
Shibayama, Katsuyuki; Fraser, Iain

Working Paper

Non-Homothetic Growth Models for the Environmental
Kuznets Curve

School of Economics Discussion Papers, No. 1206

Provided in Cooperation with:
University of Kent, School of Economics

Suggested Citation: Shibayama, Katsuyuki; Fraser, Iain (2012) : Non-Homothetic Growth Models for
the Environmental Kuznets Curve, School of Economics Discussion Papers, No. 1206, University of
Kent, School of Economics, Canterbury

This Version is available at:
https://hdl.handle.net/10419/105561

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/105561
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Technical Note on:

Non-Homothetic Growth Models for the
Environmental Kuznets Curve�

Katsuyuki Shibayamay

School of Economics

University of Kent

Iain Fraserz

School of Economics

University of Kent

February 2012

Abstract
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1 Technical Appendeces

1.1 Exponential (DES) Utility with Linear Production in Details

In this subsection, we show the detailed derivation of Model I. Note �rst that, in the model, two

W appears; one as the shadow price of R, which is equal to the marginal product of X in equilibrium

and the other as wealth, which is the environmental endowment 1 times its shadow price. In this

appendix, we let W be the shadow price and ~W be the wealth (see 1b), which we set to be the same

at the end of the derivation; W = ~W . We �rst show the results of the direct optimization (which is

equivalent to the planner�s optimization) since this is rather standard solution concept, and then show

the household�s cost minimization problem to obtain the Slutsky decomposition.

1.1.1 Direct Optimization

� Optimization ( ~W 6= W ):

max
C;R

�e��CC � �e��RR (1a)

s.t. C +WR = ~W (1b)

� FOCs ( ~W 6= W ):

��Re
��RR = �W and �Ce

��CC = �

These two FOCs imply that the shadow price PR of R isW , which is de�ned as the ratio of two marginal

utilities; PR = (@U=@R)= (@U=@C). From the constraint and FOCs,1 we obtain the equilibrium as a

1Perhpas, a matrix notation is easier to see the problem.0@ ln��R=W
ln�C
~W

1A =

24 �R 0 1
0 �C 1
W 1 0

350@ R
C
ln�

1A
0@ R

C
ln�

1A =
1

�R + �CW

24 1 �1 �C
�W W �R
�CW �R ��R�C

350@ ln��R=W
ln�C
~W

1A
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function of W and ~W .

R =
ln ��R

�CW
+ �C ~W

�R + �CW

C =
�W ln ��R

�CW
+ �R ~W

�R + �CW

ln� =
�CW ln ��R

W
+ �R ln�C � �R�C ~W
�R + �CW

PR = W

�
=
@U=@R

@U=@C

�

Con�rm that, if W = ~W , C = W (1�R). Hence, if W = ~W ,

dR

dW
=

�C � 1
W

�R + �CW
�
�C

�
ln ��R

�CW
+ �CW

�
(�R + �CW )

2 =
�C (1�R)� 1

W

�R + �CW
=

�CC � 1
W (�R + �CW )

(2)

dC

dW
=

�R + 1� ln ��R
�CW

�R + �CW
�
�C

�
�W ln ��R

�CW
+ �RW

�
(�R + �CW )

2 =
�R + 1� ln ��R

�CW
� �CC

�R + �CW

=
C

W
� �CC � 1
�R + �CW

=
�R (1�R) + 1
�R + �CW

= (1�R)�W dR

dW
(3)

� Elasticity of Substitution ( ~W = W ): Note that in our de�nition � is de�ned as the ratio of

observed changes in quantities and prices; hence, we do not discriminate ~W from W .

� = �d (R=C)
dW

W

(R=C)
=
dC

dW

W

C
� dR

dW

W

R

= 1� �CC � 1
�R + �CW

1

1�R �
�CC � 1
�R + �CW

1

R
= 1� dR

dW

�
W

R
+

W

1�R

�
= 1�

 
�W ln ��R

�CW
+ �RW

�R + �CW
� 1
! 

1

ln ��R
�CW

+ �CW
+

1

�R � ln ��R
�CW

!

Obviously, � > 1 implies that dR=dW < 0.

1.1.2 Household�s Cost Minimization for Slutsky Decomposition

� Dual cost minimization problem ( ~W 6= W ):

minC +WR

s.t.
�
e��CC + �e��RR

�
< �U ( �U > 0 is the negative of utility)
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� FOCs ( ~W 6= W ):

@L
@R

: W = ��R�e
��RR

@L
@C

: 1 = �C�e
��CC

� =
1=�C +W=�R
e��CC + �e��RR

=
1=�C +W=�R

�U

�e��RR

e��CC + �e��RR
=

W=�R
1=�C +W=�R

; e��RR =
�CW=�

�R + �CW
�U

e��CC

e��CC + �e��RR
=

1=�C
1=�C +W=�R

; e��CC =
�R

�R + �CW
�U

� Hicksian demand functions ( ~W 6= W ):

Rh = � ln (�CW=�)
�R

+
ln (�R + �CW )� ln �U

�R

Ch = � ln (�R)
�C

+
ln (�R + �CW )� ln �U

�C

� Slutsky Decomposition ( ~W 6= W ):

dR

dW
=

dRh
dW

� dR

d ~W
R

=
�1
�R

�
1

W
� �C
�R + �CW

�
� �CR

�R + �CW
=

�1=W
�R + �CW

� �CR

�R + �CW

=
1

�R + �CW

 
�1
W
� �C

ln ��R
�CW

+ �C ~W

�R + �CW

!
dC

dW
=

dCh
dW

� dC

d ~W
R

=
1

�R + �CW
� �RR

�R + �CW
=

1

�R + �CW

 
1� �R

ln ��R
�CW

+ �C ~W

�R + �CW

!
dR=R

dW=W
=

W

ln ��R
�CW

+ �C ~W

 
�1
W
� �C

ln ��R
�CW

+ �C ~W

�R + �CW

!
=

�1=R
�R + �CW

� �CW

�R + �CW

dC=C

dW=W
=

W

�W ln ��R
�CW

+ �R ~W

 
1� �R

ln ��R
�CW

+ �C ~W

�R + �CW

!
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� Hicksian compensated substitution e¤ects ( ~W 6= W ):

dRh
dW

=
�1=W

�R + �CW
< 0 ;

dRh
dW

W

Rh
=

�1
ln ��R

�CW
+ �C ~W

< 0

dCh
dW

=
1

�R + �CW
> 0 ;

dCh
dW

W

Ch
=

1

� ln ��R
�CW

+ �R ~W=W

� Hicksian income e¤ects through CPI change ( ~W 6= W ):

� dR
d ~W

R = � �C�R
�R + �CW

R

�R
< 0 ; � dR

d ~W
R
W

R
= � �C�R

�R + �CW

WR

�RR
< 0

� dC
d ~W

R = � �C�R
�R + �CW

R

�C
< 0 ; � dC

d ~W
R
W

C
= � �C�R

�R + �CW

WR

�CC
< 0

� Direct income e¤ects due to a change in ~W ( ~W 6= W ):

dR

d ~W
=

�C
�R + �CW

> 0 ;
dR=R

d ~W= ~W
=

�C ~W

ln��R=W�C + �C ~W
=

�C�R
�R + �CW

~W=�R
R

dC

d ~W
=

�R
�R + �CW

> 0 ;
dC=C

d ~W= ~W
=

�R ~W

�W ln��R=W�C + �R ~W
=

�C�R
�R + �CW

~W=�C
C

� Total e¤ects (W = ~W ):

dR

dW
+
dR

d ~W

����
~W=W

=
�1=W

�R + �CW
� �CR

�R + �CW
+

�C
�R + �CW

=
�C (1�R)� 1=W

�R + �CW

dC

dW
+
dC

d ~W

����
~W=W

=
1

�R + �CW
� �RR

�R + �CW
+

�R
�R + �CW

=
�R (1�R) + 1
�R + �CW

where the �rst, second and third terms are Hicks substitution, Hicks income and the direct income

e¤ects, respectively. Con�rm that these results are indeed identical to (2) and (3).

1.2 Power (CES) Utility with Linear Production in Detail

We show the same things as in Appendix 1.1 for CRRA utility function. Here, we treat � as a

parameter (not endogenous variable) for the sake of simplicity.
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1.2.1 Planner�s Optimization

� Optimization:

max
C;R

C1�1=�

1� 1=� + �
R1�1=�

1� 1=� (4a)

s.t. C +WR = ~W (4b)

� FOCs:
@L
@R

: �R�1=� = �W and
@L
@C

: C�1=� = �

Note that these two FOCs imply that the shadow price PR of R isW . Hence, we �nd � =
C1�1=�+�R1�1=�

WR+C

and

R =
~W

(W=�)� +W
and C =

~W

(W=�)� +W
(W=�)�

� R and C as functions of W : If ~W = W ,

dR

dW
=

�1
W ��1��� + 1

(� � 1)W ��2���

W ��1��� + 1
= (1� �) R

W

C

W

dC

dW
=

1

W (W=�)�� + 1
� W

W (W=�)�� + 1

(1� �) (W=�)��

W (W=�)�� + 1
= (1� (1� �)R) C

W

dR

dW

W

R
= (1� �) W ��1���

W ��1��� + 1
= (1� �) (1�R)

dC

dW

W

C
= 1� (1� �) W (W=�)��

W (W=�)�� + 1
= 1� (1� �)

�
1� C

W

�
= 1� (1� �)R

� Elasticity of Substitution:

�d (R=C)
dW

W

(R=C)
= �

1.2.2 Household�s Cost Minimization for Slutsky Decomposition

� Dual cost minimization problem ( ~W 6= W ):

minC +WR

s.t.
�
C1�1=�

1� 1=� + �
R1�1=�

1� 1=�

�
> �U
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� FOCs:

W = ��R�1=� and 1 = �C�1=�

Also, we �nd � = C+WR
C1�1=�+�R1�1=�

and R=C = (W=�)��.

�R1�1=�

C1�1=� + �R1�1=�
=

WR

WR + C
;

�R1�1=�

1� 1=�
WR + C

WR
=
�R1�1=�

1� 1=�

�
1 +

(W=�)�

W

�
= �U

C1�1=�

C1�1=� + �R1�1=�
=

C

WR + C
;

C1�1=�

1� 1=�
WR + C

C
=
C1�1=�

1� 1=�

�
1 +

W

(W=�)�

�
= �U ;

� Hicksian demand functions:

Rh =

�
W=�

(W=�)� +W
(1� 1=�) �U

� 1
1�1=�

=

�
1=�

���W ��1 + 1
(1� 1=�) �U

� 1
1�1=�

Ch =

�
(W=�)�

(W=�)� +W
(1� 1=�) �U

� 1
1�1=�

=

�
1

��W 1�� + 1
(1� 1=�) �U

� 1
1�1=�

� Slutsky Decomposition ( ~W 6= W ):

dR

dW
=

dRh
dW

� dR

d ~W
R

=
�

� � 1Rh
(1� �)���W ��2

���W ��1 + 1
� R

(W=�)� +W
= ��Rh

~W

C

W
�R R

~W
dC

dW
=

dCh
dW

� dC

d ~W
R

=
�

� � 1Ch
(� � 1)��W��

��W 1�� + 1
� R

W (W=�)�� + 1
= �

Ch
~W
R� C R

~W

Note that the above results show that dC
dW

W
C
� dR

dW
W
R
= � at at Rh = R and Ch = C. This means

that, if we de�ne ~� as an elasticity of substitution between R and C keeping the wealth at a certain

level, we �nd ~� = �d(R=C)
dW

W
(R=C)

���
~W constant

= �. This is because, under CES utility, the income e¤ects

through R and C are identical, and they o¤set each other in the calculation of �.

� Total e¤ects ( ~W = W ): Hence, at Rh = R, Ch = C and ~W = W , we can decompose the total
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e¤ect as follows.

dR=R

dW=W
+
dR=R

d ~W= ~W

����
~W=W

= �� (1�R)�R + 1 = (1� �) (1�R)

dC=C

dW=W
+
dC=C

d ~W= ~W

����
~W=W

= �R�R + 1 = 1� (1� �)R

Con�rm �d(R=C)
dW

W
R=C

= dC
dW

W
C
� dR

dW
W
R
= �. Here, Hick substitution e¤ects for R and C are

�� (1�R) < 0 and �R > 0, respectively. For both R and C, Hicks income e¤ect and direct income

e¤ect are �R and 1, respectively.
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