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On the Role of Information in Dynamic Games of R&D 

Manfred Stadler 

Abstract 

This paper analyzes the influenae of Information structure on the process of knowledge 

accumulation in a differential game of duopolistic R&D competition. By comparing open-

loop and feedback Nash equilibria, representing imperfect and perfect information structures, 

we show that in the feedback equilibrium the stationary levels of knowledge are larger than in 

the corresponding open-loop equilibrium. Information about the rival's stock of technological 

knowledge creates a Strategie incentive to increase one's own knowledge in order to preempt 

the rival's R&D activity. As a consequence, each firm seeks more knowledge than it would if 

it were unable to influenae its rival's R&D decisions. Therefore, Information structure has an 

important impact on firms' dynamic R&D behavior. 

Zusammenfassung 

Dieser Beitrag präsentiert ein Differentialspiel des duopolistischen F&E-Wettbewerbs, um 

den Einfluß der Informationsstruktur auf den Prozeß der Wissensakkumulation zu 

analysieren. Aus einem Vergleich der open-loop- und feedback-Gleichgewichte, denen 

unvollkommene bzw. vollkommene Informationsstrukturen zugrundeliegen, geht hervor, daß 

die stationären Niveaus des technologischen Wissens im feedback-Gleichgewicht größer sind 

als im open-loop-Gleichgewicht. Informationen über den Stand der Technologie des 

Konkurrenten schaffen einen strategischen Anreiz, das eigene Wissen zu erhöhen, um 

dadurch die F&E-Aktivitäten des Konkurrenten zu reduzieren. So strebt jedes Unternehmen 

ein höheres Maß an technologischem Wissen an, als es dies ohne strategische 

Einflußmöglichkeiten auf die F&E-Entscheidungen des Konkurrenten tun würde. Die 

Informationsstruktur übt damit einen wichtigen Einfluß auf das dynamische F&E-Verhalten 

von Unternehmen aus. 
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1. Introduction 

In his survey on theories of oligopolistic behavior, SHAPIRO (1989, 397) argues that the truly 

dynamic games "... hold out the most hope of advancing our understanding of oligopolistic 

rivalry, and currently represent the area of greatest research activity in oligopoly theory". 

Indeed, tools of noncooperative dynamic game theory have provided an extremely powerful 

framework for studying the interactions of competing firms (see, e.g. MEHLMANN 1 988 and 

BASAR, OLSDER 1995). One topic of particular interest is the Strategie rivalry in R&D. Two 

basic paradigms for examining issues of dynamic competition between innovative firms are 

distinguished in the literature. The first is the patent race approach which was analyzed by 

LOURY (1979), LEE, WILDE (1980), and DASGUPTA, STIGHTZ (1980). While these authors 

restricted their analyses to open-loop equilibria models, REINGANUM (1981, 1982) and 

DOCKNER, FEICHTINGER, MEHLMANN (1993) generalized their approach in investigating 

feedback equilibria. It tumed out, that due to REINGANUM'S specification, open-loop and 

feedback solutions coincide. The second paradigm is typically used to explain the extent of an 

Innovation and was discussed by FLAHERTY (1980), SATO, TSUTSUI (1984), and STADLER 

(1992) in terms of open-loop equilibria. The present paper also attempts to resolve these 

models for feedback equilibria, and to compare the results with the corresponding open-loop 

equilibria. 

The terms "open-loop" and "feedback" equilibria refer to two different Information struetures 

for dynamic games. In open-loop models, firms cannot observe the actions of their rivals and 

thus have imperfect Information. In closed-loop models, firms have perfect Information since 

all past actions of the firms are common knowledge. The strategies depend on the current 

State of the game and the initial conditions. A feedback equilibrium is a special form of a 

closed-loop equilibrium, where the strategies are memoryless and depend only on the current 

State of the game (for a discussion of these concepts see e.g. FUDENBERG, LEVINE 1988 and 

FUDENBERG, TIROLE 1989). This paper shows that in contrast to the patent race approach, 

open-loop and feedback solutions of a differential game belonging to the second approach 

will not coincide. Thus information matters as an important factor in determining the R&D 

behavior of firms. 

In order to derive explicit Solution forms, we analyze a differential duopoly game with a 

speeified reduced-form profit funetion and speeified adjustment costs. In Section 2 we set up 

the general framework. In Section 3 we solve for the open-loop model and in Section 4 for the 

feedback model. Finally, Section 5 contains some concluding remarks. 
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2. A Dynamic Model of R&D Competition 

We consider an infinite time horizon model of duopolistic R&D rivalry. The firms maximize 

their discounted present value of profit streams by choosing an optimal time path of R&D to 

build up a firm-specific stock of technological knowledge, W. At each point in time, firm i 

realizes instantaneous reduced-form profits, , net of R&D costs, Xj. The marginal profit of a 

unit rise in the firm's own technological knowledge, reflecting cost-reducing process 

innovations as well as demand-creating product innovations, is positive but diminishes, i.e. 

71 w( (Wj,Wj)>0, ^wiWj (Wi,Wj)<0, i,j = l,2,i*j. 

Further, an improvement of rival j's technological know-how reduces the profit of firm i, i.e.1 

7c'Wj(wi,Wj)<0, i,j = l,2,i*j. 

Discounting future profits with the constant discount rate r, firm i's value function is given by 

(1) Ji(wi,wj)=maxj[0e-rt[7ii(wi,wj)-xi]dt, i,j = l,2; i#j, 
xi W 

where the firm-specific know-how can be accumulated by R&D expenditures due to the 

kinematic equations 

(2) Wj=h(Xi), i = 1,2, 

and the initial conditions W;(o) = Wi0 > 0, i = 1,2. The Innovation production function h(x), 

transforming R&D activities into new technological knowledge, is assumed to be 

continuously differentiable with h'(x)>0 and h"(x)<0. Diminishing retums are due to an 

increasing scarcity of some fixed resource and reflect the adjustment costs of technological 

knowledge. 

In order to explicitly solve the model, we adopt a quadratic form for the profit function which 

is used in Standard models of capacity-constraint price competition (see, e.g. TIROLE 1988, 

342). Given market size s > 0, the reduced-form profit function can be written as 

1 This negative effect is assumed to dominate possible spillover effects of technological knowledge. 
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(3) Ki(wi,wj)=(s-wi-wj)wi. 

The Innovation production function (2) is speeified as 

(4) h(xi) = (2xi)0-5, 

implying h'(xj) = h(xj) . Given these specifications, we are able to anaiytically solve for 

open-loop and feedback equilibria, representing imperfect and perfect Information struetures 

for the game. 

3. Imperfect Information: The Open-loop Nash Equilibrium 

If firms have no Information about the rival's current stock of knowledge, we have to solve 

the model in terms of an open-loop Nash equilibrium. According to this concept, firms do not 

react to the rivals' R&D activities. Obviously, without Information about their activities they 

cannot react. As a consequence, j's R&D activity cannot be influenced by i's knowledge 

accumulation during the game. 

Defining V1 sertJ', the open-loop HAMILTON-JACOBI-BELLMAN equations of the system (1) 

to (4) are 

(5) rV^maxjts-Wi-WjK-Xj+v' (2x,)05} , i = l,2, i#j 
xi W 

with the current value HAMiLTONian 

(6) H' = (s-W, -Wj)W| -x, + V^, (2xj)0'5 

where is the costate variable for firm i. According to PONTRYAGlN's maximum principle, 

the optimal R&D path must satisfy the necessary first-order conditions 

(7) H; =-i+v;j(2xi)-°-5=o 

and 
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(8) H^=s-2W,-Wj=rV^-V^. 

Nonnegativity constraints on R&D activities are not tight, the transversality conditions will be 

satisfied, and the second-order conditions are fullfilled since the HAMiLTONian is concave in x 

and W. Due to the special form of h(x) in (4), we derive from (7) = W, and, hence, 

= Wj. Substituting these expressions for V^. and V^. in (8) yields the linear second-

order differential equations 

(9) Wj — rWj — 2Wj — Wj +s = 0. 

The steady-state value of W, is characterized by W^ = W; = 0, i = 1,2. Thus, we derive the 

Symmetrie stationary levels for both firms' technological knowledge 

(10) W* = s/3 , 

which yield stationary profit streams 

(11) 7t*=s2/9. 

The stationary stocks of knowledge and the profits are increasing with market size s but are 

independent of the discount rate r. To derive the dynamic open-loop NASH equilibrium R&D 
strategies along the adjustment trajectories, we define Wj s z,, implying 

Wj = Zj = rzj + 2Wj + Wj, to solve the homogeneous part of equation (9) with s = 0 by using 

the four equation system 

0 10 0] |~Wj~ 

2 r 1 0 Zj 

0 0 0 1 Wj 

1 0 2 r Zj 

The corresponding characteristic equation 

(13) [(r-X)Xp+4(r-X)k + 3 = 0 

has four real eigenvalues, two of which are negative 

(12) 

W; 

Zi 

Wj 
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(14a) Xj^r-Vr2 +12^/2, 

(14b) X2 =^r-Vr2 + 4^/2, 

and the other two of which are positive 

(14c) X2 =^r + Vr2 +12^/2, 

(14d) A.4 = ^r + Vr2 +4 j /2 . 

Therefore, there exists a unique pair of open-loop Nash equilibrium R&D strategies. Using 

the initial values W,o and Wjo as well as the stationary value W*, they are described by the 

trajectories of technological knowledge 

(15) W;(t) = [(Wi0 + Wj0)/2-W*]eX|t +[(wi0 - + W* 

and by corresponding trajectories of R&D Investment 

(16) x;(t) = {[(Wi0 + Wj0)/2-W*]ex'1 +[(wi0 - Wj0)/2]e^ + w*}2/2. 

R&D activities decline until the steady-state level of knowledge is reached in infinity. 

4. Perfect Information: The Feedback Nash Equilibrium 

In this section the Information structure of the game is altered, allowing firms to make their 

R&D decisions dependent on both firms' current stocks of knowledge. Under such 

circumstances, a firm need not commit itself to a R&D time path in advance, but rather is 

permitted to make R&D choices that are contingent on how the stocks of knowledge evolve. 

The following HAMILTON-JACOBI-BELLMAN equations provide a set of necessary conditions 

for the firms' feedback strategies. 

(17) rvi=max|(s-wi-wj)wi-xi+v; (2xi)0!+v;j(2x;]f5|, i = 1,2, i*j 



7 

with the current value HAMiLTONian 

(18) H' =(s-Wj - Wj)Wj -x, + vj,. (2xi)a5 + V;. (2x'))-5. 

The first-order conditions of the dynamic optimization problem with respect to the control 

varaiables are identical to the open-loop case 

(19) H;=-l + V;.(2xi)-°5=0. 

Substituting for optimal R&D activities of both firms i = 1,2 from (19) into (17) yields 

(20) rV1 = (s-Wj - Wj)Wj + J/2 + vj, Vj,. . 

As suggested by REYNOLDS (1987,1991) we propose a quadratic Solution function 

(21) V1 = a + ßW; + yWj + 8W^ 12 + eW;Wj + ̂ W2j 12 

where a, ß, y, 5, s and £, are six yet undetermined parameters which have to be expressed in 

terms of the exogenous parameters r and s in order to find an explicit Solution. Differentiation 

of (21) with respect to the State variables gives 

(22) V^. = % = ß + 8W; + eWj 

and 

(23) V^.=y + GW,+SWj. 

Substituting (21), (22) and (23) back into (20) yields the following restrictions for the 

constant term and the terms Wj, Wj, W^, WjWj and Wj which have to be fullfilled in order 

for (21) to be valid for all states of the system: 

(24a) -ra + ß2 / 2 + ßy = 0, 

(24b) - rß + s + ßö + ße + ys = 0, 
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(24c) - ry + ße + y5 + = 0, 

(24d) -r5/2-l + 82/2 + e2 =0, 

(24e) - rs -1 + 28e + = 0, 

(240 -r%/2 + £2/2 + 5^ = 0. 

The non-linear equation system (24a) to (24f) has the same structure as the more general 

system discussed by REYNOLDS (1987). From (24d) we can solve for 

(25) 5 = r/2±Vr2/4 + 2-2£2 . 

From (24f) we derive 

(26) % = e2 /(r-28). 

Substituting for E, in (24e) yields 

(27) s3-r2e-r = 4s52-(4rs + 2)5. 

Substituting 5 from (25) into (27), rearranging terms and squaring yields 

(28) 81JJ.3 -18m|a2 +(m2 +8^j,-m = 0, 

where |x = z2 and m s r2 +8. The cubic equation (28) can be solved by techniques explained 

for example by BRONSTEIN, SEMENDJAJEW (1991, pp. 131). Its discriminant can be calculated 

as 

(29) D = (-m4 + 26.75m2 + 512)3"15. 

Since m > 8, the discriminant is negative. Thus, equation (28) has three real and distinct roots: 

(30a) 

(30b) 
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(30c) ji3 =2|m-Vm2 -24 COS((0 + 4TC)/3)| 121, 

where 0 is given by 

tan 0 = -V-~D / R, R = (m3 -44.5m)3~9 

and D as expressed in (29). For m = 8 we calculate 0 «- 1.094. For m > 8, 0 is negative and 

strictly increasing in m. Therefore, cos(0/3) is a positive, increasing function of m, 

COS((0 + 2TC)/3) is a negative, decreasing function of m and COS((0 + 4TC)/3) is a negative, 

increasing function of m. Given these characteristics, it is straightforward to show that 

0 < (JL1 2 3 < m / 8 . Thus, there exist six real and distinct roots for E: 

(31a) £1>2 =±V2{m-Vm2 -24cos(0/3)| 121 

(31b) e3,4 =±^2\m-^m2 -24cos((0 + 27t)/3)| 121 

(31c) e56 =±-y2|m-Vm2 -24 cos((0+47t)/3)| 121. 

Inserting in (25) yields six real and distinct roots for 5. 

(32) 51,2,3,4,5,6 = r/2±-v/m/4 — 2(J-i 2,3 • 

As we will show, the only stable Solution of the candidate pairs of e and 8 is given by 

(33) s*=-V2{m-Vm2-24cos(0/3)j 121 

and 

(34) 8* = r/2-Vm/4-2s*2 . 

Due to the characteristics of cosine functions, it can be established that 0 < e*2 < m/36 for all 

m > 8. In addition, a discount rate r < 0.5, which will be assumed throughout, is sufficient (but 

not necessary) for the relation 

(35) 8* < e* < 0. 
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Solving for y in (24b) and inserting the resulting expression together with E, f rom (26) into 

(24c) gives the optimal value of ß in terms of s* and 8*: 

(36) ß*=-s(5*-r)/[(5* + 8*-r)(5*-r)-8+2(l + 8V(r-25*| . 

Finally, a can be calculated from (24a). Having solved for all parameters in (21), we can 

conclude that (21) is a valid Solution function. 

Therefore, it can be seen from (22) and (35) that in the feedback model each firm's pace of 

knowledge accumulation is a decreasing function of its own current stock of knowledge and 

of its rival's current stock of knowledge. The latter result describes a Strategie preemption 

effect of R&D activity due to perfect Information of the competitors. Technological progress 

by a firm unambiguously reduces the rival's R&D efforts. The consequences of this 

preemption effect will be seen when we have completely solved the model. 

Let us now tum back to the first-order conditions of the dynamic optimization problem. We 

conclude from (19) and (22) that Wj = ß + 8* Wj +e* Wj, j = 1,2, i * j. In addition to (19), 

the optimal R&D strategy must satisfy the first-order conditions 

(37) = s - 2W; - Wj + = rV^ -

and 

(38) H^=-Wj+8%. =rV^.-V;.. 

Using the expressions = Wf and = W; in (37) yields 

(39) = (-s + 2W; +rW; - Wj +WJ)/E\ 

Differentiating with respect to time and again using (22) yields 

(40) =(ß + E*W;+2Wj+ rWj - % + 8* Wj)/s*. 

Substituting (39) and (40) in (38) yields the linear third-order differential equation 
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(41) W; = (2r - 5*)Wj + (2 - r(r - 8*))Wj - l(r - 8*)Wj - (r - 25*)Wj + s(r - 5*)+ ß*. 

The stationary values for Wj and Wj are characterized by Wj = W; = Wj = 0, i = 1,2. Inserting 

into (22) and (41) we calculate the steady-state levels for the knowledge of both firms 

(42) W* = s/ [3 + (e* /(r - 8* )| 

which yield stationary profit streams 

(43) 71* = [l + (s* /(r - 5* J2 {3 + (s* /(r - 8* ))]2. 

The stationary know-how levels (10) of the open-loop equilibrium and (42) of the feedback 

equilibrium differ by the negative term s* /(r-S*)e[-l,0] in the denominator of (42). This 

means that in the steady-state, the feedback Solution for knowledge per firm exceeds the 

open-loop steady-state Solution for knowledge. The reason is that in the feedback equilibrium, 

each firm recognizes that its current R&D activities will preempt some amount of future R&D 

Investments by its rival. Recognition of this Strategie aspect of current R&D activities leads 

each firm to overinvest in R&D relative to the non-strategic behavior in the open-loop case.2 

Concurrently, as can be seen by relating (11) to (43), stationary profit levels decline due to the 

overinvesting strategies of the rivals. Thus R&D behavior and profit Performance depend 

decisively on whether firms have perfect Information about the rival's stock of knowledge or 

not. 

It remains to show that there exist stable adjustment trajectories to the steady-states in order 
for the transversality condition to be satisfied. We define W, = zi and Wj = y( to solve for the 

homogeneous part of equation (41) by using the differential equation system 

2r-8* 2-r(r-S*) -2(r-S*) -(r-28*)] Tyj " 

1 0 0 0 Z; 

Ol 0 0 Wj 

0 0 E* 8* _wj_ 

(44) 

1 

Zi 

Wj 

1 t 

The characteristic equation is 

(45) X4 - 2rX3 - (S*2 - r8* - r2 + 2)k2 + (rS*2 - r28* + 2r)k - 2(r - 8*)+ (r - 28* )s = 0. 

2 According to the taxonomy suggested by FUDENBERG, TlROLE (1984) for two-period games in discrete time, 
this behavior refers to the aggressive "top dog" strategy. 
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As can be shown there are two real and distinct negative roots, - oo < Xl <8* and 8* < X2 < 0 

as well as two roots with positive real parts. Thus, there exists a unique pair of feedback Nash 

equilibrium R&D strategies that are described by the trajectories of knowledge 

(46) W,(:) = k„ + Wj,J/2-W*] el"+[(wUo -WjJ/j] e^' + W* 

and by the corresponding trajectories of R&D investment 

(47) xi(t) = |wi,t0 +Wj,,0)/2-W*]xIel" + [(wM0 -W,J/2]x2el"}2/2; 

where the vector (wi to,WJ to) denotes any possible states of the game and not only the 

initial State (wi0,Wj0). Finally, each parameter pair (e,8)# (s*,5*) can be shown to yield 

unstable trajectories and, hence, not to constitute a feedback equilibrium. 

5. Summary and Concluding Remarks 

The paper presented a game theoretic analysis of duopolistic rivalry in R&D. Using an 

explicitly specified model we showed that the Information structure of the game has an 

important impact on the Innovation process and the stationary levels of technological 

knowledge. The results indicate that knowledge accumulation can be used preemptively. In 

the open-loop Nash equilibrium firms' R&D activities are independent of the unknown rival's 

current stock of knowledge. Compared to the open-loop model, this creates a Symmetrie 

incentive for both firms to raise knowledge in order to preempt the rival's R&D investment. 

This preemption effect is responsible for the result that stationary levels of technological 

knowledge for the feedback Nash equilibrium exceed stationary levels for the open-loop Nash 

equilibrium. 

Of course, generalizing these results to less restrictive specifications would be important. But 

it is very difficult to obtain closed-form solutions for differential games. At present it only 

remains to hope that the main findings will still hold under more general circumstances. 
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