition). This alternative, however, would only make sense in the context of asymmetric

countries, a setting that we already discussed. Another alternative is that supporters

choose their support strategically. A likely strategy is choosing support to coordinate on an

equilibrium that maximizes the supporters’ payoff. This alternative differs from the current

approach in which we only assess whether a coalition structure can be stabilized given

some number of supporters, members, and joiners. One could envisage that this type of

strategic behaviour would mimic the kind of coordination that is discussed in the context

of multiple equilibria occurring in the example of Section 5.

Finally, and to close this section, recall two central observations from the paper. First,

as we stated in Section 1, by including support, countries may participate in an IEA

in differentiated ways, which is likely to broaden participation as well as the scope for

agreement negotiations. Second, as we stated in Section 5, by including support, the cartel

formation game may turn into a coordination game rather than a prisoners’ dilemma-

type problem. This transformation of the game is known to allow for wider and deeper

cooperation (Barrett, 1998). Jointly, these observations make us optimistic about the scope

of support as a possible policy tool in the design of IEAs on climate change.
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