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1 Introduction

One of the questions that has emerged in the network neutrality debate is the claim that
integration between ISPs and CPs may conduct the market to a context where the integrated
CPs have preferential treatment in the network to which they belong to, and therefore the
non-integrated CPs tend to be squeeze to a small position in the market. For this purpose,
one develops a model where two ISPs offer access to the internet to final consumers and
offer network services to two rival CPs. The CPs sell content services to final consumers
and advertising services.

The model has four novel aspects: (i) there are two rival ISPs, (ii) ISPs have full discre-
tion on how to allocate quality of network services, i.e., on how to allocate bandwidth, (iii)
CPs compete to sell content services directly to consumers, and in addition have advertising
revenues, and (iv) ISPs may be integrated with CPs.

An important assumption of the model is that a consumer’s choice of CP is independent of
the choice of ISP. This assumption is motivated by tractability. However, it could be justified
as follows. In general, the quality of service of CPs may differ across networks, depending on
the quality of network service agreements they have with ISPs. However, consumers accede
to the internet to consume many different services. The service provided by the CPs under
analysis is only one among these many services. Hence, differences in quality of the service
of the CPs under analysis across networks weight little in the consumers’ choice of network.
In section 3 one elaborates more on this issue.

The base model has three stages. In the first stage, ISPs and CPs bargain about the
quality and price of network services. Each ISP makes a take-it-or-leave offer of network
services to one CP, consisting of a price and quality level, and the CPs chooses to accept
it or not. In the second stage, ISPs set the access price to the internet for consumers and
consumers choose to which ISP they subscribe. In the third stage, CPs set the prices for
their content services and consumers choose to which CP they subscribe.

The results show that, under no integration, both ISPs offer high quality network services
to the CP that collects the highest advertising revenue. In fact, the increase in a CP’s
profit due to receiving high quality network services from one ISP is higher when it already
benefits from high quality network services from the other ISP. Moreover, ISPs maximize
the difference of quality of network services offered to the CPs, i.e., they offer the maximum
quality level of network services to the CP that collects the highest advertising revenue, and
offer the minimum quality level of network services to the other CP.

One then consider the case where one of the ISPs is integrated with one of the CPs, if



integration involves the CP that collects the highest advertising revenue, this CP gets the
high quality network services from both ISPs. If integration involves the CP that collects
the lowest advertising revenue, both ISPs still prefer to sell high quality network services to
the CP that collects the highest advertising revenue, when the difference between the CPs’
advertising revenues is large, in order to collect part of the higher advertising revenue. When
the difference between advertising revenues is small, both ISPs sell the high quality network
services to the vertically integrated CP, contrary to what happen under no-integration.
The remainder of the article is organized as follows. In Section 2 one reviews the lit-
erature. In section 3 the base model is presented and in section 5 one characterizes its
equilibria. In section 5 the integration case is presented and in section 6 a welfare analysis

is performed. Finally, in section 7 one concludes.

2 Literature Review

The model starts from a model similar to Choi and Kim (2010) and Cheng et al. (2011)
regarding the incentives of ISP to discriminate a CP and the welfare impact of imposing
network neutrality restrictions. Bandyopadhyay et al. (2010) is the closest article since it
analyses the impact of vertical integration between ISPs and CPs but in a context where
there is only ISP. They show that if network neutrality is not enforced, social welfare might
increase or decrease with vertical integration. Moreover, they find that it is not always true
that the ISP will degrade the delivery of the competing content, and in fact it will sometimes

have the incentive to prioritize the latter over its own.

3 Model description

3.1 Environment

Consider an industry in which online Content Providers (CPs) deliver their content
to consumers through broadband networks provided by Internet Service Providers (ISPs).
There are two ISPs, firms 7 = 1,2, and two CPs, firms ¢ = A, B. The ISPs offer access
to the internet to consumers, and network services to CPs. An ISP may offer the two
CPs network services of different qualities and may charge a positive price for high quality
network services. The CPs offer content services to consumers.

Denote by f; on [0,400), the price ISP j charges consumers for internet access services,

by ¢;i on [0,400), the price ISP j charges CP i for network services, and by p; on [0, +00),



the price CP ¢ charges consumers for content services.

The game has three stages that unfold as follows. In stage 1, each ISP makes a take-it-or-
leave offer to a CP and the CPs accept or reject the offers they receive. The take-it-or-leave-it
offer by each ISP consists of a price for higher quality. In stage 2, ISPs set the access price
to the internet for consumers and consumers choose to which ISP they subscribe to. In
stage 3, the CPs set prices for their content services and consumers choose to which CP

they subscribe to.

3.2 Consumers

There is a large number of consumers, formally a continuum, whose measure is normal-
ized to 1.

Regarding the preference for access to the internet, consumers are uniformly distributed
along a Hotelling line segment of length 1 (Hotelling, 1929). A consumer whose most-
preferred service is = on [0, 1] has a quadratic disutility cost of #,2? if he buys instead the
service from the firm located at 0, with ¢,, on (0, +00). Denote by u;, the utility from getting
access to the internet from ISP j. The utility of a consumer subscribing to the services of

ISP j is then given by:

(uy — f1) — tp2? if buys access from ISP1

U, =
(ug — fo) — tn (1 —2)*  if buys access from ISP2.

One assumes that ISPs may differ in the quality of access they offer to consumers. Hence,

define the quality advantage of ISP 1 by:
A = u; — us.

Parameter A can be positive, if ISP 1 offers a higher quality of access to the internet than
ISP 2, or negative, otherwise. Moreover, one assumes |A| < 3t, which ensures that both

ISP’s have a positive market share. ISP 1’s market share is given byone

1 1
— (- fi+A
=5 5 (f2=fi+4)

After getting access to the internet, consumers can buy content services from one of
the two CPs. Regarding preferences for content services, consumers are also uniformly
distributed along another Hotelling line segment of length 1. A consumer whose most-
preferred service is z on [0, 1] has a quadratic disutility cost of t.z? if he buys instead the

service from the firm located at 0, with t. on (0, +00).



Let u. denote the utility derived from content, which one assumes to be equal for the
two CPs, and Vjx;; denotes the quality of the network service that the ISP j offers to CP 1,
which is related with the time that each consumer has to wait in order to consume a CP’s
content. The utility of a consumer of ISP j subscribing the services of CP i is then given
by:

Ul = (uc + VijA - pA) — toa? if buys content from CP A

C

(uC +ViX;p — pB) —t. (1 — x)2 if buys content from CP B.

CP A’s market share within ISP j’s subsribers is

1 1
OjA = B + 2_15(; (pB —pa+Vixa; — VjXBj)

Note that, in the decision about to which ISP to subscribe, consumers do not take
into account the utility they will later obtain from CPs. This assumption is motivated by
tractability. Even though, in general, the decision by a consumer about the best ISP is based
on other factors such as the brand awareness and service quality (e.g. network speed). On
the other hand, consumers accede to the internet to consume several services provided by

different CPs, being the service provided by the CPs under analysis only one among these

many services.

3.3 Firms
3.3.1 1ISPs

ISP 1 is located at point 0 and ISP 2 at point 1 of the Hotelling line segment where
consumers are distributed regarding their preferences for access to the internet services. All
of the ISPs” marginal costs are constant and equal to zero.

Let D; be the total demand of ISP j. The profit of ISP j is then given by:

B
I = f;D; + ZjSin,

i=A
where y;; takes value 1 if ISP j sells a higher quality of network services to CP ¢ and 0 if
not.
The difference in the quality of network services provided by ISP j to CP A and to CP
B, vj, is either V; or —V}. It is positive if ISP j provides a higher quality service to CP A
than to CP B, and negative otherwise. V; is assumed to belong to (0, 3t.) in order to ensure
positive demand.
The network services bargaining game unfolds as follows. First, ISPs make, in sequence,

a public take-it-or-leave offer to one CP, composed of a network services quality level and a



price. The ISPs can make an offer to the same CP, or to different CPs. Afterwards the CPs
decide which offers they accept if any. If a CP rejects its offers, or is made no offer, it gets

network services with the low quality free of charge.

3.3.2 CPs

CP A is located at point 0 and CP B at point 1 of the Hotelling line segment where con-
sumers are distributed regarding their preferences for content services. Both CPs’ marginal
costs are constant and equal to c.

Each CP i has two revenue sources: (i) it charges each consumer a price, p;, for access to
its content, and (ii) obtains revenue stream, r;, from advertisers for each consumer’s content
request it serves. Values r; are exogenous, determined, possibly, in a competitive advertising
market. Assume that CP A earns at least the same advertising revenue per consumer as
CP B, i.e.,

R:=7rs—7rpison [—Tmax, "max)

with rpax == 3t — V; > 0.! This means that CP A may be better or worse than its rival in
getting the “right” consumers for its advertisers and therefore can charge higher advertising
fees.

Let D; be the total demand of CP i. The profit of CP i is given by:

2
I = (pi+ri—c)D; — ZjSij"
j=1

4 Equilibria with no integration between ISP and CP

Next, the equilibrium when there is no integration between ISPs and CPs is presented.

Proposition 1: When there is no integration between I[SPs ans CPs,

(i) CPs charge consumers for access to content:

2ra+rp 011 + 0202

3 3
TA+27’B 0'11)14‘0'21}2'

= C+tc_ - )
PB 3 3

pa = c+t.—

and have profit:

1
7TA('U1, U2> = Etgl (3tc + R+ V101 + 'U20'2)2

1
wp(v1,v2) = 1—8755_1 (3t. — R+ vi01 + U202)2

!These assumptions ensure that both CPs always get a positive market share.

2Cheng et al. (2011) refer that they find empirical evidence supporting this assumption.
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(it) ISPs charge consumers for access to the internet:
5
3

(iit) a) If R > 0 both offers are made to CP A. ISP 1 offers ¢4 = wa(V1, Vo) —ma(0, V2)
and ISP 2 offers qoa = wa(0,V2) — m4(0,0). CP A will get w4(0,0) and CP B will get
mp(=Vi, = Va)

b) If R < 0 both offers are made to CP B. ISP 1 offers ¢15 = mwp(V1,V2) — mp(0,V3)
and ISP 2 offers qap = mp(0,V3) — w5(0,0). CP B will get 75(0,0) and CP A will get
TA(=Vi, —Va). n

A
flztn%—gandfg:tn—

In equilibrium, both ISPs make an offer to the same CP since the increase in CP’s profit
due to the high quality network service in one ISP is higher when it already benefits from
high quality network service in the other ISP. This implies that given an offer from an ISP
to a given CP, the best response by the other CP is also to make an offer to the same CP.
Moreover, the offer is made to the most profitable CP, since this is the one from which ISPs
can extract a higher rent.

As concerns the internet access services market, one finds that the higher is the advantage
of a given ISP, the higher are its price, market share and profits from selling access to the
internet.

Finally, in what regards the content services market, one shows that for given advertising
revenues, if a CP obtains network services from an ISP that are of a higher quality than
those obtained by its rival CP, it can also offer higher quality content services to its con-
sumers, and thereby charge a higher price for its content services. In turn, the CP that gets
network services of lower quality has to reduce the price of its content services to compen-
sate consumers for the lower quality of service. In addition, the CP that gets the network
services of higher quality also gets a higher market share, in spite of charging a higher price

for content services.

5 Equilibria with integration between ISP and CP

In the previous section, it was determined that, when there is no relation of ownership
between ISPs and CPs, in equilibrium both ISPs offer high quality network services to CP
A, the CP with the highest advertising revenue. In the present section it will be checked
if this result is still true if an ISP 1 is integrated with CP A, while the other firms are

independent.



One again assumes that each ISP makes one take-it-or-leave-it offer, however, and con-
trary to the previous section, the integrated ISP has always the option of offering the high
quality network service to its CP when the outside CP rejects the offer. Moreover, one
assumes that the integrated ISP will be the first to make the high quality network service
offer.

The next Proposition presents the equilibrium. Let R; = WX@%@) (2(Vioy — 3t.) + Vaos) <

Proposition 2: When ISP 1 is integrated with CP A :

(i) If R > max{—Vioy, R1}, ISP 1 does not make any offer and ISP 2 offers qua =
7a(V1, Vo) — ma(V1,0) to CP A.

(ii) If —Vio1 < R < Ry, ISP 1 makes offer ;g = mp(V1, Vo) —mp(—V1,0)—7ma(V1, Vo) +
w4(V1,0) to CP B and ISP 2 makes offer qop = ma(V1,Va) — m4(V1,0) to CP B.

(iti) If R < —Vioy, ISP 1 offers qig = wp(Vi, Vo) — mp(—V1, Va) to CP B and ISP 2
offers gap = wp(—V1,Va) — wp(—=V4,0) to CP B. [ |

As expected, and similarly to the non-integration case, when one of the ISPs is integrated
with the CP with the highest advertising revenue, i.e. R > 0, in equilibrium CP A gets the
high quality network service from both ISPs.

In case of integration of an ISP with the CP with the lowest advertising revenue, i.e.,
R < 0, both ISPs sell the highest quality network service to CP B when the difference
between the advertising revenue it is able to collect as compared to the one collected by
CP A takes high values. Note that in this case, although one of the ISPs is integrated with
CP A, it still prefers to sell the highest quality network service to its rival in order to take
advantage of the higher advertising revenues.

When R is negative but takes intermediate (less extreme) values, ISP 1 is forced to lower
its offer to CP B. In fact, a higher offer to CP B would lead ISP 2 to react with an offer to
CP A. In this case, ISP 1’s offer to CP B would not be accepted. By lowering the offer to
CP B, ISP 1 induces ISP 2 also to make an offer to CP B, both of which will be accepted.

6 Welfare analysis

The next Remark presents the comparison of each parties payoffs in the under integration

(0‘1V1 (V10‘1+2V20'276tc)+0'2‘/2 (2V10‘1+V20‘276tc))

and no integration. Let Ry = 2@Vio1 1 Vaos)




Proposition 3:

(i) If R > 0, joint profit of the integrated firm is smaller than the sum of the profits under
no integration. CP B payoff is the same under integration and no-integration. ISP 2 is
better with integration. Consumer surplus is the same under integration and no-integration.
Social welfare is the same under integration and no-integration.

(i) If —Vioy < R < 0 and R > Ry, joint profit of the integrated firm is larger than
the sum of the profits under no integration if R > Ry and smaller otherwise. CP B is

o111

5 and worst otherwise.

worst with integration. ISP 2 is better with integration if R > —
Consumer surplus decreases with integration. Social welfare is lower with integration.

(i1i) If —Vioy < R < 0 and R < Ry, joint profit of the integrated firm is larger than
the sum of the profits under no integration. CP B is worst with integration. ISP 2 is
better with integration if R > —"1TV1 and worst otherwise. Consumer surplus is the same
under integration and no-integration. Social welfare is the same under integration and no-
ntegration.

(111) If R < —Vio1, joint profit of the integrated firm is larger than the sum of the profits
under no integration. CP B is worst with integration. ISP 2 is worst with integration.

Consumer surplus is the same under integration and no-integration. Social welfare is the

same under integration and no-integration. |

When one ISP is integrated with the CP with the highest advertising revenue, the inte-
grated firm is worse-off than the two firms under no integration. In fact, after integration,
aggregate profit is m4(V4,0) whereas under no integration, ISP 1 and CP A’s profit are
Ta(Vi, Vo) — ma(0,V2) + m4(0,0) > m4(V1,0). ISP 2, however, benefits from integration,
getting wa(Vi, Vo) — ma(V1,0) > m4(0,V2) — m4(0,0). The reason is that the integrated
firm, is willing to allow ISP 2 to capture all the benefit of selling higher quality. The payoft
of remaining players of the market does not change as well as social welfare since in both
the scenario of integration and no-integration it is the same CP that gets the high quality

network service.

When one of the ISPs is integrated with the CP with the highest advertising revenue, and
the difference in advertising revenues is high, the total rent that ISPs are able to collect from
CP B, mp(V1,Vs) — mp(—V4,0) is higher than in the non-integration scenario, m5(V1, V5) —
m5(0,0), since in the case of integration there is one additional threat to CP B, which is the
fact that if CP B refuses the offer by the vertically integrated ISP, the highest quality is given

to its rival, contrary to the previous scenario where, in case of refusal to accept the offer,



CP B knew that nobody would benefit from the highest quality network service. Thus, the
profits of the vertically integrated firm, 74 (—Vy, —V2) + 7 (Vi, Vo) — mp(—Vi, V,) are higher
than the sum of profits of the firms when separated, m4(—V1, —V2) +75(V1, Vo) —m5(0, V2),.
The opposite is true for the non-integrated ISP 2 (m5(—Vi, Vo) — mp(—V1,0) < wp(0, V3) —
7m5(0,0)) if the difference in advertising revenues is sufficiently high, altough if this is not
very high the nno-integrated ISP also benefits from collecting higher rents from CP 2 and
gets higher profits in the scenariob of integration. Consumer surplus and social welfare are
the same under both scenarios since in both cases it is the same CP that benefits from the

high quality network services.

When one of the ISPs is integrated with the CP with the highest advertising revenue,
and the difference in advertising revenues assumes intermediate values. the profit of the
integrated firm may be higher or lower than the two firms under no integration. In fact, on
the on hand, it charges higher rents if non-integrated since it sells higher quality network
services to the highest adverstising revenue CP, however the CP suffers from a quality
disadvantage. On the contrary under integration it does not extract the highest rent but
assures higher network services for the CP. The lower the difference of advertising revenues
the lower the increase in rents it can obtain from the rival CP under no integration. As
concerns the non-integrated ISP a similar results happens. Under integration it has higher
capacity to obtain the rents from the integrated ISP, but under no-integration it obtains rents
from the highest advsertising revenues CP. The lower the difference between the advertising
revenue the lower is this latter effect and thus the more probable it obtains higher profits
under integration.

Regarding social welfare it is higher under no-integration since the average quaity of
network services is higher in that scenario. In fact, under no-integration the CP that gets
higher quality of network services is the one able to collect higher advertising revenues which
induces it to charge a lower price. Thus this CP has a higher market share when it obtains
the higher quality network services than its rival when it is the one obtaning the higher
quality network services. Therefore, the average quality of network services consumed is
higher under no-integration. Note that this also implies that transport costs are higher
under no-integration but this effect is not sufficiently strong to compensate the previous

one.
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7 Conclusions

In this article, one starts to show that, when ISPs can give a discriminatory treatment
to CPs, both ISPs sell high quality network services to the CP that collects the highest
advertising revenue. As the fee they are able to charge a CP increases with the difference of
treatment given to CPs, ISPs offer the maximum quality level of network services to the CP
that collects the highest advertising revenue, and offer the minimum quality level of network
services to the other CP.

One of the questions that has emerged in the network neutrality debate is the claim
that integration between ISPs and CPs may conduct the market to a context where the
integrated CPs have preferential treatment in the network to which they belong to, and
therefore the non-integrated CPs tend to be squeeze to a small position in the market. In
this paper, one shows that this may not always be true. In fact, both ISPs still prefer to
sell the high quality network service to the highest advertising revenue CP, even if one of
the ISPs is integrated with the other CP. Only when the difference between the advertising
revenue of CPs takes low values, both ISPs opt for selling the high quality network service
to the integrated CP.
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Appendix

Proof of Proposition 2:
Consider the case of no integration. Solving the game by backward induction, one needs

to analyse two possible subgames:
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I) ISP 1 has offered ¢;5 to CP B.
A) Consider first that ISP2 also makes an offer to CP B. An offer ¢o5 by ISP 2 to CP B

is accepted if and only if:

max {WB(Vl,Vz) —qiB — C]2B,7TB(O, V2) - CJzB} > max {7TB(V1,O) - Q1B>7TB(0>0)} (1)

Notice that max {mp(V1,V2) — q18 — @28, ™B(0,V2) — @2} = 75(V1, Va) —q1p — @2 if and
only if

T5(Vi, Vo) — i — g2 > m5(0,V2) — qop © g1 < mp(V1, Vo) — (0, V2)

and that max {75(V1,0) — ¢15,75(0,0)} = 75(V1,0) — 18
if and only if

m5(V1,0) —qip > m5(0,0) & ¢ip < mp(V4,0) — 75(0,0)
with 75(Vi, Vo) — mp(0, V) > mp(V1,0) — m5(0,0) because
1
m5(V1, Vo) — mp(0,Va) — mp(V4,0) + 75(0,0) > 0 & §t;10201\/2v1 >0

Hence,

1) if 1 < 7p(V1,0) — 75(0,0) < w5(Vi, V2) — mp(0, V3), then 1 is equivalent to
¢@p < mp(Vi, Vo) — mp(V4,0).
Therefore, the highest offer that will be accepted is
¢ = 1p(V1,V2) — m5(V1,0)

and, in this case, both offers will be accepted.

2) if mp(V1,0) — 75(0,0) < 15 < mp(Vi, Vo) — wp(0, V2), then 1 is equivalent to
¢ < mp(V1,V2) — 75(0,0) — qi5.
Therefore, the highest offer that will be accepted is
¢ = 5(V1,V2) —75(0,0) — @i

and, in this case, both offers will be accepted.

3) if up > mp(Vi, Vo) — mp(0,V5), then 1 is equivalent to
¢ < mp(0,V,) —15(0,0)

12



Therefore, the highest offer that will be accepted is

q2B = 7TB(07 V2) - 7TB(070)

and, in this case, only ISP 2’s offer will be accepted.
Summing up, ISP2’s highest acceptable offer, when offering to CP B, given ¢, g is then:

m(Vi,Va) — m5(V4,0) ¢ < 7p(V4,0) —715(0,0)
@ = | 7p(Vi,Va) —m5(0,0) — i |if| 7p(V1,0) —75(0,0) < g1 < wp(Vh,Va) — (0, Va)
7TB(07‘/2> - 7TB(070) d1B > WB(‘/lv‘/Q) - 7TB(07‘/2>

If up > mp(V1, Vo) — wp(0, V), ISP 2, if making an offer to CP B, will make an offer
such that ISP 1’s offer will not be accepted. In this case, ISP 1’s payoff is 0. Otherwise it
will get ¢15.

B) Consider now that ISP 2 makes an offer to CP A when ISP 1 had made an offer to
CP B. The acceptance/rejection game played by the two CP’s is as follows:

CP B
Accept Reject
CP A Accept 7a(=V1,Va) — qoa, mp(V1,—Va) — i 7a(0,V2) — q2a,m5(0, —V5)
Reject  ma(=V1,0),7m5(V1,0) — ¢1B 74(0,0),75(0,0)

Acceptance of the two offers is an equilibrium if and only if these two inequalities hold:

ma(—=V1,V2) — q2a
mg(Vi,—Va) —qup > mwp(0,—V2)

Vv
3
=
|
=~
=

Acceptance of g24 and rejection of ¢, is an equilibrium if and only if these two inequal-
ities hold:

74(0,V2) —qua > 7a(0,0)
WB(‘/la_‘/Z) —¢@iB < 73(07_‘/2)
ISP 2 will make the highest offer that is accepted (if positive), given ¢;5. Hence,

T‘-A(_‘/la‘/Q) _WA(_‘/DO) . q1B S 7.‘-B(‘/b_‘/é) _7TB<07_‘/2)
Q2A = if

7TA(07 ‘/2> - ﬂ-A(Oa O) B > ﬂ-B(‘/IJ _‘/2) - 7.‘-3(07 _‘/2)

Note that
75(V1,0) —75(0,0) > mp(Vi, —Va) — mp(0, —V2) & %t;lagalvm >0
Hence:
mp(V1,=V2) — (0, =V2) < 75(V1,0) — 75(0,0) < mp(V1, V2) — m5(0,V2)
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and there are four possibilities to consider when comparing ISP 2’s payoffs under the alter-
natives of making offers to CP A or to CP B, given that ISP 1 has made an offer ¢; 5 to CP
B:

i) When ¢15 < w(Vi,—V2) — wp(0,—V3) it is preferable for ISP 2 to offer to CP A if
and only if

WA(_‘/la ‘/2) - T[-A(_‘/lao) > WB(%?‘/Q) - TB(‘/laO) < R > ‘/10-1

ii) When wg(Vy, —Vs) — m5(0, —V2) < 15 < mp(V1,0) — w5(0,0) it is preferable for ISP
2 to offer to CP A if and only if:

Vioy
2
iii) When 75(V1,0) — 75(0,0) < @15 < m(V1,V2) — (0, V2) it is preferable for ISP 2
to offer to CP A if and only if:

74(0,V2) = m4(0,0) > mp(Vi, Va) — mp(11,0) & R >

74(0,V2) —m4(0,0) > 7wp(Vi, Vo) —7p(0,0) — g1 <

1
—t. (01 V1 (6t + Vioy + 2Vaos) — 2R (Vioy + 2Vh03))  (2)

>
q1B 13

Checking if this is possible in the relevant interval for ¢;p.

m5(V1,0) — 75(0,0) < 15 < mp(Vi, Vo) — m5(0, Va)

(3te—R+01Vi+020)°  (3te—R—010+020)> (Bte—R+01Vi+02V2)®  (Bte—R—010+02V3)?
18t. 18t. 18t. 18t.

< @B <
It cand be showed that condition 2 is always true if R > % and that it is impossible
it R<0.
iv) When ¢,5 > mp(V1, Va) — w5(0, V3) it is preferable for ISP 2 to offer to CP A if and
only if:
74(0,Va) —m4(0,0) > wp(0,V2) — 7m5(0,0) & R > 0.

Hence, given that ISP 1 has made an offer to CP B, ISP 2 will:
If R < 0 ISP 2 offers CP B

If0 < R < YL ISP 2 offers CP Bif g1 < 15t (01 V4 (6t + Vioy + 2Va02) — 2R (Vioy + 2Va05))

187¢

Ifo< R< % ISP 2 offers CPAIfQ1B > it_l (0'1‘/1 (6tc + ‘/10'1 + 2‘/20'2) — 2R (‘/10'1 —+ 2‘/20'2))

187¢

If R > Y121 ISP 2 offers CP A

Anticipating this, ISP 1, if offering to CP B, will offer the highest offer that will be
accepted:

When ISP 2 offers CP B, ISP1 is rejected if ¢15 > mp(V1, V2) — m5(0, V3).

When ISP 2 offers CP A, ISP1 is rejected if ¢15 > mp(Vi, —Va) — w5(0, —V5).
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Hence, if offering to CP B, ISP 1 will offer:

If R <0ISP 1 offers ¢15 = mp(V1, V2) — m5(0, V)

IfOo<R< % ISP 1 will offer g5 = %tc_l (o1 Vi (6t + Vior + 2Vaoa) — 2R (Vioy + 2Va03))

If R > 12 ISP 1 will offer g5 = wp(Vi, —=V2) — 75(0, —V2)

st (01Vh (6t + Vioy + 2Va02) — 2% 0 % (Vioy + 2Va0s)) = mp(Vi, Vo) — m5(0, Va)

%tc_l (01 (6t + Vioy + 2Vaos) — 2 % 0 % (Vioy + 2Vaos)) = (3te—R+01Vi+0o2V2)?  (3te—R+010+02V3)?

18t 18t.

2 2
(01 VA (6t + Vioy + 2Vh0s) — 2% 0 % (Vioy + 2Va0,))— Blefiiqriatonts) | (Gte fugi0ioath)

: %tc_lalVlR

st (01Vi (6t + Vioy + 2Va03) — 2 2L« (Vioy + 2Vh0)) = mp(Vi, —Va)—75(0, —V2)

2 2

Lt (01VA (6t + Vior + 2V30) — 25 Y x (Vioy + 2V30)) = (leltbgriooate) Ot Rigs cald)
2 2

=t (01V1 (6t + Vioy + 2Va03) — 2% T« (Vioy + 2‘/202))—(3%71%”1‘/1702‘/2) 4 Ble=Rto10-02Va)” _

18t. 18t. o
14— Vi 1,—
L1 (2% B — Vigy 4 2Vhos) Vioy ¢ it toao1VaV)

(3tch+O'1 Vitos V2)2
18t.

IT) Assume now that ISP 1 has mades an offer to CP A. Then, evertything is as above
but with A and B swapped and with —R instead of R.
Thus, if offering to CP A, ISP 1 will offer
If R > 01ISP 1 offers 14 = ma(V1, Va) — m4(0,V53)
If Y9 < R < 0ISP 1 will offer g4 = 5t ! (011 (6t + Vioy 4 2Va0s) + 2R (Vioy + 2V305))
If R < —%12 ISP 1 will offer g4 = ma(Vi, —V2) — ma(0, = V2).
Establishing if it is better for ISP 1 to offer CP A or CP B.
IfR< —% it is better to offer CP A if and only if
Ta(V1, =Va) — ma(0, =V2) > mp(V1, Va) — 7p(0, V2)
Ta(V1, =V2) = m4(0, =V2) — wp(Vi, Va) + 75(0,V2) > 0

(3tC+R+0'1V170'2V2)2 . (3tC+R+0'1070'2V2)2 . (3t07R+O'1V1+0'2V2)2 (315ch+0’10+0’2‘/2)2 . (_2) -1 .
18t. 18t. 18t. + 18t, = (=5)tc" (Vaoa — R) Vioy

R > V049 (impossible)

If —% < R < 0 it is better to offer CP A if and only if

%tc_l (o1 V1 (6t. + Vioy + 2Vaoo) + 2R (Vioy + 2Va09)) > mp(Vi, Vo) — mp(0, Vs)

%t;l (0'1‘/1 (Gtc + ‘/10'1 + 2‘/20'2) + 2R (‘/10'1 + 2‘/20'2)) — 7TB(‘/1, ‘/2) + 7TB(07 ‘/2) >0

%tc_l (01‘/1 (Gtc + ‘/101 + 2‘/202) +92R (Vlal + 2‘/202))_ (3tc—R+iéZ1+02V2)2 +(3tc—R—|—f81t(3+02V2)2 _
2.1 (Vioy + Va03) R > 0 (impossible)
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o< R< % it is better to offer CP A if and only if
Ta(Vi, Va) = wa(0,V3) > g5t (01 Vi (6t + Vioy + 2Va03) — 2R (Vioy + 2V405))

187¢c
o o 2 c 010+ 2 _
(3tC+R+1§Z1+ 2V2)® (3t +R+181t(c)+ 2V2) _%tc 1 (0-1‘/1 (6tc +Vioy + 2‘/20'2) — 2R (‘/10'1 -+ 2‘/20'2)) >

2. (Vioy + Va02) R > 0 (always true)
IftR> % it is better to offer CP A if and only if

Ta(V1, Vo) = ma(0,V2) > mp(Vi, =Va) — m(0, —Va)

(3tc+R+0'1V1+0'2V2)2 . (3tc+R+010+02V2)2 . (3tch+01V1702V2)2 + (3tch+O'1070'2V2)2 > 0
18t. 18t. 18t. 18t.

%t;l (R + Vaoo) Vioy > 0 (always true). [ ]

8 Sequential

Timing is as follows: ISP 1 offers a public contract to CP B or makes an internal offer.
ISP 2 observes this offer and makes an offer either to CP A or to CP B. Both CP’s observe
the two offers and simultaneously decide wether to accept the offer each one was made.

CP A and ISP 1 are integrated, meaning that CP A and ISP 1 both make their decisions

to maximize aggregate profits.

8.1 Subgame type 1: ISP 1 does not make any offer (i.e. it offers
internally to CP A)

a) An offer by ISP 2 to CP A is accepted if and only if:
ma(Vi,V2) — gaa > ma(V1,0)

2 2
Gan < WA(‘/I; ‘/2)_7_(_140/17 0) _ (3tc+R+cIéZl+02V2) . (3tc+R+1c781ti/1+020) _ 1_18tc_l (2R + 6tc + 2‘/10.1 + ‘/'20.2)

o9 >0
b) An offer by ISP 2 to CP B is accepted if and only if:
m5(=V1,V2) — e > m5(=V1,0)

—n—o o 2 c—hi—0o o 2 —
Gop < mp(—=Vi, Va)—mp(=V4,0) = (Bte—R 1éxl+ 2V2)”  (Bte—R lgltifﬁ 20)° _ (—%)tcl(2R—6tC+2le

ISP 2 will make the most profitable offer that is accepted. It is more profitable for ISP
2 to make the offer to CP A if and only if:

Q24 > Q2B

Ta(V1,V2) = ma(V1,0) > 7p(=V1, V2) — 75(—=V4,0)

ma(Vi, Vo) = ma(V1,0) — mp(=Vi,Va) + mp(=V41,0) > 0
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(3tC+R+0'1V1+O'2V2)2 . (3tC+R+O'1V1+O'20)2 . (3tchfo'1V1+0'2V2)2 (3tch701V1+0'20)2 241
18t. 18t, 18t. + 18t, > 05t (R4 Vioy) Vaos >

0 R>—-Vio;.

Even if CP B has an advantage over the integrated CP A in terms of advertising revenue,
ISP 2 may still make the offer to CP A. This resulst from the "complementarities" involved
and ofrm the fact that ISP 1 is not making any offer to CP B.

ISP 1’s payoff is:

2
7a(Vi, Va) — qoa = 1a(Vi, Va) — ma(Vi, Va) + 74(V4,0) = 74(V4,0) = (3tC+R+&\Cfl+azo) . R> -1
ma(Va, —Va) = (3tC+R+c1réZrcerz)2 R < -

ISP 2’s payoft is:

1AV, Va) = ma(V1,0) = 5t. ' (2R + 6t + 2Vioy + Vaos) Voo o) B> —Vion
1
Tp(=Vi, Vo) — mp(—=V1,0) = (&) t71 (=2R + 6t — 2Vi0oy + Va0o2) Voo R < —Vioy

8.2 Subgame type 2: ISP 1 offers ¢;5 to CP B.

a) An offer go5 by ISP 2 to CP B is accepted if and only if CP B’s payoff of accepting both
offers or only ISP 2’s offer exceeds its payoff when rejecting both offers or only accepting
ISP 1°s offer. This happens when:

max {75(V1,V2) — @1 — 2B, m3(— V1, V2) — qap} > max {7 p(V1,0) — q1p, 75(—V1,0)}

Notice that max {7p(V1,V2) — 15 — @28, 75(—V1,V2) — @25} = 75(V1,V2) — 15 — @2

iff 75(V1,V2) — ip — 2 > m(—V1,V2) — 2B

mg(Vi, Vo) — mp(=V1, Vo) > g1

and that

max {75(V1,0) — qip, 75(=V1,0)} = 715(V1,0) — 15

iff 7p(V1,0) — g1 > m5(—V1,0) &

m53(V1,0) — mp(—=V1,0) > @i

with wg(Vi, Vo) — mp(—=V4, V) > mp(V1,0) — mp(—V4,0)

because w5(V1, Vo) — mp(—V1, Vo) — wp(V1,0) + m5(—V1,0) > 0

(3te—R+01Vit+o2Ve)?  (Bte—R—01Vi+03V2)®  (3te—R+01Vi+020)> i (8te—R—01Vi—020)2
18t 18t 18t. 18t.

= %tc_lUngVng >
Hence,
1) if qp < 75(V1,0) — mp(=V1,0) < mp(Vi,V2) — mp(=V1, Va)

max {WB(Vb Vz) —q1B — QZB>7TB(_V1a V2) - (]23} > maX{WB(Vl,O) - Q1B,7TB(—V1,O)} <
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m8(V1,V2) — i — @2 > m8(V1,0) — 1 &

m5(V1,V2) = 75(V1,0) > ¢2n

¢ = 1p(V1,V2) — m5(V1,0).

In this case, ISP 1’s offer is so low that it does not affect the best offer by ISP 2. Both
offers are accepted.

2) if 7p(V1,0) — mp(=V1,0) < g1 < 7p(V31, V2) — mp(=V4, V2)

max {75(V1,V2) — @1 — 2B, m3(—V1, V2) — o} > max {np(V1,0) — qip, 75(—V1,0)} <

m8(V1,V2) — i — 2B > m5(=V1,0) &

m5(V1,Va) = mp(=V1,0) — @1 > @28

¢ = 1p(V1,V2) — m5(=V1,0) — qiB.

In this case, ISP 1’s offer will limit the maximum that ISP 2 may offer that leads both
offers to be accepted.

3) if up > mp(Vi, Vo) — mp(—=V4, Va)

max {75(V1,V2) — @1 — 2B, mB(—V1, V2) — qap} > max {7 p(V1,0) — g1, 75(—V1,0)} <

m3(=V1,V2) — 2 > mp(—V1,0) &

mp(=V1,V2) = m5(=V1,0) > @25

@5 = mp(—WV1,V2) — mp(—V41,0). In this case, ISP 1’s offer is so high that it will be
rejected and only ISP 2’s offer is accepted.

ISP2’s highest acceptable offer, when offering to CP B, given ¢op is then:

m5(V1,V2) — m(V1,0) @18 < m(V1,0) —75(=V1,0)
@p = | mp(Vi,Va) —mp(—V1,0) —qp || 75(V1,0) —715(=V1,0) < ip < w(Vh, V2) — mp(—VA,
5(=V1,V2) — m5(=V1,0) aig > mp(V1, Va) — mp(—=V1, Va)
(3tc7R+z§Z1+a2V2)2 - (3tC7R+f81t‘:1+020)2 @i <7mp(V4,0) —mp(—=V,

3te—R+o1Vi+o2V)? 3te—R—01Vi+020)> :
Gop=| (iétcl o2ta) _ fgltcl 7 — g || 7B(V1,0) = mp(=V1,0) < 1 < m5(V1, V2

(8te—R—01Vi+o2 V2)2 _ (Bte—R—01V4 +020)2
18t. 18t.

qiB > 7TB(Vl>V2) - 7TB(—V1,‘

118tc_ <6tc—2R+2‘/10'1+‘/20'2) ‘/20'2 1B <7TB<‘/1, ) B( V
@5 = | 1t.' (6t. — 2R+ Vaos) (2Vioy + Vaoo) — qip  |if| 7p(V1,0) — mp(=V4,0) < ¢15 < mp(WA,
(—&) t- (2R — 6t + 2Vioy — Voos) Voo @i > mp(Vi, Vo) — mp(=)

If 15 > mp(Vi, Vo) — mp(—V1, V3), ISP 2, if making an offer to CP B, will make an offer
such that ISP 1’s offer will not be accepted. In this case, ISP 1’s payoff if m4(V;, —V5).
Otherwise it will get w4 (—V1, —=V2) + q15-

b) Consider now that ISP 2 makes an offer to CP A when ISP 1 had made an offer to
CP B. The acceptance/rejection game played by the two CP’s is as follows:
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CP B

Accept Reject
CP A Accept ﬂ-A(_‘/lu ‘/2) — 24 + 1B, ﬂ-B(‘/h _‘/2> — 1B ﬂ-A(‘/lJ ‘/2) — 24, WB(—‘/l, _‘/2)
+ISP 1 Reject m4(—V1,0) 4+ i, 75(V1,0) — ¢ 74(V1,0), m5(=V41,0)

Acceptance of the two offers is an equilibrium if and only if

TA(=V1,V2) — @ea + i > ma(—V1,0) + @18

and

m5(Vi,=Va) —qup > mp(—=V1, = V2)

Acceptance of go4 and rejection of ¢;p is an equilibrium if and only if
Ta(V1,V2) = q2a > m4(V1,0)

and

m5(Vi, =Va) — i < mp(—=V1, —V2)

ISP 2 will make the highest offer that is accepted (if positive), given ¢;p.

Hence,
¢ ma(=V1,Va) — m4(=V1,0) g @B <7mp(Vhi,=Va) —mp(=Vi,=Va)
24 =
7TA(V1, V2) - 7TA(V1,0) Qi > 7TB(V1> —Vz) - 7TB(_V1> —Vz)
or
%tgl (6t. + 2R + Vaoo — 2Vi0q) Vaos £ i <mp(Vi,—Va) —mp(—V1, = V)
q2A = 1
iste (2R + 6t 4 2Vioy + Vo02) Voo, >0 qup > mp(Vi, =Va) — mp(=Vi, = V%)

Note that WB(‘/l,O) — WB(—‘/l,O) > ’/TB(Vvl, —Vé) — WB(—‘/l, —Vé)

mp(V1,0) — mp(=V41,0) — mp(Vi, =Va) + mp(=V1, =V3) > 0

(3tc—R+0'1V1+0'20)2 . (3tC—R—O'1V1+O'20)2 . (3tc—R+G'1V1—a'2V2)2 + (3tc—R—0'1V1—0'2V2)2 > 0
18t. 18t. 18t. 18t.

%t;lagffl‘/g‘/l >0

Hence,

V1, =V2) — mp(=Vi,=Va) < 7p(V1,0) — mp(—V1,0) < mp(Vi, Va) — mp(—V1, Va)

and there are four possibilities to consider when comparing ISP 2’s payoffs under the
alternatives of making offers to CP A or to CP B:

i) When ¢35 < mp(Vi, —V32) — mp(—V1, —V4) it is preferable for ISP 2 to offer to CP A if
and only if:

Ta(=V1,V2) = ma(=V1,0) > 7p(V1, Va) — mp(V1,0)

(BtetR—01Vit+02V2)®  (Bte+R—01Vi4020)®  (3te—R+01VitoaVa)? i (3te—R+01Vi+020)2 >0
18t. 18tc 18t. 18t.

(-%) tc_l (‘/10'1 — R) ‘/20'2 >0
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R > Vo,

ii) When 7m5(V1, =V2) —mp(=Vi, —Va) < up < mp(V4,0) —p(—V1,0) it is preferable for
ISP 2 to offer to CP A if and only if:

TA(V1,V2) = ma(V1,0) > 7p(Vi, Va) — m5(V1,0)

Ta(V1,V2) = 7a(V1,0) — 75 (V1, V2) + 75 (V1,0) > 0

(BtetR+01VitoaVe)®  (Bte+R+01Vi4020)®  (3te—Rt01Vitoala)? i (3te—R+01Vi+020)2 =0
18t. 18t. 18t. 18t.

%tc_lO'g‘/gR >0

R>0

iii) When 75(V4,0) — mp(=V4,0) < ¢15 < mp(Vi, Vo) — mp(—Vi, V3) it is preferable for
ISP 2 to offer to CP A if and only if:
ma(V1, V) = ma(V1,0) > mp(V1, V2) — mp(—=V1,0) — i

B > 71-B(‘/la ‘/2) - WB(_‘/l,O) - WA(%)‘/Q) + WA(‘/hO)

> (Bte—R+01Vi+02V2)>  (Bte—R—01Vi+020)>  (3te+R+01Vito2Vs)? + (3te+R+01Vi+020)>
0B 181, 18¢, 18%, 181,

BB > —%tc_l (RVlal + RVho9 — 3‘/1th1)

Checking if this is possible in the relevant interval:

m5(V1,0) — mp(—V1,0) < @1 < mp(Vi, V2) — mp(—Vi, V2)

(3te—R+01V1+020)°  (3te—R—01Vi+020)° < < (Bte—R+01Vit+0o2V2)®  (Bte—R—01Vi+02V3)?
184, 181, 0B 181, 18%.

The condition is always true if

2 2
(3tC*R+U]_V1+O'20) o (3tc*R70'1V1+O'20) > _%tc—]_ (R‘/lo_l + R‘/20_2 o 3‘/1t00'1)

18t. 18t.
2 2
(375c—R+f81ti/1+020) o (3tc—R—IC;1ti/1+020) + %t;l (Rv'lo.l + R‘/QO-Q . 3‘/11560'1) >0
%tc_lUg‘/QR >0
R>0

The condition is impossible if

2 2
—2t;1 (RVioy + RVaos — 3Viteoy) > Bemftiorinoels) (e fooiitosls)
— ag ag 2 c—Iv—0O g 2
—2¢71 (RVio1 + RVaoy — 3Viteoy) — (3t R+1§Z1+ 2Va)” | Bl 1§Zl+ 2V2)” -
(—%) tc_l (R -+ ‘/10'1) ‘/20'2 >0
R < —‘/10'1

IfR>0,qp> —%tc’l (R (Vioy + Vaoy) — 3Vit.oq) is always true in the relevant interval

If —Vio1 < R < 0 the condition ¢;5 > —%t;l (R (Vioq + Vaoo) — 3Vit.o1) may or may
not hold in the relevant interval in case iii) because —%t;l (R (Vior + Vaoy) — 3Viteoq) €
[WB(VhO) - 7TB(—V170),7TB(V17 Vz) - 7TB(—V1, V2)]

If R < —Vioy, qip > —2t;1 (R(Vioy + Vaoz) — 3Viteoq) is never true in the relevant

interval
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iv) When ¢;5 > mwg(Vi,Vs) — mp(—Vi, V) it is preferable for ISP 2 to offer to CP A if
and only if:
ma(V1, Vo) = ma(V1,0) > mp(=V1, V2) — m5(=V1,0)

Ta(Vi, Vo) = ma(V4,0) — mp(=V1, Vo) + mp(=V1,0) > 0
(Bte+R+o1Vi+oaVe)? i (8tetR+01Vi+020)> N (8te—R—01Vi+oaVa)? + (3te—R—01Vi+020)2 >0

18t. 18t. 18t. 18t.
%tc_l (R + ‘/10'1) Vooog >0
R > —‘/10'1.

Summing up:

ﬂ-B(‘/IJ _‘/2) - 7.‘-B(_‘/’h _‘/2)

B < - -
q1B
m(Vi, =Va) — mp(=V1,—V2)
m5(V1,0) — mp(—V41,0)
R < —-Vio; ISP 2 offers qop = m5(V1, V2) — m(V4,0) ISP 2 offers qop = m5(V1,V2) — g

—Vioy < R<0 ISP 2 offers gop = mp(V1, Vo) — m5(V1,0) ISP 2 offers qop = mp(V1, V2) — 7B

0< R < Viog ISP 2 offers qop = mp(V1, Va) — m5(V1,0) ISP 2 offers goq = ma(V1, Vo) — mal

R > Vioy ISP 2 offers goq = ma(—V1, Vo) — ma(=V1,0) ISP 2 offers goq = ma(V1, Vo) — mal
Turning to ISP 1’s decision. The decision to offer internally yields the same payoff as

making an extremely high offer to CP B. Hence, one restricts the analysis to ISP 1’s optimal
offer to CP B. Assuming that ISP 1 makes an offer to CP B:

1) If R > Vioq, ISP 2 will always make an offer to CP A given by
71—.14(_‘/17‘/2) _WA(_‘/DO) . q1B S ﬂ—B(‘/la_‘/Q) _WB(_‘/M_‘/Z)

QoA = if
7TA(V1,V2) —7TA(V1>0) 1B >7TB(V17_V2)_7TB(_V1>_V2)

ISP 1’s offer to CP B is then accepted if and only if ¢15 < 7wp(Vi, —V2) — mp(—=V1, =V5).
ISP 1’s payoffs, incorporating ISP 2’s offer to CP A are:
Ta(=V1,V2) = ea + i = a(=V1,0) + 18 ¢ OB <mp(Vi,=Va) — mp(—=V1, = Va)
Ta(V1,V2) — gaa = 14 (V1,0) qip > mp(Vi, —V2) — mp(=V1, —12)
It can be showed that
TA(=V1,0) + mp(Vi, =V2) — mp(=Vi, =Va) < ma(V4,0)

WA(_‘/LO) + WB(‘/ly _‘/2) - 71-B(_‘/b _‘/2) - 7.‘-14(‘/170) <0

(3tC+R70'1V1+0'20)2 (3tch+0'1V1 70’2‘/2)2 o (3t07R701V1 70'2‘/2)2 . (3tc+R+O'1V1+O'20)2 o _2 —1 7
18t, + 18t. 18t. 18t, = (=§) o' 2R+ Vaos) Vior

0 because R is positive.
Hence, ISP 1 prefers to set ¢15 > wp(Vi, —V2) — mp(—Vi, —V4) and obtain m4(V7,0).
This is equal to making the offer internally. ISP 2 then sets goq = ma(V1, Vo) — ma(V4,0).
2)If0 < R < Vioy, ISP 2 offers CP A gou = wa(V1, Va)—74(V4,0) iff i > wp(Vi, —Va)—
mp(—V1,—V5). In this case, ISP 1’s offer to CP B is not accepted. If ¢15 < mp(V1, —Vs) —
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wp(—Vi, —Va), ISP 2 offers CP B ¢2p = mp(V1,V2) — m5(V1,0) and ISP 1’s offer to CP B
will be accepted. IPS 1’s payoffs are then:

ma(=V1,—Va) + uB " @ < mp(Vi,—Vo) — mp(—Vi, —V3)

Ta(V1,Va) — qaa = m4(V1,0) qp > mp(Vi, =Va) — mp(—Vi, —V2)
It can be showed that

WA(_‘/la _‘/2> + 7.‘-B(‘/la _‘/2) - 7-[-B(_‘/b _‘/2> < T(-A(‘/lv 0)

WA(_‘/M _‘/2) + 71-B(‘/vla _‘/2) - ﬂ.B(_‘/l? _‘/2) - ﬂ-A(‘/b O) <0

(3tC+R70'1V170'2V2)2 (3tch+0'1V170'2V2)2 . (3tch70'1V170'2V2)2 o (3tC+R+0'1V1+0'20)2 _ 14-1/_
18t. + 18t. 18t. 18t. = 5t (—02V2 (2R + 6t +

0 if V; < 3t., which is true.

Hence, ISP 1 prefers to offer ¢;5 > m5(V1, —V2) — mp(—V1, —V3) i.e., offer internally.

3) If —Vio; < R < 0, ISP 2 offers CP A ¢4 = 7wa(V1,Va) — wa(V1,0) iff ¢15 >
—%tc_l (R (Vio1 + Vaoa) — 3Viteop). In this case, ISP 1’s offer is not accepted and ISP 1
will get m4(V1, Vo) — ma(Vh, Vo) + ma(V4,0) = m4(V7,0).

7TB(V1,VQ) - 7TB(V1,0)
m5(V1,V2) = m5(=V1,0) — g1

Ifgp < —%t;l (R (Vioq + Vaoa) — 3Vit.oqp) ISP 2 offers CP B o =

< 15(V4,0) — (V4,0
if ap < 75(V1,0) = m5(=V1,0) and ISP 1’s offer
m5(V1,0) — mp(—=V1,0) < s < =2t (R (Vioy + Vaoa) — 3Viteon)

will be accepted.
ISP 1’s payoffs are

7-‘-14(_‘/17 _‘/2) + q1B = 7.‘-A(_‘/l? _‘/2) + 7TB(‘/vlu 0) - 7TB<_‘/17 0) q1
mA(=V1, =Va) + i = ma(=Vi, =Va) — 3t (R (Vioy + Vaoo) — 3Viteor) if wp(V1,0) — mp(—VA,
ma(Vi, V2) — qoa = ma(V1,0) QB > —

Note that

7TA<_‘/17 _‘/2) - %tc_l (R (‘/10-1 + ‘/20-2) - 3‘/1th1) > 7.‘-A(‘/la 0)

—o1Vi—ooVh)2 Vi 2
Bret 7 (Igl;tcl o2V2) %tc_l (R(hal + ‘/20'2) — 39175601) — (BtetR fgltcl 020) >0
+R—0o [/ —0 l/ 2 —_ c g ‘/ —0 2 —
(Bte+R 1&1313,31 2V2) —%tc YR (Vioy + Vaog) — 3Viteoy)— (3¢ +R+181tc1 20" —118tc Y(—03Va (—2Vioy + 6t

>0

%tc_l (—0'2‘/2 (3tc — ‘/10'1 - ‘/10'1 + 3tc — ‘/20'2 + 6R) - 8RV10'1) >0

R <~ gavisiiviey (Ote = 2V101 = Vao)

Obs: This value can be showed to be negative. But cannot be ranked it with —V;o; :

W_‘% (2 (‘/10'1 - ?)tc) + ‘/2(72) - (—‘/10'1) =

(=1) @V + 3Va0s) " (09Vs (6t — 8Vioy — Vaos) — 8V202) =

Hence, if R < —Wng) (6t. — 2Vio1 — Vo) both will offer CP B, with ¢ip =
=271 (R (Vioy 4 Vaos) — 3Viteo1) and gop = 5t " (6t — 2R + Va03) (2Vioy + Vaoo)—qip =

1—18250_1 (2R + 6t. + 2Vi01 + Vaos) Vaos, or, in terms of the original expressions:
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@i = m3(V1,Va) = mp(—=V1,0) — m4(V1, V2) + ma(V1,0)

¢ = 1p(V1,V2) —mp(=V1,0)—q1p = —75(=V1,0) +7p(=V1,0) +7a(V1, Vo) =74 (V1,0).

CP B’s profit is

m5(=V1,0)

Otherwise, ISP1 will not make an offer and ISP 2 will offer CPA.

4) If R < —Vjo1 ISP 2 never offers CP A. In this case, ISP 1’s to CP B offer is not
accepted if and only if ¢15 > m5(V1,V2) — mp(—Vi, Va). ISP 1’s payoffs are

Ta(=V1,=V2) + @B g DB <mp(Vi,Va) —mp(=V1,Va)

WA(‘/D_%) q1B > T‘-B(‘/h‘/Q) _WB(_‘G)%)
It can be showed that

ﬂ-A(_‘/la _‘/2> + WB(‘/la ‘/2) - ﬂ—B(_‘/lv ‘/2) > WA(‘/M _‘/2)
WA(_‘/la _‘/2) + 71-B(‘/la ‘/2) - 7TB<_‘/17 ‘/2) - ﬂ-A(‘/la _‘/2) >0

3te+R—0c1Vi—02Va)? | (Bte—R+01Vi+oaVa)?  (3te—R—o01Vi+oaVe)?  (Bte+R4o1Vi—oaVsa)? 4,—
( 011022)+( o1Vito2V2)®  ( 1Vi+oaVa)”  ( 1Vi—o2V3) =§t61(V202—R)V101>

18t, 18t, 18t, 18t,
0 because R is negative. In this case it is better to offer ¢35 = 7wp(Vi, Vo) — mp(—=V1, Va)

than offering internally, which would yield 74 (V1, —V3).

Lemma 1:

If R > 0, ISP 1 does not make any offer, ISP 2 makes offer o4 = w4 (V, Va) — w4(V1,0)
to CP A.

If -Vio, < R<0and R > WE’)VM (2 (Vioy — 3t.) + Vaos), ISP 1 does not make
any offer and ISP 2 offers o4 = ma(V4, Vo) — m4(V7,0) to CP A.

If Vioy < R < 0and R < g5p285 (2(Vioy — 3t.) + Vaos) , ISP 1 makes offer
@i = m(V1, Vo) —mp(—V1,0) —ma(V1, Vo) +m4(V1,0) to CP B and ISP 2 makes offer ¢op =
ma(V1, Vo) — ma(V4,0) to CP B. This is impossible if W}% (2 (Vioy — 3t.) + Vaos) <
—Vio;.

If R < —Vjoy, ISP 1 offers ¢15 = wp(Vi,V2) — mp(—V1,V2) to CP B, ISP 2 offers
G5 = m(—Vi, Vo) — mp(—V4,0) to CP B.

In all cases, the offers are accepted.

9 ISP2 makes the offers first:

9.1 ISP 2 offers ¢4 to CPA

a) If ISP 1 does not make any offer:
CP A will accept ISP 2’s offer
if and only if mA(V1,V2) — qoa > ma(V1,0) & qoa < ma(V1, V2) — ma(V4,0)
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ISP 1 + CP A will have profit w4 (V1, Vs) — gaa

ISP 2 will have profit go4.

or

CP A will reject ISP 2’s offer if and only if g4 > 74 (V1, Vo) — w4(V1,0).

ISP 1 + CP A will have profit 7w4(V7,0)

ISP 2 will have no profit.

b) If ISP 1 makes an offer ¢;5 to CP B the acceptance/rejection game will be

CP B

Accept Reject
CP A Accept ma(=V1i,Va) + @B — qea, mp(Vi,—Va) — i ma(V1,V2) — qoa, mB(=V1, —V5)
+ISP 1 Reject 7wa(—=V41,0) 4+ ¢15, 75(V1,0) — 1B ma(V1,0), m5(=V1,0)

ISP 1’s offer will be accepted if and only if in equilibrium both are accepted:
m5(V1,—V2) — qup > m5(—Vi, —V2) and
Ta(=V1,V2) + 1B — q2a = 7a(=V1,0) + 18
or in equilibrium only ISP 1’s offer is accepted
m58(V1,0) — i > m5(—V1,0) and
TA(=V1,Va) + 1B — qea < ma(—V41,0) + ¢i
The highest acceptable offer by CP B is
m5(V1, =Va) — mp(=V1, = V32) g 2a= ma(=V1,Va) — ma(=V1,0)
75(V1,0) — m(=V1,0) qaa > mA(=V1, V) — ma(=V1,0)
ISP 1’s payoft is
Ta(=V1,V2) + 1B — q24 g A < ma(=V1, Vo) — ma(=V4,0)
7a(=V1,0) + 15 qaa > mA(=V1, V) — ma(=V1,0)
As ISP 1 will set the highest possible offer, payoffs will be:
Ta(=V1, Vo) + mp(Vi, =Va) — mp(=V1, =V2) — qaa o P2a< Ta(=V1, Vo) = ma(=V1,0)
T4(=V1,0) + 75(V1,0) — mp(=V1,0) qaa > Ta(=V1,V2) — ma(=V1,0)
Note that
TA(=V1, Vo) = ma(=V1,0) < 7wa(V1, V2) — ma(V4,0)

TA(=V1, Vo) = ma(=V1,0) — m4(V1, V2) +74(V1,0) <O

(8tc+R—01Vi+02V2)®>  (Bte+R—01V1i—020)°>  (Bte+R+01Vito2Va)?® | (8tc+R+o1Vi—020)° PAYES]
181, 18t, 18t, + 18t, = ( 9) te 0201V2V1 <

Q1B =

Hence, there are three possibilities:

1) o4 < ma(=V1,V2) = ma(=V1,0) < 7a(V1, Va) — ma(V1,0)

ISP 1 prefers not to make offer if and only if

Ta(V1,Va) = qaa > ma(=V1, Vo) + mp(Vi, = Vo) — mp(=V1, = V2) — qoa
Ta(V1, Vo) = ma(=V1, Vo) — w5 (Va, =Va) + mp(—V1, =V2) > 0
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(3tC+R+0'1V1+O'2V2)2 . (3tC+R70'1V1+0'2V2)2 . (3tch+0'1V170'2V2)2 _'_ (3tC7R70'1V170'2V2)2 > O
18t. 18t. 18t. 18t.

4.,

§tcl (R+‘/20'2> Vie; >0

R > —V50,

i) mA(=V1, Va) = ma(=V1,0) < qaa < ma(V1, V2) — m4(V1,0)
ISP 1 prefers not to make offer if and only if

TA(V1,V2) = qaa > ma(=V1,0) + mp(V1,0) — mp(—V4,0)
Ta(V1, Vo) = ma(=V1,0) — mp(V1,0) + 75(=V1,0) > g24

qaa < WA(‘/la ‘/2) - 7T-14(_‘/170) - 7T-B<‘/170) + 71-B(_‘/l?o)

(Bte+R+01Vi+0o2V2)®  (Bte+R—01Vi+020)>  (3te—R+01Vi+020)> | (3te—R—01Vi+020)*> 1,1
QP24 < 18, 181, 18t, + 18, = 15t. " (8RVio1 + 2R

This is always true if

tot (8RVioy 4 2RVa05 + 6Vatog + 2ViVaoi0g + Vio3) > ma(Vi, Vo) — wa(V4,0)

%tc_l (8RV101 + 2RVa09 + 6Vt .oy + 2V Voo 0o + ViEo2) — ma(Vi, Vo) + ma(V1,0) > 0

=t (8RVioy + 2RV;05 + 6Vat.og + 2Vi Vo109 4 Vo) — (3tC+R+‘I§Z1+02V2)2+(3tC+R+§‘:1+020)2 >

st-'o ViR >0
R>0
This is impossible if

=t (8RVioy 4 2RVa05 + 6Vatog + 2ViVao10g + Vi03) < ma(—V1, Va) — ma(=V4,0)

Lt 1 (8RVioy + 2RVa0y + 6Vat.og + 2Vi Voo 0o + ViEod) —ma(=Vi, Vo) +ma(—=V1,0) <0

187¢

2 2
&t (8RVioy + 2RV;05 + 6Vat .oy + 2ViVao 109 4 Vo) — (3tC+R_[{§Zl+02V2) +(3tC+R_f81tY1+020) <

2t-1 (2R 4 Vaop) Vi <0

R < =222

If # < R < 0 ISP 1 prefers not to make offer if and only if
G2 < £tV (8RVioy + 2RVa05 + 6Vat 05 + 2Vi Voo 104 + Viio3)
iil) ma(=V1, V2) = ma(=V1,0) < wa(V1, V2) — ma(V1,0) < gan
ISP 1 prefers not to make offer if and only if

Ta(V1,0) > ma(=V1,0) + m5(V4,0) — mp(—V1,0)

WA(‘/DO) - 7TA<_‘/170> - 7-(_B(‘/lao> + ﬂ—B(_‘/l?O) >0

(3tC+R+0'1V1+0'20)2 o (3tc+R70'1V1+0'20)2 . (3tch+O'1V1+O'20)2 + (3tch70'1V1+0'20)2 > 0
18t. 18t. 18t. 18t.

%tglgl‘/iR >0
R>0
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Given the above, ISP 2 will make the highest offer that, given ISP 1’s optimal move, is
accepted.
This offer, which is equal to ISP 2’s payoff is:
R < —V302/2 1 gaa = ma(=V1,V2) — ma(=V1,0)
—V302/2 < R < 0: qoa = ma(Vi, Va)=ma(—=V1,0)—75(V1,0)+75(—V1,0) = {5t (8RVioy + 2RVa0, -
R>0:qa=ma(V1,V2) —7a(V1,0)

9.2 ISP 2 offers ¢ to CPB

a) ISP 1 does not make any offer.
Then, CP B will accept the offer if and only if 75(—V3,V3) — gap > 7p(—V4,0).
ISP 1’s payoff is:

WA(‘/ly_‘/Q) if q2B < WB(_‘/lv%) _WB(_‘/DO)
1a(V1,0) if o > 7wp(—Vi, Vo) —mp(—V1,0)

b) ISP 1 also makes a ¢;5 offer to CP B.

ISP 1’s offer is accepted if and only if

max {75(V1,V2) — @1 — 2B, 78(V1,0) — qup} > max {mp(—=V1,V2) — qap, 75(—V1,0)}

max {75(V1,V2) — @1 — @28, 78(V1,0) — i} = 75(V1,V2) — i — qop if and only if

m5(V1,V2) — i — 2B > m8(V1,0) — 1 & qap < 7(V1, V2) — 75(V41,0)

max {rg(—V1,V2) — @2, m5(—V1,0)} = w(—V1,V2) — ¢op if and only if wg(—V7, V5) —
@B > 15(=V1,0) & g < mp(=V1,Va) — mp(=V1,0).

Note that

m3(=V1,V2) — m5(=V1,0) < mp(V1, Va) — mp(V1,0)

m5(—V1,V2) —7p(=V1,0) — mp(V1,V2) + 75(V1,0) <0

(3te—R—01Vi402V2)*  (3te—R—01Vi4+020)>  (3te—R+01Vi+0o2V2)® | (3te—R+01Vi+020)® (2,1
18t. 18t. 18t. + 18¢. = ( 9) te 0201 VoW1 <

Hence, there are three possibilities:

i) @2 < mp(=V1,Va) — mp(—=V1,0) < 7w5(V1, Vo) — 7m5(V1,0)

Then ISP 1’s offer is accepted if and only if

max {75(V1,V2) — @1 — @25, 73(V1,0) — qup} > max {mp(—V1,V2) — qap, m5(—V1,0)}
m8(V1,V2) — i — g2 > 7(—V1,V2) — @2

@1 < mp(Vi, Vo) — mp(—Vi, V2). (in this case both are accepted)

ii) mp(=V1, Vo) — mp(—=V1,0) < qap < mp(Vi, Va) — m5(V4,0)
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max {7p(Vi,V2) — 15 — @23, 75(V1,0) — qip} > max {mp(-V1,V2) — qap, m5(=V1,0)}
m5(V1,Va) — @1 — @2 > m5(=V1,0)

g1 < p(Vi, Vo) — mp(—V1,0) — gap. (in this case both are accepted)

i) m75(—V1,Va) — mp(=V1,0) < w3(V1,V2) — 73(V1,0) < @25

max {75(V1,V2) — @1 — @25, 78(V1,0) — qup} > max {mp(—=V1,V2) — qap, m5(—V1,0)}
m8(V1,0) — qup > mp(=V1,0)

g1 < mp(V1,0) — mp(—V1,0)(in this only ISP 1’s offer is accepted)

ISP 1’s highest acceptable offer, when offering to CP B is then:

m(V1, Va) — mp(=V1, Va) @B < mp(—V1,V2) —mp(—V1,0) < mp(V1, Vo) — mp(V;
aip = | wp(Vi,Va) —mp(—V1,0) — qep || 7p(=V1,V2) —7p(—V1,0) < gop < mp(Vi, V) — mp(V5
7T-B(‘/lao) - 7.{-B(_‘/].a(» 7-‘-B(_‘/la‘/Q) - 71-B(_‘/vlao) < WB(‘/M%) - 7.‘-B(‘/lao) <

ISP 2’s offer is accepted if and only if gop < m5(V1, V) — w5(V1,0).
ISP 1’s payoff is:

ma(—=V1, Vo) + mp(V1, Vo) — mp(—V1, Va) @ < mp(=Vi, Vo) —mp(=V4,0) < mp(V1,V
wa(=V1, =Va) + mp(V1, Vo) — mp(=V1,0) — o || 7p(=Vi, Vo) — mp(—V4,0) < gop < mp(V4,V
ma(=V1,0) + 75(V1,0) — m5(=V4,0) mp(—=Vi, Vo) —mp(—=V4,0) < mp(V1, Vo) — 7

One now considers each of these cases:

If gop < mp(—V1,V2) — m3(=V1,0) < mp(V1,Va) — mp(V4,0)
ISP 1 prefers not to make an offer if and only if:

Ta(Vi, =V2) > ma(=V1, =Va) + mp(V1, Vo) — mp(=V4, V3)

WA(‘/la _‘/2) - 7-‘-.»4(_‘/17 _‘/2) - WB(‘/ly ‘/2) + WB(_‘/L ‘/2> >0

(3tC+R+0'1V170'2V2)2 o (3tC+R70'1V170'2V2)2 . (3tch+O'1V1+O'2V2)2 (3tch70'1V1+0'2V2)2 - _4_1 —1 .
18t. 18t. 18t. + 18t. = (—g) tc! (Vaoz — R) Vic

R > Vo,

If 7p(=V1,Va) — m5(=V1,0) < gap < wp(V1, Va) — m5(V1,0)
ISP 1 prefers not to make an offer if and only if:

Ta(V1,0) > ma(=V1, =V2) + 75(V1, V2) — mp(=V1,0) — gap
@B > wa(=Vi, =Va) = ma(V1,0) + 75(V1, Vo) — m5(=V4,0)

> (3tC+R70'1V170'2V2)2 . (3tc+R+O'1V1+O'20)2 + (3tch+0'1V1+UQV2)2 . (3tc7R70'1V1+0'20)2 -
925 18, 18, 18, 18t, =

%tc_l (2‘/10'1 + ‘/20'2) (‘/20'2 — 2R)
G5 > §t. ' (2Vioy + Vaos) (Vaos — 2R)

(which is always true of R > Y222 )

This is impossible if and only if
sto! (2Vioy + Vaoy) (Vaoy — 2R) > wp(Vi, Vo) — mp(V1,0) > 0
st (2Vioy 4 Vaos) (Vaoa — 2R) — wp(Vi, Va) + mp(Vi,0) > 0
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2 2
§to! (2Vioy + Vaos) (Voo — 2R) — Bremithquictontl y (leofHuiaesl — L (o, V5 (2Vi0 + Voo —

>0
R < gauiie— (2Vig1 + Va0, — 6t,) < 0
This is always true if and only if
stet (2Vioy + Vo) (Vaoy — 2R) < mp(—V4, Va) — mp(—V4,0)
st (2Vio1 + Va0) (Vaoy — 2R) — mp(=V1, Vo) + m5(=V1,0) <0
1.—
9'c

t-1 (2Vioy + Vaog) (Vaog — 2R)—(3tC_R_(i§2?+02V2)2+(3tc_R_ﬁg1t‘c/1+‘720)2 = et (02Vo (6Vioy + Vaos —

<0

R > 2(4#‘?‘/202) (6Vioy — 6t. + Vaos)

If%l#‘f%m (2Vioy — 6t. + Vaos) < R < W‘f‘éaz) (6Vio1 — 6t. + Vaoy) ISP 1 prefers
not to make an offer if and only if: ¢gap > %tc_l (2Vioy + Vaos) (Vaoy — 2R)

If mp(—=V1,Va) —wp(—V1,0) < mp(Vi, Vo) — m5(V1,0) < gap

ISP 1 prefers not to make an offer if and only if:

Ta(V1,0) > ma(=V1,0) + m5(V4,0) — mp(—V1,0)

Ta(V1,0) — ma(=V1,0) — wp(V4,0) + mp(—V4,0) > 0

(3tC+R+0'1V1+0'20)2 - (3tc+R70'1V1+O'20)2 . (3tch+O'1V1+O'20)2 + (3tch70'1V1+0'20)2 > 0
18t. 18t. 18t. 18t.

%tglgl‘/iR >0
R>0

Given the above, ISP 2 will make the highest offer that, given ISP 1’s optimal move, is

accepted.
This offer, which is equal to ISP 2’s, payoft is:
R < W‘f‘@m) (2Vioy — 6l + Vaoa) : qop = mp(V1, V) — m5(V1,0)
2(4#‘4/—2\/202) (2Vioy — 6t + Voos) < R < 2(4#‘4?\/202) (6Vioy — 6t + Va0o2) : qop = gt ' (2Vioy + Va0
R > gautFneny (6Vio1 — 6t + Va03) : o = mp(=V1, Va) — mp(=11,0).
1) 75(V1, V2) = mp(V1,0) — (ma(=V1,V2) — ma(=V4,0))
mp(Vi,V2) — 75 (V1,0) — ma(=V1,V2) + 1a(=V1,0) > 0

(3tch+O'1V1+O'2V2)2 . (3tch+O'1V170'20)2 . (3t6+R70'1V1+02V2)2 + (3tc+R70'1V170'20)2

18, 18t, 181, 18t, = %tc_l (Vioy — R) Voo >

0

R < Vioq

As 2(4#‘12‘/202) (2Vioy — 6t + Vaos) < Vioy

always true

2) mp(Vi, Va) = mp(V1,0) — 15t t (8RVio1 4 2RVa04 + 6Vateos 4+ 2ViVao102 + Vio3) > 0

Gte PtV toaa)” (le—RenVizaal)l 141 (8RV 0 + 2RVa0s + 6Vateon + 2ViVao 105 + Vi03) >
0
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(—%) tgl (2‘/10'1 + ‘/QOQ)R >0
R<0

3) mp(Va, Vo) — wp(Vi1,0) — (ma(Vh, Va) — w4 (V1,0)) > 0

(325ch+0’1\/1+0'2‘/2)2 . (3tch+O'1V170'20)2 . (3tC+R+0'1V1+0'2V2)2 + (3tC+R+U1V17020)2 > 0
18t. 18t. 18t. 18t.

(—=2)t.toaVaR >0
R<0
4) 5t (2Vio1 + Vaoy) (Vaoa — 2R) — (ma(=V1, Va) — ma(—V1,0)) > 0

st (V101 + Va0) (Vaoy — 2R) — ma(—VA1, Va) + ma(=V1,0) > 0
L (2Vioy + Vaos) (Vaos — 2R) — BletfizailigosVa | @terRoa izasl)” o,
%tc_l (6‘/1‘/20'10'2 — 6RVh09 — 6Vt 09 — 8RVi0q + ‘/220'%) >0
R < gape vy (6101 + Vaop — 6t
5) %t;l (2Vioy + Vaos) (Vaog — 2R)—%t;1 (8RVi01 + 2RVa04 + 6Vit oo + 2ViVaoi09 + Vio3) >
0
J%<ﬂ@§%%;5@me—&(+%ag
6) 5t (2Vioy + Vaos) (Voo — 2R) — wa(Vh, Vo) — wa(V4,0) > 0
2 2
%tgl (2‘/10.1 + ‘/'20.2) (‘/20.2 _ 2R)_(3tC+R+c1r§Z1+02V2) +(3tC+R+1081tY1_020) > 0R < W—E&Vg@ (2‘/’10-1 _

7) WB(_‘/la ‘/2) - 7TB(_‘/MO) - WA(_‘/b‘/?) + WA(_‘/DO) >0

(3tch70'1V1+O'2V2)2 . (3tch70'1V170'20)2 o (3tC+R70'1V1+0'2V2)2 + (3tC+R70'1V170'20)2 > 0

18t. 18t. 18t. 18t.
(—=2)t;tosVaR >0
R <0
8) mp(—Vi,Va) — mp(—V1,0) — &t (8RVio1 + 2RVa05 + 6Vat .09 + 2V1 Va0 105 + Vo))
(BtchfiéxﬁoQVQ)z — (3t67R71(;i/17020)2 —%t;l (8RVioy + 2RVa0y + 6Vat.og + 2ViVoo 09 + Vo) =

(=2) 1 (R (2Vior + Va0s) + ViVho105) > 0

—ViVaoioo
R < (2V10’1+V20’2)

9) 71-B(_Vvla ‘/2> - WB(_‘/l)O) - 7.‘-A(‘/b ‘/2) + WA(‘/DO)

(Bte=R—01Vi+02V2)? _ (3te=R—-01V1-020)> _ (3tc+R+01Vi+02V2)? | (3tet+R+01V1i—020)> AR
18t, 18, 18, + 18, >0 ( 9) te' (R+Vioy) Voo

R < —Vio; (IMPOSSIBLE)
Summing up:

ISP 2 offers to CP B if

R<2(4#‘j,2‘/20-2)(2‘/7101+‘/v202_6t0) W‘%(2%01+V202—6t6)<}%<

R < —Va049/2 R < Vioy (always true) R < WX?’)VM (6Vioy + Vaoo — 6t,)

~Vh02/2 < R <0 R <0 (always true) R < gy iveen (2Vioy + Voo, — 6t.)

R>0 ko R < —2(4V1512X§v202) (2Vioy + Vaoy — 6t.)
Lemma:
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If R > 0 ISP 2 offers CP A go4 = ma(V1,V2) — ma(V1,0). ISP 1 does not make any offer:

If R < —V309/2 or —V505/2 < R < 0 and R < 55572~ (2Vioy — 6t. + V05) ISP 2
offers CP B.

If R > 0 ISP 1 offers CP A: It offers qia = m4(V4,V2) — wA(0,V3) and ISP 2 re-
sponds with an offer to CP A g4 = m4(0,V5) — m4(0,0). CP A will get m4(Vi, Vs) —
(ma(V1, Vo) — m4(0,V3)) — (m4(0,V2) — 14(0,0)) = 714(0,0) and CP B will get wg(—Vi, —V%)

If R < 0 ISP 1 offers CP B: It offers ¢15 = 7p(V1,V2) — 75(0,V3) and ISP 2 re-
sponds with an offer to CP B ¢,p = m5(0,V2) — 75(0,0). CP B will get mg(Vi,V2) —
(mrp(V1, Vo) — mp(0,V3))—(mp(0,V2) — m5(0,0)) = m5(0,0) and CP A will get m4(—V7, —V5).

10 Comparison

If R > 0, ISP 1 does not make any offer, ISP 2 makes offer go4 = ma(V1, Vo) — m4(V1,0)
to CP A.

If -Viocy < R<0and R > WXQWM (2 (Vioy — 3t.) 4+ Vaos), ISP 1 does not make
any offer and ISP 2 offers oy = ma(V4, Vo) — m4(V41,0) to CP A.
If Vie, < R<0and R < WXEVQM (2 (Vioy — 3t.) + Vaos) , ISP 1 makes offer
@i = mp(V1, Vo) —=mp(—=Vi,0) = m4(V3, V2) +74(V4,0) to CP B and ISP 2 makes offer ¢op =
wa(Vh, Vo) —ma(V1,0) to CP B. This is impossible if W}gww (2 (Vioy — 3t.) + Vaos) <
—‘/10'1.

If R < —Vjoq, ISP 1 offers ¢15 = wp(Vi,V2) — mp(—=V1,V2) to CP B, ISP 2 offers
Qo = WB(—‘/l,VYQ) - 7TB(—‘/1,0) to CP B.
Let Rl = WX‘?J)VQ@ (2 (‘/101 - 3tc) + ‘/20'2) <0
Prices:

No integration

ISP1 ISP2

R<0 qp=mp(Vi,Va) —75(0,V2) ¢ =mp(0,V2) —7p(0,0)
R>0 qa=ma(V1,V2) = 7a(0,V2) g2a = 74(0,V2) — 7a(0,0)
Integration
ISP1
R < -Vioy qp = p(V1,Va) —mp(=V1,V2)
—Viocr<R<Oand R< Ry qip =7p(Vi,Va) —mp(=V1,0) — wa(V4, Vo) + ma(V1,0)
—Vicit<R<Oand R> Ry qa
R>0 q14
Payoffs:
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G2 = T(-
G = ma(V
G2a = mA(V
qoa = Ta(V



No integration

ISP1 ISP2 CPA CPB
R<0 wg(WV1,Vo) —mp(0,V5) wp(0,Vs) —mp(0,0) ma(—Vi,—=Va) 7p(0,0)
R>0 mwa(Vi, Vo) —ma(0,Va) 7a(0,V2) —14(0,0) m4(0,0) wp(—Vi, —Vs)
Integration
ISP14+CPA
R < -Vioy Ta(=V1,=Va) + 7p(V1, V2) — mp(=V1, Va)

—Vioy < R<0Oand R< Ry wa(—V1,—Vo) + mp(Vi, Vo) — mp(—V1,0) — ma(Vh, Vo) + m4(V4,0)
—Vicr < R<0Oand R> R; wa(V1,0)

R>0 ma(V1,0)
In this setting, ISP 1 and CP A may jointly lose with integration:

A) Let R < —Vio4

with no integration, joint profit is given by

Ta(=V1,=V2) + 7p(V1,V2) — 75(0, V2)

with integration,

ma(=Vi, =Va) + mp(V1, V2) — mp(=V1, Va)

joint profit is larger with integration.

TA(=V1, =Va) + 5 (V1, Vo) —=7p(0, V) — (ma(=Vi, =Va) + mp(V1, Vo) — m5(—V1,V2)) <0
mp(—=Vi, Vo) —mp(0,V2) <0

(Bte—R—01Vi+0210)® _ (3tc—R+010+02V2)> _ (_%) tc_l (6, — 2R — Vioy + 2Vaos) Vioy < 0

18t. 18tc

B) Let —Vioy < R<0and R < Ry

with no integration, joint profit is given by

mp(Vi,V2) — m5(0,V2) + ma(=V1, —V2)

with integration

Ta(=V1,=Va) + 7p(V1,V2) — mp(—=V1,0) — ma(V1, V2) + ma(V1,0)
Joint profit with integration is larger:

m5(0,V2) = 7p(=V1,0) = ma(V1,V2) + ma(11,0) > 0

(325ch+0’10+(72‘/2)2 . (3tchfo'1V1+O'20)2 . (3tc+R+O1V1+02V2)2 + (3tc+R+0'1V1+O'20)2
18t. 18t. 18t. 18t.

(—%8) t-1 (2RVi01 + 4RVa09 — 6Vit.oq + 2Vi Voo 109 + Vi202) > 0
R < 2(\/1;1+¥\1/202) (Vioy + 2Va09 — 6t..) always true with R < 0
C) —Viocy; < R<0and R > Ry

with no integration, joint profit is given by

m5(V1,Va) = mp(0,Va) + ma(—V1, —V2)

with integration

>0
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TrA(‘/la 0)
Joint profit with integration is larger iff
7T-B(‘/la ‘/2) - 7TB(07 ‘/2) + WA(_‘/la _‘/2) < 7TA(V1, O)

m5(V1,V2) — (0, V2) + ma(=V1, =V2) — ma(V1,0) <0
(Bte—R+01Vi+0o2Ve)? . (8te—R+010+02Vz)? _l_(3tc+R—Cf1V1—02V2)2 o (Bte+R+o1Vi+020)2  (01Vi(Vio1+2Vaoa—6t.)+oaVa(2)

18t. 18t. 18t. 18t. 2(3Vio1+Vao2)
R

D) Let R >0

with no integration, joint profit is given by

ma(V1,Va) — ma(0,V2) + m4(0,0)

with integration

ma(V1,0)

Joint profit with no integration is larger:

7a(V1,V2) — ma(0,V3) + 74(0,0)) — w4 (V1,0) >0

(3tC+R+<i§:?+02V2)2_(3tC+R+f81t(C)+UQV2)2+(3tc+R—|igthO+ag())2_(3tC+R+f81t‘C/1+020)2 _ %tZ10201V2V1 >
0.

Regarding CP B it is worst when R < 0 since m5(0,0) > wg(—V4,0) > 7p(—Vi, =Va),

and is indiferent when R > 0.

Regarding IPS 2:

A) It is worst with integration since [rg(—Vi, Vo) — mp(—V1,0)] — [15(0, Va) — w5(0,0)] =
—%0102‘/1% <0

B) and C) It may be better or worst with integration: [m4(V1,V2) — m4(V1,0)]—[75(0,V3) — w5(0,0)] =
502V 2T > (0 if R > — LA

D) It is better with integration since [ma(Vi, Vo) — ma(V1,0)] — [14(0, V2) — 74(0,0)] =

%0'10'2‘/11/—2 >0
c

Regarding consumer surplus:
A) and B) Consumer surplus does not change.

C) Under no integration, consumer surplus from a consumer choosing ISP j is given by:

l+—3v}+(R+2(‘71V1+02V2)) 9 n Y oVe 4 o1V
2 6tc T r
CSAL = et - TATIBT 22T O —to(z)? ) dz +
cp ; 3
1
ra+2rg —o9Vo — o1 V)
Vie (c+t,— 2 b 0272 7 O —t(1 —2)?) da

l+*3Vj+(R+2(01V1+f’2V2)) J 3

2 6tc
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Under integration, consumer surplus from a consumer choosing ISP j is given by:

3Vj+(R—2(01 V1 +02V2))

3+
T 2 —o9Vy —
csty = | 6 (V;-—(cm— ERRLA L Ul”)—tcm?)
0

1
r 2r V: Vi
/ <_(C+tc— e 1>_tc<1_x)2>dx
1, 3Vj+H(R—2(01Vi+02V2)) 3

§+ 6tc

Variation in CS from a consumer choosing ISP j is given by: C'SL,—CSYL = _ L pAonVitoal)-3V;

9 e
The total variation in CS is given by: § RZWFR2Y2 <,

D) Consumer surplus does not change.

Regarding total welfare (discounting advertising revenues):
C) Under no integration, social welfare from buying content in ISP j is given by:

—3Vj+(R+2(01 Vi+ogoVa))

1
i+
NI 2 6tc 9
SWCP _/0 (—tc(:L‘) )d$+/ —3V;+(R+2(01 V1 +02Va)) (VJ

1
§+ 6tc

1

— to(1 — 2)%) da

Under integration, social welfare from buying content in ISP j is given by:

3Vj+(R—2(01Vi+o2V2))

1
§+ 6tc 1

SWl, = / (—t(1—x)?) dx

0

- 2
(‘/; te(x) )d:l:—{— /%:+3vj+(R2<01V1+02V2))

6tc

Variation in SW from a consumer choosing ISP j is given by: SWl, — SWHL =

2 paVitoals The total variation in SW is given by: 2RVt >
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