~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Bibinger, Markus; Winkelmann, Lars

Working Paper
Common price and volatility jumps in noisy high-frequency
data

SFB 649 Discussion Paper, No. 2014-037

Provided in Cooperation with:
Collaborative Research Center 649: Economic Risk, Humboldt University Berlin

Suggested Citation: Bibinger, Markus; Winkelmann, Lars (2014) : Common price and volatility jumps
in noisy high-frequency data, SFB 649 Discussion Paper, No. 2014-037, Humboldt University of
Berlin, Collaborative Research Center 649 - Economic Risk, Berlin

This Version is available at:
https://hdl.handle.net/10419/103794

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/103794
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

SFB 649 Discussion Paper 2014-037

Common price and
volatility jumps in noisy
high-frequency data

BERLIN

Markus Bibinger*
Lars Winkelmann**

N
wn
a'd
O
>
o
=
O
O
LLl

SFB 649

* Humboldt-Universitat zu Berlin, Germany
** Freie Universitat Berlin, Germany

This research was supported by the Deutsche
Forschungsgemeinschaft through the SFB 649 "Economic Risk".

http://sfb649.wiwi.hu-berlin.de
ISSN 1860-5664

SFB 649, Humboldt-Universitdt zu Berlin
Spandauer Strafle 1, D-10178 Berlin




Common price and volatility jumps in noisy high-frequency data
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Abstract

We introduce a statistical test for simultaneous jumps in the price of a financial asset and its
volatility process. The proposed test is based on high-frequency tick-data and is robust to market
microstructure frictions. To localize volatility jumps, we design and analyze a nonparametric
spectral estimator of the spot volatility process. A simulation study and an empirical example with
NASDAQ order book data demonstrate the practicability of the proposed methods and highlight

the important role played by price volatility co-jumps.

Keywords: high-frequency data; microstructure noise; nonparametric volatility estimation; volatility
jumps.
JEL classification: E58, C14

1 Introduction

In recent years the broad availability of high-frequency intraday financial data has spurred a consider-
able collection of works dedicated to statistical modeling and inference for such data. It6 semimartin-
gales constitute a prominent class of stochastic processes to describe dynamics of intraday log-prices.
They comply with fundamental economic hypotheses as exclusion of arbitrage and provide a general
and flexible class of processes allowing for stochastic volatility, jumps and leverage. Due to the mar-
ket microstructure of most high-frequency financial data, as effects of transaction costs and bid-ask
bounce, log-prices are not directly well fitted by semimartingales, but should be considered within
a noisy observation setup as a suitable model. Taking microstructure frictions into account radically

changes statistical properties and involved mathematical concepts of estimators.

One core research topic in statistics, finance and econometrics of high-frequency data is inference on

the (integrated) volatility, bringing forth the seminal contributions by|Andersen and Bollerslev| (1998)),
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Andersen et al.| (2001), Barndorff-Nielsen and Shephard (2002), |Ait-Sahalia et al.| (2005) and much
more literature devoted to this aspect. Reliable estimates of volatility are of key importance in the
decision making process of portfolio and risk managers, see e.g./Andersen et al.| (2007)), as well as
policy makers, see Dewachter et al.| (2014). As the volatility takes a key role in the model, a pros-
perous research field strives to set up accurate stochastic volatility models, see |[Eraker et al.| (2003])
among others. Uncertainty and risk in the evolution of intraday prices is usually ascribed to two
distinct sources: First, the volatility process of the continuous semimartingale part that permanently
influences observed returns and, second, occasional jumps in prices. The latter reflect updates of mar-
kets’ expectations in response to firm specific news, macro or monetary policy events. An important
question, often left unaddressed in the literature, is if one should incorporate jumps also in the volatil-
ity process. First studies by [Eraker| (2004) and Tauchen and Todorov| (2011) suggest to do so and
highlight the important implications especially for asset pricing. A natural question arises, if prices

and their volatilities jump at common times concertedly stimulated by the same events, or not.

This article offers a statistical test to decide whether intraday log-prices exhibit common price and
volatility jumps. The main contribution is to complement the pioneering works by Jacod and Todorov
(2010) and|Bandi and Reno|(2013) and to provide an approach for an observation model that accounts
for market microstructure in order to efficiently exploit information from high-frequency data. The
methods particularly build upon the theory by Jacod and Todorov|(2010)), but smoothing out noise per-
turbations leads to materially different concepts and asymptotic results. The development of a test that
can cope with noise is of high relevance and importance as Jacod and Todorov|(2010) already remark
in their empirical application that “presence of microstructure noise in the prices is nonnegligible”
and “an extension of our tests, while building on the theoretical results here, asks for a significantly
more involved mathematical approach which goes beyond the scope of the current paper and is thus
left for future work”.

Jumps in prices and the volatility are of very different nature. Large price jumps are apparent and
become visible through large returns. More precisely, in a high-frequency context truncation tech-
niques as suggested by [Mancini (2009), Lee and Mykland! (2008) and [Jacod| (2008]) can be used to
identify returns that involve jumps. Up to some subtle changes due to dilution by microstructure,
this remains valid also in the noisy setup, see |Ait-Sahalia et al.| (2012) , [Li| (2013) and [Bibinger and
Winkelmann| (2013)) for an extended theory. Contrarily, volatility jumps are latent and not as obvious
as price jumps due to the fact that we can not observe the volatility path. We thus infer on the latent
volatility of an efficient log-price process from indirect observations of these efficient log-prices di-
luted by microstructure noise. Our key element to determine volatility jumps even so, will be reliable
estimates of the instantaneous volatility from observed prices.

Our approach relies on a spectral Fourier method stimulated by|Reif3| (201 1)) and Bibinger et al.| (2014a)
for estimating quadratic (co-)variation. These methods attain lower variance bounds for integrated
volatility estimation from noisy observations and are, compared to simple smoothing methods and

especially sparse sampling at lower frequency, much more efficient. Price jumps are recovered using



a truncation procedure which can be adapted to the local magnitude and intraday shape of volatility.
With this estimation approach at hand, we construct a test, comparing estimated local volatilities and
their left limits at the estimated jump times of the price. An asymptotic distribution free test with
a fast convergence rate based on second order asymptotics of the estimator is suggested. While the
overarching strategy follows Jacod and Todorov]| (2010), the specific test function and construction in
the noisy observation case are crucially different. The test statistic is self-scaling in the local volatility
which is possible by the simple variance structure of the spectral volatility estimates. Using differ-
ent estimation techniques to smooth noise as realized kernels motivated by Barndorff-Nielsen et al.
(2008)), or pre-averaging by Jacod et al.| (2009), such a construction, if possible at all, will be more
cumbersome. The Monte Carlo study demonstrates the high precision of the methods in finite sam-

ples. Our data study shows that price volatility co-jumps occur and are practically relevant.

The rest of this paper is organized as follows. The upcoming Section [2] introduces the notation and
technical setup and gives the assumptions imposed on the model. We also review the elements of
spectral volatility estimation within Section[2] The main part is Section 3] where we first construct the
local spot volatility estimators which then serve as one main ingredient for our tests derived hereafter.
Practical guidance and a Monte Carlo analysis are pursued in Sectiond] In Section [5]the methods are
used to analyze price and volatility jumps in NASDAQ high-frequency intraday trading data, recon-

structed from the order book. Section [f] concludes. Proofs are delegated to the Appendix.

2 Model, assumptions and background on spectral volatility estimation

2.1 Statistical model and assumptions

We suppose an underlying latent log-price process X follows an It6 semimartingale which is defined
on a filtered probability space (€2, F, (), P). Then, X is of the form

t t t
Xt = Xo + / bs ds + / \/Cs dWs + / / (5(8, :L‘)]l{|5(s7x)|§1}(,u - I/)(ds, da:) (1)
0 0 0 JR

t
+/0 /]R(S(Saz)]]-{|5(s,:r)|>1}:u(d87dx)7

with W an (F;)-adapted standard Brownian motion, z a Poisson random measure on R4 x R with
R4+ = [0,00) and an intensity measure (predictable compensator of p) of the form v(ds,dz) =
A(dz) ® ds for a given o-finite measure A. Regularity assumptions on the drift process by, the squared
volatility process c;, and the predictable function ¢ are gathered in Assumption [(H-r)|below.

We consider discrete observation times i/n,i = 0, ..., n, on the time span [0, 1]. For financial data
this corresponds to a tick-time clock. A transfer between tick and non-equispaced calendar-time
sampling in case that the latter obeys some mild regularity restrictions is routine and discussed in
Bibinger et al. (2014a). As shown there, locally different observation frequencies may be treated

as locally varying noise variance, where having locally less frequent observations corresponds to



a locally increased noise variance. Since the mapping between both schemes does not affect our
methods and only leads to a slight modification of the variances of non-normalized statistics, we
stick to the first setting. The prevalent model capturing market microstructure effects which interfere
the evolution of an underlying semimartingale log-price process at high frequencies is an indirect

observation model with observational errors:
Yi=Xipmt+e,i=0,...,n. )

Regularity conditions on the price and volatility process are stated in the following structural hypoth-

esis.

Assumption (H-r). We assume that sup,, , |0(t, x)|/v(x) is locally bounded for a non-negative de-
terministic function vy satisfying [ (7" (x) A1)A(dx) < co. The drift by is locally bounded and almost
surely Holder continuous with some order v > 0, i.e.|by — bs| < L|t — s|* for some L < oo and all
t,s € [0,1). The volatility process oy = \/c; is cadlag and neither oy nor oy vanish. The noise
(€i)1<i<n is a discrete-time process, independent of X, and has finite eighth moments and a constant
noise level
m
n= Z Cov(es, €i41) ,i € {m,...,n —m},
I=—m

with Cov(e;, €;41) = 0, for alll > 2m,m € N finite and fixed. When Cov(e;, €;41) = 0 foralll # 0
we set 1 = Var(e;). Necessarily n is non-negative and we impose 1 > 0. This includes, but is not

limited to, the classical i.i.d. modeling.

For the volatility process, our target of inference, we consider the following very general and

flexible smoothness condition with smoothness parameter o € (0, 1].

Assumption (0-a). The process oy = \/c; satisfies oy = f (Zt(l), Zt(2)) with some function f : R2 —
R, continuously differentiable in both coordinates, and two (F)-adapted processes Z 1), 22 where

o ZW isan Ito semimartingale:
. t t t
Z§>:ao+/ bsds+/ \/édws+/ NG 3)
0 0 0

t oo toro
+/0 /R(S(s,a:)ﬂ{g(s,m”q}(ﬁ—ﬁ)(ds,dx)—i—/o /]R‘S(‘g’x)1{|5(s,x)|>1}/1(d37dm)7

with an (F;)-Brownian motion W' independent of W and a random variable o, satisfying
or a < 1/2. For a > 1/2 the continuous martingale part of Z @) vanishes and Z™) satisfies

o Z lies in a Holder ball of order o almost surely, i.e. ‘Zt@) — Z§2)‘ < Lt —s

t,s € [0, 1] and a random variable L for which at least fourth moments exist.

@, for all



The smaller « the less restrictive is Assumption [(c-a)} It is natural to develop results for general
a € (0,1] to cover a broad framework and preserve some freedom in the model. This is particularly
important, since the precision of nonparametrically estimating a process (or function) foremost hinges
on its smoothness. The composition of the volatility as proposed by Assumption allows to
incorporate recent volatility models and to realistically describe spot volatility dynamics. For instance,
Z® can portray a non-random volatility seasonality function while Z (1) models a random fluctuation
around Z(?).

2.2 Spectral volatility estimation in a nutshell

Consider the sine basis

: -1
. 77 . Lo
(t) = < 2h,nsin <2ih )) sin (jwhy, ! (t — khy,)) Loh, (k1) (E) 5 4)

of L2—orth0gona1 functions ((I)jk)lgjg J,, for spectral frequencies 1 < j < J,, in the Fourier domain
up to a spectral cut-off J, < nh,. The indicator functions localize the sine functions to bins k =
0,...,h,!—1 of asequence of equispaced partitions of the considered time span [0, 1]. One key idea
of spectral volatility estimation is to perform optimal parametric estimation procedures localized on
the bins. These localized estimates provide the fundament to build estimators for the instantaneous and
the integrated squared volatility. For this purpose, as has been introduced in |Reif3| (2011), local linear
combinations of the noisy data are used with local weights obtained by evaluating the functions ()
on the discrete grid of observation times i/n,i = 0, ..., n. This strategy corresponds to performing a
discrete sine transformation on the observed returns, similarly as proposed in |Curci and Corsi| (2012,
but localized over all bins.

We use the notion of empirical scalar products and norms for functions f, g as follows:

I (B, (L > Ix (L)
Gani= 2301 (3)o () walsi= s () =0ome @

The empirical norms of the sine functions above give for all bins k = 0, ..., h ! — 1:

H@jk”% = (4n2 sin? (jﬂ'/(2nhn)))_1 , (6)

and we have the discrete orthogonality relations

(D, Pri)n = | ®jxl|% 6y Gyr €{1,... 0y}, k=0,..., k" — 1, (7

n



where 0, = ]l{ j=r} is Kronecker’s delta.

The central building blocks of spectral volatility estimation are the spectral statistics
. i
Sik = |!¢jk||;1§;A?Y¢jk(n) J=L Ja k=0, kL ®)
1=

in which observed returns A'Y = Y/, — Y(;_1)/n,%@ = 1,...,n, are smoothed by bin-wise linear
combinations with weights from the local discrete sine transformations. In absence of price jumps,
bin-wise estimates for the squared volatility cp,,,,k =0, ..., h, ! —1, are provided by weighted sums

of bias-corrected squared spectral statistics:
JIn

Py = 3 (S5 — l2?2) ©)

j=1

-1
The integrated volatility estimator of Bibinger et al.|(2014a)) is simply the average 2220_1 hp C ,fd(Y).
Our notation allows to distinguish the fully adaptive estimates from the ones with the oracle optimal

weights by writing ¢2¢(Y") and ((Y), respectively. The oracle optimal weights
g y g Gy, p y p g

(Ckhn + [| @ 52%)

J, 2\ 2’
Sy (enn, + 1mila?2)

Wik = Ik_lfjk = (10)

with I, = Z;-]il Lk, iy = 3(ckn, + ||®jx|7>n/n)~2, follow from minimization of the variance
under the constraint of unbiasedness. For a fully adaptive approach we apply a two-stage method
as presented in Section below. We will, furthermore, use the notation (?¢(Z) and (x(Z), for
different processes Z, meaning that we insert in (9) spectral statistics (8) computed from the sequence
Zim,t = 0,...,n, especially ng(X ) for the statistics based on the unobserved signal.

The noise level is estimated from the observations. If the noise is i.i.d., we may use

1
2n

)

(APY)? =+ Op(n?),
1

n
n=
as suggested and analyzed in [Zhang et al.[(2005). In case of non-zero autocorrelations in the noise,

the estimation based on the empirical autocovariances of the returns is more elaborate. As described
in Bibinger et al. (2014b we still have ) = n + Op (n‘l/Q) in this case.

Remark 1. Note that spectral statistics have a close relation to pre-averages as used by|Jacod et al.
(2009). A main difference is that bins are fixed here as for histograms and bin-wise we smooth noisy
observations in the Fourier domain by taking linear combinations on each bin along different spectral

frequencies 1 < j < J,. It is of pivotal importance that the statistics (8) de-correlate the data

*available soon



for different frequencies and form their local principal components. This is key to the asymptotic
efficiency attained by the spectral estimators as shown in |Reifs (2011|) and Bibinger et al.| (2014a).
The latter means that the estimator’s asymptotic variance coincides with the minimum asymptotic
variance among all asymptotically unbiased estimators. The efficiency theory is so far restricted to
models with deterministic volatility, without drift and Gaussian noise and it is conjectured that the
analogous asymptotic variance, which is determined in |Altmeyer and Bibinger| (2014) for the general

model, constitutes the general lower bound.

3 Testing for price and volatility co-jumps

3.1 Spot squared volatility estimators

In this subsection we show that the methods considered in Section 2| are eligible to estimate the in-
stantaneous squared volatility ¢;, ¢t € [0, 1], and its left limit ¢;— = limy_,¢ ¢;—s.

The spectral volatility estimation methodology intrinsically provides local estimates (9) for the squared
volatility cyp,,, k = 0,..., h,' — 1. However, we should not rely on ¢f4(Y) L, (k+1)n, (t) on [0, 1]
directly as an estimator for (ct)yc[o,1) because it will not be consistent as the variance does not de-
crease when n gets large. Instead, we employ a smoothing method, as typical for function estimation
in nonparametric statistics. For this reason, to estimate cs at some fix time s, consider a local window
around s of length (7, *h,,) — 0 as n — oo, slowly enough to ensure r,! — oco. In the presence of
jumps in (I), truncation disentangles bin-wise statistics (9) which involve jumps from all others. In
particular if h,, |24 (Y")| > u, for a threshold sequence u,, = ch],, 7 € (0,1) with some constant c,
the quadratic variation increment is of a magnitude that can not come from the continuous part and
is evoked by a jump. In order to estimate the volatility, we truncate ng(Y) for these k. For a simple
notation suppose nh, € IN and r,;! € IN, such that on each bin we enclose nh,, noisy observations
and on each window we enclose r,, ! bins. In order to estimate the squared volatility and its left limit at
a certain time s, we choose two disjoint windows located to the right and to the left of s, respectively.
In particular the window is not centered around s. Since the optimal weights (I0) per se hinge on the
unknown squared volatility, we proceed with a two-step estimation approach.

First, select a pilot spectral cut-off JE" < nhy,, and build pilot estimators for the squared volatility

LshatJ4rat B
right-hand side: ¢7P°! (V) = Z Tn Z(Jgi)_l (szk =l ®5ll7%2) (11a)
k=|shy']+1 7=l

x 1 . A
{hn} S ) (82~ il ) \gun} ’

lshyt]—1 JB
lefhand side: &™)y = ST n Y () TN(SE — 1912 0) (11b)
k=|shy']—rpt  J=1



x 1
{hn

for s € [r; hp, 1 — 7, hy,). At the borders we shrink one window length accordingly. The pilot

bt . oM ’
SR 2 (55l 2) <o }

estimators are hence averages over ;' bins and JE spectral frequencies. In the second step, these
pilot estimators are plugged in (I0) to determine the adaptive weights for the final estimators. With
those at hand, we can evaluate the spectral estimators of the squared instantaneous volatility at time s

and its left limit:

Lshn *] 4+t JIn
right-hand side:  ¢"(Y) = > rp > an(Sh — 128102 ) Loty <uny » - (122)
k=|shp*|+1 J=1

lsha '] -1 In
left-hand side: &* (V) = > Y (S5, - 198102 Lo icpa vy <umy » - (120)
k=|shpl]—ryt =1

for s € [y, thy, 1—7;, thy,). Estimates (T2a) and (T2B) are thus local averages of the truncated bin-wise
statistics (9). This nonparametric spot volatility estimation is closely related to a usual kernel density
estimator when the statistics (9)) take the role of de-noised observations which are smoothed over local
windows. The approach entails several tuning parameters whose practical choice is discussed below
in Section [ If the aim is to obtain a nonparametric spot squared volatility estimator, one can take
(e (Y) + ¢ (Y))/2)sep0,1) as an estimator. This estimator is a hybrid approach combining the
spectral volatility estimation with truncation as considered in Bibinger and Winkelmann| (2013)) for

integrated covariances.

For our test derived in the next subsection, starting from times where jumps of X are identified via
thresholding we will estimate the volatility before and after these jump times. Moreover, inference
for any model incorporating joint price-volatility jumps relies on this estimation technique. At this
stage, let us state our first main result on the spot squared volatility estimators and their asymptotic

distribution.

Theorem 1. Suppose the structural hypothesis with some v < 2 and smoothness Assumption
a € (0,1]. Fixatime s € (0, 1), at which we want to estimate cs and cq_ via (124) and (12b),
respectively. Set hy, = kin~"/? log(n) and r,, = kon =P log(n) with constants k1, ks and J, — oo as

n — o0. Then, as n — oo and if

(6% T
0<6<<2a+1AT(1—2)>, (13)

with T the truncation exponent in the sequence uy, in (11a), (LIb), (I12a) and (I2b), the estimators




satisfy the stable central limit theorems:

2 (e — cg) B MN (0,862 (14)
W2 (@ = eol) B MN(0,8¢Y02) | (14b)

Most interesting is the case when o < 1/2. In this case, for r < 3/2 in Assumption [(H-r)|
we can choose f§ = 1/4 — ¢ for any ¢ > 0. In fact, we can almost grasp the optimal rate for

1/8 in this case. Balancing bias and variance for 3 = 1/4 guarantees that the

estimation which is n
estimators and attain this rate. For a central limit theorem we avoid an asymptotic bias
by slightly undersmoothing. In case that o« > 1/2 we obtain faster convergence rates. We point out
that the restriction < 3/2 on the jump activity, to come close to the optimal convergence rate, is less
restrictive than the one obtained for integrated squared volatility estimation, < 1, see [Bibinger and
Winkelmann| (2013)).

The limit variables in (I4a)) and (I4b) are mixed normal which we denote by M N and defined on
a product space of the original probability space (on which X is defined) and an orthogonal space
independent of F and the noise. The convergence is stable in law, marked (st), a stronger mode of
weak convergence which is equivalent to joint weak convergence with every J-measurable bounded
random variable. We refer to Jacod (2012)) for background information on this typical kind of limit
theorems arising in volatility estimation. Stability of weak convergence then allows for a so-called
feasible version of the limit theorem (14a)):

P2

n gt (G =€) ~5 N(0,1), (s

s
with [ lshil|+1 the estimate of 1 lshil|+10 @S defined in the weights (10), obtained by inserting the pilot
estimator and 7 under the conditions of Theorem|I] but also for any .J,, fixed as n — oo. This works
analogously for (I4b)) for which we self-normalize with I Eé 251 -1 instead. This feasible limit theorem
directly allows for confidence sets of estimates in practice. The estimators developed in this section
provide a main building block for our test constructed below, but are moreover of interest of their own

as efficient spot squared volatility estimators in presence of (possible) volatility-price co-jumps.

3.2 The test for common price and volatility jumps

Let (Sp)p>1 be a sequence of stopping times exhausting the jumps of X. We concentrate on the

following hypothesis: No common jump of volatility and price on [0, 1]:

Hoq: Y (es, —cs,-) =0, (16)

5,<1



against the alternative that there is at least one jump in the volatility at a jump-time of X. The test
investigates if price and volatility co-jumps occur. We specify the test hypothesis more precisely
by focusing on jumps of X with absolute values |[AXg | > a for a > 0 and call this ]I-I(a)[071}. The
reason for this is that a suitable test statistic and associated limit theory for H(a) 0,1 With.a > 0 works
under a much more general setup with jumps of infinite variation while testing ]H(O)[Oﬂ requires
Assumption to hold. In both cases, we concentrate only on a finite number of jumps of X on
[0, 1] in the hypothesis. This specification is also reasonable from an applied point of view, since we
are interested in testing for volatility movements at finitely many price jumps associated with news
that initiate updates of market participants’ expectations. Note thatJacod and Todorov| (2010) restrict
hypotheses in the same fashion for the theory without noise. In the sequel consider 71, . . ., Ty, , a finite
collection of jump times of X on [0,¢],¢ € [0, 1], with [AX,| > a for all i. Denote by g : RZ — R

a test function with g(x, z) = 0 for all x. Let us now state the general form of our test statistics:

hpt—rpt—1

To(hnsras ) = 2 90, &) Lhn ot vy} (17)

k:r;l

Under some mild regularity assumptions on g in terms of differentiability in both coordinates limit
theorems for can be proved. We mainly concentrate on testing H(a) [0,1] and consider two specific
test functions in the following. Adjustments of the test for sub-intervals of [0, 1] are readily
obtained by ignoring all jumps elsewhere.

Theorem 2. Assume r < 2, and insert estimates from (12a) and (126) with h,, = k1n~"*logn,
rn = kan P logn, where 0 < B < (a(2a+ 1) AT(1 = 1/2)), J — oo, in with the test

function

T+ T2

g(z1,22) =2 5 —VZ1 — T2 (18)

Under ]H(a)[o,l], if either a > 0 and we impose the condition that the Lévy measure of X does not

have an atom in {a}, or r = 0, the following asymptotic distribution of the test statistics applies:
- d
0P 2 Ty (s s 9) == X3, - (19)

Therefore, we obtain an asymptotic distribution free test by the asymptotic x>-distribution with Ny
degrees of freedom. On the alternative (£)\ ]H(a)[oyl]), To(hnyTn, 9) RN Zivzll g(¢r;ycr,—), and the
left-hand side in (19) is hence of order nP. The test with critical regions

Cp = {0772 Ty (hny 7y 9) > 0a(X3,)} s (20)

where qq (X%Vl) denotes the a-quantile of the X?vl -distribution, has asymptotic level o and asymptotic

power 1.

10



The result is valid when we instead of the unobserved number of jumps with absolute value larger
than a insert the estimated number of jumps via thresholding. A naive approach based on the asymp-
totic normality results (14a) and (I4b) with test function g(z1,x2) = (1 — x2) yields as well an

asymptotic distribution free test:

N1 _1/2 d
ro1/2 (2 3 IL—;#TYHJ To (A 7y §) 5 N(0,1), @1)
-

on the hypothesis H(a)[o, 1. Apparently, by the slower rate n%/2, close to n'/® for a < 1/2, compared
to the above test in Theorem2]is preferable. Here it is particularly beneficial that the convergence
rate in (19) is much faster than in (I4a)) based on second-order asymptotics. For instance, if @ ~ 1/2,
we come close to a n'/* rate.

We can also consider the following kind of hypotheses with the same methods in a multiple testing

framework. Not all jumps of the price are accompanied by volatility jumps:

| Hs, with Hs, : (cs, — cs,-) =0, (22)
p=21

against alternative that there is each time a jump in the volatility for any jump-time of X. The test
(22) helps to discriminate events that induce simultaneous jumps in price and volatility from events
that only lead to price jumps and have no influence on the volatility.

For the construction of a test procedure we consider a finite set of Nj statistics by (g(én., éﬁ._))i =

A~

{g(cy & )ik €{0,... hyt — 1} with hy[CRUY)| > up, V a?}, namely with 75,0 = 1,..., N,

exhausting the estimated jumps in X.

Corollary 3.1. On the assumptions of Theorem [2| we obtain with the test function (18) for all i =
1,...,Ny:

~~ N N d
P2 g(er, 6 ) -5 N2, (23)

i.e. an asymptotic x*-distribution with one degree of freedom. The multiple test with critical regions
~—1/2 ~ ~ 2
Cui = {n"07 2 g(Er,6nm) > a4,y oym O} (24)

foralli=1,..., N1, where 4o (X3) denotes the a-quantile of the x3-distribution, controls the asymp-

totic level o for the familywise error rate.

We use the Sidak correction for the critical regions, since the single tests are almost surely asymp-
totically independent. Other concepts of multiple testing theory can be used, but note that contrarily

to usual multiple comparisons in our setup Ni will be typically rather small.
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4 Implementation and numerical study

4.1 Practical guidance

In the sequel, we provide some information and advice on practical aspects for applying the methods
from Section [3] In the two-step squared volatility estimation procedure some tuning parameters are
involved which have to be specified in practice. In the upcoming discussion we point out that only
few crucially effect the overall performance and give instructions how to fix parameters. We address
the parameters in order of appearance when implementing the method.

The bin-width h,, =< n~"/2logn balances the number of observations on bins nh,, which should be
large enough to smooth out noise, and the discretization error of the local parametric model. Con-
sequently, the smoother the underlying volatility process the smaller the discretization error which
allows to involve larger bins. On the other hand, the lower the noise level the smaller the bins can
be chosen. The bin-width also influences the frontiers in disentangling small jumps from continuous
motion. Smaller bins allow to detect smaller jumps. For this reason we do not give a universal rule to
fix the proportionality constant for h,, as the scope of the study and stylized facts of the data should
be taken into account. Also, it is possible to employ locally different bin widths, for instance, if the
volatility is supposed to be higher at opening we may take smaller bins for a first time period and
larger ones for a later period. Within a reasonable range the estimator is quite robust to modifications
of h,,. We advise to select h,, such that the number of observations on bins is ca. 100 for typical signal-
to-noise ratios and at most 1000 when high noise pollution is indicated. This results in ca. 30-100 bins
per trading day. It is important that different choices of h,, do not cause any finite-sample bias. Note
that the local adaptivity of the method is driven by the adapted weights in the spectral domain and not
the bin-width.

For the local parametric squared volatility estimation with (12a) and (I12b) and the pre-estimation step
with and (I1D)), we choose spectral cut-offs .J,, and JP' respectively. For the oracle spectral es-
timator, the highest possible cut-off .JJ,, = nh,, — 1 provides maximal information. Since the weights
decay exponentially for j = +/nh, = logn, the addends with j large become negligible. Tak-
ing also computational efficiency into account, it suffices to choose .J,, < logn. The proportionality
constant should be larger than 1, we take values between 3 and 12, a larger factor for large sample
sizes, but as long as J,, = log n, higher cut-offs can only slightly increase the performance. The pilot
estimator relies on an average over frequencies 7 = 1,..., JE'. Constant weights are a good proxy
for the oracle weights up to a moderately small Jbi (not larger than logarithmic in n). We thus use
here J2' = log n with proportionality factor smaller than for .J,,. The crucial difference in the choice
of J&! compared to .J,, is that if JE" will be chosen much larger the efficiency of the pilot estimator
does not increase, contrarily it becomes less accurate.

The threshold w,, on local quadratic variation estimates (2¢(Y),k = 1,..., h,,! from (@) disentangles
the ones which are ascribed to jumps from all others. For the asymptotic theory u,, =< h] works with

any 7 € (0,1). Since in absence of jumps local estimates (¢(Y") are of order h,, and the maximum
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over all bins of order 2log (h,, )k, a simple global truncation rule is to set u, = h,2log (h,?1).
This threshold is used below for the pre-estimation step of our two-stage method. We incorporate in
the finite-sample setup also the magnitude and intraday shape of volatilities. The mean of ng(Y)
is cgp,, hy, in absence of jumps and based on the pre-estimation step we employ in the second step a
time-varying adaptive truncation methodology, see |[Bibinger and Winkelmann| (2013) for a thorough
introduction. Since this truncation principle detects a finite collection of estimated jump times we do
not consider some additional a > 0 in (I7). When one is interested in jumps above a certain level
only, this can be done by setting a > 0 in the test statistic.

The most influential tuning parameter for the estimators (12a) and (I2b) is the smoothing window
r, =< n Plogn. If we choose r, larger, the final estimates become smoother. To cope with edge
effects, we take for the first and last r,; ! bins estimates at time ¢ which rely only on the bins on [0, ]

and [t, 1], respectively. In simulations below, we first use a large 7, *

in a constant volatility setting. In
the complex simulation study and the empirical example, we take 7, ! rather small instead. Note that
we conduct local averaging of the parametric bin-wise estimates and one could as well use a kernel

filter — however the effects are rather small.

4.2 Monte Carlo study

This Monte Carlo study examines the finite-sample performance of the proposed methods in two

implemented models:

i i
* Yy, = /" dBt+/n / zp(dt, dz) + ¢ ,
with com%ensator y((c]lt, dﬂa}) = dtII(dz) and II the measure of a normal distribution IT ~
N(H,H/100), such that H acts as parameter to trigger the average size of jumps, ¢; w
N(0,1?) and B a standard Brownian motion. Here we examine the test statistic under the
hypothesis of no common jumps and for a constant volatility, in particular without any volatil-
ity jumps.

L4 }/z/n:/n()Ot\/ad.Bt_f'/n/"I;,LL(dt,d.')f?dy)"‘EZ7
0 0o JR
with v(dt, dz, dy) = A dt I1(dz)II(dy) where again I1 ~ N (H, H/100), ¢; id

N(0,7? ( fol @?c%)l/ 4). The jump measure has a second real argument to incorporate instanta-
neous arrivals of volatility jumps. ¢ is a model for a deterministic volatility seasonality motion:

pr=1-— %tl/ 24 %tQ, and ¢; a random stochastic volatility fluctuation including leverage:
dCt == 6(]. - Ct) dt + \/adét + th .

B and B are two standard Brownian motions with d[B, B]t = pdt and we fix p = 0.2. The
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Table 1: Parameter specification for Monte Carlo.

Scenario n A H n 1 ht g JP o lin(2a) r;'in (1)
I 300000 1 0.25 0.001 | 300 50 25 100 10
1 30000 2 025 0.005' 60 40 25 3 5
11 30000 2 025 005 1 60 40 25 3 5
v 30000 2 0.05 0.005, 60 40 25 3 5
Y 5000 2 025 0005' 10 30 20 3 3
VI 5000 2 025 005 1 10 30 20 3 3
VII 5000 2 0.05 0005, 10 30 20 3 3
| VI 30000 2 025 0.005' 60 40 25 3 5
X 5000 2 025 0.005' 10 30 20 3 3

volatility jump component is of the form

t t
= [ [ wntatds.ag)+ [ [ sitar.az
0 R 0 R

with a € R and o(dt, dz) = dt I1(dz) again.

We consider the first constant volatility model with n = 300000 observations as idealized setup in
scenario I to investigate the accuracy of our asymptotic results. The second model serves as more
realistic setting to mimic dynamics of typical financial high-frequency data. We consider scenarios
II-VII setting v = 0 above, which means the hypothesis is valid. Two scenarios VIII and IX are
simulated under the alternative with v = 1. In scenario IX we modify the jump measure of the
volatility slightly by having with probability 1/2 no jump and with 1/2 normally distributed jumps
as above. The parameter configurations used in the Monte Carlo study for different scenarios are
summarized in Table 1, The window lengths r,; ! for (I2b) and (TTb) are set equal to the ones for
and (ITa). We take smoothing window widths in (12a)) rather large for the constant volatility
case and use quite small windows in the stochastic volatility setup.

The results of the Monte Carlo study of scenario I are illustrated in Figures[I]and [2]by comparisons
of the empirical Monte Carlo distribution of test statistics under H|g 1 and the theoretical asymptotic
distribution. For these illustrations, we have selected 1000 runs with each of them having realized
N; = 1 jumps in X and compare to a x? distribution. Left-hand the plots for the test from Theorem
and an asymptotic x?-distribution are depicted, right-hand for the test from (2T)) and an asymptotic
normal distribution. The density estimates and the QQ-plots for the test from Theorem 2] demonstrate
that the empirical statistics are well-predicted by our asymptotic distribution theory. Most importantly
the large percentiles very closely track their theoretical counterparts what guarantees the accuracy of
the decision method. For the naive decision rule relying on the asymptotics of the spot estimators in
(21), the empirical quantities also fit the asymptotic distribution remarkably well even though the rate

of convergence is very slow. Only the tails are a bit heavier than Gaussian in our realizations.
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Figure 1: Empirical distributions of normalized test statistics of 1000 runs in scenario I for the test
from Theorem [2] (left-hand) and the test from 1)) (right-hand). The plots display histograms and
kernel density estimates (solid lines), based on the standard R setup with Silverman’s bandwidth
selection rule of thumb, and the theoretical asymptotic x3 and standard Gaussian densities (dashed
lines).
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Figure 2: QQ-plots of MC results in scenario I for Theorem [2] (left-hand) and the test from (21
(right-hand).

Let us proceed with the more relevant setup of the stochastic volatility model and scenarios II-VII

under the hypothesis and scenarios VIII and IX when the alternative is true. Although we may report

15



Scenario II Scenario III Scenario IV Scenario VIII

H] - ] J— H o ]
7 ~ o
s ~ 8 f&g N P .
& rd &
) mﬂ; ) fﬁf : o N
. e . I 2 4 e
& & S
e ' o
o ¢ o
A 7 N &/’
Scenario V Scenario VI Scenario VII Scenario IX
8 g e g - ]
X”f mmm
8 8 )X:y'l g g 8
g P f*’}y g s 8 om g
&~ e B
< ?J,&" g y g um«w e &;
= s .
] ; /"v af i & e -
e ™ e ™

Figure 3: Empirical size and power of test in Monte Carlo for iterations with one jump in realized path.
Nominal level on x-axis (shows percentiles of theoretical asymptotic distribution) against empirical
amount of realizations smaller or equal those percentiles (y-axis). Number of observations is n =
30000 for scenarios II-IV, VIII, upper line, n = 5000 for scenarios V-VII, IX, bottom line. Right
column, scenarios VIII and IX under alternative, others under hypothesis.

from our simulations that the naive test from (21) still gives reasonable results, we shall concentrate
now on our proposed test from Theorem 2] In scenario II we consider a setup which mimics a realistic
situation. The volatility process inherits a very wiggly continuous semimartingale random component
and the sample size n = 30000 is ca.the number of trades over one single day for typical high-
frequency traded assets (testing intervals we have in mind are one day or longer periods). The signal-
to-noise ratio is relatively large. The jump sizes are rather large compared to continuous increments
which makes the detection via truncation quite precise, also in the presence of high noise dilution.

This also reflects a typical real data situation where we focus on relevant price adjustments.

Scenarios III-VII aggravate different difficulties of the setting to analyze the method’s reaction. In
scenarios V-VII we reduce the sample size to n = 5000, while in scenarios IV and VII we have
smaller average jump sizes and in scenarios III and VI a tremendously high noise variance. Scenarios
VIII and IX are counterparts to scenarios Il and V when the alternative holds true.

Results from 2000 Monte Carlo iterations for the ones with one realized jump in X which is recovered
by truncation are shown in Figures 3] and ] Figure 3 visualizes the empirical size and power of the
test by plotting percentiles against theoretical asymptotical ones for all considered scenarios. Figure
M| gives density estimates of rescaled test statistics. Results for a different number of realized jumps

look very similarly for those with enough realizations. Altogether, the test in Theorem [2| performs
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Figure 4: Kernel density estimates of empirical distributions from Monte Carlo of standardized test

statistics from Theoremrescaled with realized number of jumps IV, L

very satisfactorily in practice. For the realistic scenario 2 the theoretical asymptotic distribution still

explains very well the empirical outcomes. In case of very noisy data the plots for scenarios III and

VI reveal a slight under-rejection of the test. For scenarios IV and VII the depicted graph looks a bit

wobbly what is explained by the fact that the number of detected jumps by truncation decreases here

such that the fit by the realizations gets less accurate. The power realized in scenario VIII is very

good, in scenario IX we can not achieve a power close to one, but still reasonable power is attained.

S Data study

To provide evidence about the practical relevance of price-volatility co-jumps and to study the per-
formance of our estimators and test in a real-world data environment, we apply our methodology to
stocks traded at the exchange platform NASDAQ. The data study is based on limit order book data
taken from the online data tool LOBSTERlﬂ The example refers to stocks of the online and technology
companies Amazon.com Inc. (AMZN), Apple Inc. (AAPL), Facebook Inc. (FB), Intel Corp. (INTC)
and Microsoft Corp. (MSFT). We focus on transaction prices of 252 trading days in the year 2013.
A trading day spans from 9:30 to 16:00 EDT and includes for a single stock a minimum of 4,267
(AMZN 2013-07-03) up to a maximum of 210,812 (FB 2013-10-31) transactions. One benefit of
our estimator and test is that we can directly plug-in traded log-prices, reconstructed from the order

TLOBSTER academic data- LOBSTER.wiwi .hu-berlin.de, powered by NASDAQ OMX
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Table 2: Testing for disjoint price and volatility jumps in NASDAQ order book data.

. Rejection rate Sample Averages
% days with .

Stocks price jumps (common jumps) (whole year)

a=5% a=10% n v
Amazon.com Inc. 9.13% 60.87% 60.87% 10,924 1.33 x 10~*
Apple Inc. 7.94% 75.0% 80.0% 36,947 119 x 1074
Facebook Inc. 11.5% 51.7% 58.6% 41,354 2.55 x 1074
Intel Corp. 46.8% 36.4% 47.8% 18,535 6.52 x 107°
Microsoft Corp. 23.8% 40.0% 53.3% 28,052  9.89 x 107°

Notes: Estimation and Test executed for each day separately. n indicates the number of observed trades per
trading day, IV the spectral estimate of the integrated squared volatility. Sample period from 2nd Jan. 2013
until 31st Dec. 2013 (252 days).

book, without considering any skip-sampling or synchronization procedures. Since the method is ro-
bust against market microstructure noise and non-regular spaced observations, we efficiently take into
account all information stored in the data.

To highlight characteristics of the price processes across the five stocks, we fix the bin-width h
of our estimators for all stocks at the same values. Estimates and tests refer to spectral statistics cal-
culated for = = 39 bins, i.e. one trading day is partitioned into 10 minutes intervals. On each 10
minute interval de-noised variation estimates are determined from all available information on the
interval using the spectral smoothing methodology. This allows for high efficiency gains compared to
simple smoothing techniques as using returns sampled at lower frequency. For the present examples,
results are found to be very robust when further shrinking bin-width towards 5 minutes. Therefore, and
to keep the example tractable, we do not adjust the bind-width based on the number of particular ob-
servations n for each asset and day. We include J = 30, J?* = 15 spectral frequencies in (TTa)), (TTH),
and (I2b). Jumps in prices are detected by the locally adaptive threshold i = 2 1og(h_1)h(},%,
with 6,3 the pilot estimator of the spot squared volatility. We fix the window lengths to 7~ = 6 neigh-
bored bins. The test of jumps in volatility then refers to a two hour interval around a detected jump in
prices. Thus, we evaluate the squared spot volatility and its left limit by comparing the volatility one
hour before the occurrence of the price jump with the volatility one hour after the price jump. Surely
r~! determines a crucial parameter which can be studied to learn about the persistence or live-time
of a break in spot volatility. We apply the test to each day separately. Thereby, we do not focus
on overnight price and volatility movements which are systematically present. Price and volatility
co-jumps are detected in a 10:30 to 15:00 EDT interval as the considered trading period is 9:30 to
16:00 EDT. This includes in particular arrivals of important news announcements, for instance unem-
ployment rates and news reports by the companies which can evoke jumps. Open and closing period

with systematically elevated volatilities at the beginning and end of a trading day are excluded in our
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Figure 5: Examples of common price and volatility jumps. Upper figures indicate price processes
as functions of trading hours. Lower figures display the related spectral statistics on 39 10 minute
partitions of the trading day. 2013-08-13: n = 87445, estimated quadratic variation QV =3.5x1074,
estimated integrated volatility IV = 6.05 x 107°. 2013-05-14: n = 40707, QV = 2.29 x 1074,
IV = 5.86 x 107°.

analysis. We also need a strategy to deal with situations when price jumps occur with less than two
hours in between. However, for the current example this turned out to be of minor relevance as we
do not find many days where this is the case. We propose to group several succeeding jumps together
and analyze if one volatility jump has occurred by looking at windows left and right of the series of
jumps.

Table [2| reports the rejection rates for the 5% and 10% significance levels. Results indicate that
on a 5% significance level 36% (INTC) up to 75% (AAPL) of jumps in prices are accompanied
by jumps in volatility. For Amazon we find 14 price-volatility jumps with respect to the 5% and
identically with respect to the 10% significance level. In comparison with detected price jumps, it
appears that the rejection rate decreases in the percentage of price jumps. This leads to relatively
stable frequencies of price volatility co-jumps over time across the considered stocks. Referring again
to the 5% significance level, the Apple stock price displays with around 6% of the trading days the
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lowest frequency of common price and volatility jumps. With around 17% of trading days Intel has
the largest number of common jumps.

Figure [5 illustrates the mechanisms behind the test for common price and volatility jumps. Left
hand plots show an upward jump in prices (bin £ = 30), whereas right hand plots show a downward
jump in prices (bin £ = 27). Both price jumps are associated with a significant contemporaneous
upward jump in spot volatility — indicated by the black horizontal lines. The p-value in both examples
chases 0.00. On the first example date 08/13/2013 Carl Icahn has taken a large stake of AAPL stocks.
On May 14th, the downward jump example date, figures of mobile phone sales have been reported.
We find evidence for frequent occurrences of simultaneous jumps in price and volatility. Yet, by
far not all detected price jumps are accompanied by volatility jumps. Even large adjustments can
take place without influencing the volatility much. For instance, on January 28th we find one jump for
INTC and the p-value of the test is ca. 0.4. That day Intel Corp. announced that its board promoted five
corporate officers and elected three new corporate vice presidents. On 23rd July, when Intel revealed
information on forthcoming Atom processors C2000, we detect one price jump for INTC and a p-
value of ca. (.98 which indicates no contemporaneous volatility jump. We find similar examples for

several days and all considered stocks.

6 Conclusion

We present a new test for the presence of contemporaneous jumps of price and volatility based on
high-frequency data. The test transfers the methodology of |Jacod and Todorov| (2010) to a setup
accounting for microstructure noise by employing a spectral estimation of the spot volatility and an
accurate test function. The nonparametric spot volatility estimator shows appealing asymptotic and
finite-sample qualities and is of interest beyond the scope of this article. The estimation of the un-
derlying spot volatility opens up several new ways for inference in models of high-frequency data
with noise. Our data study reveals cogent significance of price and volatility co-jumps in NASDAQ
high-frequency data. This has consequences for the future modeling of price and volatility. Inves-
tigating why many price jumps are accompanied by volatility adjustments, but others not, appears
important through the lenses of economic theory of information processing and surprise elements.
The presented methods can be generalized in various directions. For instance, our methods guide the
way how a test for correlation of price and volatility jumps, as presented by Jacod et al.| (2013) for a

non-noisy observation design, can be constructed.
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A Proofs

A.1 Preliminaries

On the finite time horizon [0, 1], we may augment local boundedness to uniform boundedness in
Assumption such that we can assume that there exists a constant A with

max {[bs(w)], |es (W), | Xs ()], |0w(s, 2)|/7(2)} <A,

for all (w,s,z) € (2, R4, R). This standard procedure can be found in Jacod| (2012), Lemma 6.6
in Section 6. 3. Throughout the proofs K is a generic constant and K, a constant and emphasizing

dependence on p. We decompose the semimartingale X in the continuous part

t t
Ct:Xng/ bsds+/ /e AW,
0 0

and the jumps

K ¢
Jt:/0 /]R5(S,x)]l{|5(s,z)|§1}(ﬂ—V)(ds,d:v)+/0 /R5(S’x)ﬂ{|5(s,x)|>1},u(d5,d-T).

The process

t
Ct = A /CLShﬁljhn dWs (25)

serves as an approximation of C; by a simplified process without drift and with locally constant
volatility. We separate jumps with absolute value bounded from above by some € < 1 and larger

jumps:

t t
T=3@e+ [ s s o) dsda) + [ 500 gsemsyuds, da),
0 JR\A. 0o JR

with A, = {z € R|y(z) < £} and later let ¢ — 0. Let us recall some usual estimates on Assumption

which are crucial for the following proofs. For the continuous semimartingale part we have
Vp>1,5t>0: E[|Copy — CslP|F] < Kpt"?. (26a)

For given 0 < € < 1, for J(¢) the estimate

P
2

(s+t)
Vp>1,Vs,t > 0: E[|J(e)st — J(€)s|P|Fs] < Kp E / / yu(dr, dx))

|

< KpttaM 2 (26b)
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holds with . = [, (v2(x) A1) A(dx) < Ke®).

The continuous semimartingale increments satisfy a local Gaussianity in the sense that

S+t P
¥p>1,5,t >0 E[[Cort—Co— (Ves(Wape = We))IP| F] < KPE[(/ o7 —a*dr) |7
<K, BE[ sw (o, — )| 7]
TE[s,s+t]

< K3 (1+(2av) (26¢)

Large jumps occur seldom what precisely means that the expectation of jumps with absolute value

larger than ¢ is bounded by:
Vs,t >0: B [|Jogt — Js — (J(€)sgt — J(€)s) || Fs] < Kte™". (26d)

On Assumption with > 1, the jumps satisfy

Vst 2 0: B[l — L[ Fo] < KPEK/: /RW"(x) ADA(dz)ds ) UT}

< K|t — 5|/ (26e)

and with the same reasoning for » = 2, we can conclude that the volatility under satisfies
E[|c; — ¢s| |[Fs] = [t — s/(“V1/2). Proofs of these bounds by routine stochastic calculus can be found
in Jacod (2012), among others. Recall the definition of the weights (I0). The magnitude of these
weights is

Wi SI]k: (Ckhn—i_%H(I)Jk”nz) :O((l—i_W) >
B 0(1) forj < v/nhy, 27)
O(i~'n2hd) forj > ih,

1

. _ . _ 1 — _
with H(I)]an2 ~ 7T2]2hn2 = (fO (I)gk(t) dt) = ”(I)]k” 2'

A.2 Stable convergence of the spot squared volatility estimators

We shall establish stable central limit theorems for the estimators (I2a)) and (IZb). Since we may con-
sider the continuous martingale part of X time-reversed, the mathematical analysis for both follows
the same arguments and principles and we restrict ourselves to treat the right-limit case explicitly. The

proof takes several steps according to the following decomposition:

Lshn '] 4+rat

" (C . cs) - << > Tncgd(y)l{hnlczdww}) - CS>

k=|shn'|+1
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Lsha ' J+r7 !
= ’I?,B/Q (( Z T'an(é + €)> — Cs)

k=|shyt]|+1

[shy ! |+rn ~
+n5/2< Z rn(Ck(C'FE)—Ck(C-FG)))

k=|shn'|+1

Lshn )47t
+ nﬂ/2< Z n <Ck(Y)]l{hn|Ck(Y)|§un} — G(C + 6))>

k=|shy;t]|+1

[shi ! |+rp !
+”ﬁ/2< > Tn(C/?d(Y)]l{hn|<gd(Y>|Sun}—Ck(y)]l{hnlék(Y)lS“n}))‘
k=[shn!|+1

In the first step we establish the stable CLT for the spectral estimator built from observations of the

process C in the simplified model with noise:

Lshat +rn !
Step 1: nﬁ/2<< Z rCe(C + e)) — cs) (o) MN(0,8¢72n"?) . (28)
k=|shn ' |+1

Proof of Step 1: In order to establish a point-wise central limit theorem we verify three conditions:
one addressing the expectation, one the variance and one Lindeberg-type criterion. Additionally we
have to show that the weak convergence holds stably in law.

Recall the summation by parts identity for spectral statistics from |Altmeyer and Bibinger| (2014):

n

Sjk = H‘I’jk’f(ZA?X‘I’jk(é) - Zﬁi ‘pj’“(i +n1/2>i> ’

i=1 i=1

with ;i (t) = V2hi 72 cos (jmhyt(t — khy)) Likh,,,(k+1)h,) (t). Thereby unbiasedness of the local
estimates (9) follows from an elementary calculation, analogously as in/Altmeyer and Bibinger| (2014):
E[¢:(C + €)] = cip, for all k. Altmeyer and Bibinger| (2014) have worked under i.i.d.noise, the
generalization to serially dependent noise relies on Lemma 1 of [Bibinger et al.| (2014b)). For the
expectation of the left-hand side in (28)), we deduce that

Lshy |+t Lshid |47t
n’? ( Z rE[Gi(C + €) — Csfkhn]> = ”5/2( Z "n(Chh,, — cs)>
k=|shyn']+1 b= shit | +1
Lsha ' J+ra
= Op <n6/27'n Z (khn)(a\/1/2)> = Op (nB/Q(hn/Tn)(a\/1/2))
k=[shp'|+1

o (nﬂ((a\/l/2)+1/2)n71/2(avl/2) log(a\/l/2)(n)> — op(1),
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because o > 0 and 3 < a(2a + 1)~ for any « implying 8 < 1/4 for a < 1/2.
For the sum of conditional variances of the left-hand side of we obtain

Lshit|+rp ) Lsho '+t T
n? Z r2 Var(Ck(C’ + e)|j’-‘khn) = nﬁrn< Z Zrnw]zkfﬁfl + OP(1)>
k=|shyt]+1 k=|shyt|+1J=1

= log (n)I_l<CLsh;1jhn> + R,

The remainder in the first equality is due to fourth moments of the noise when the noise is non-
Gaussian and handled as in|Altmeyer and Bibinger|(2014). Here we write wy, I, I} as functions of
the squared volatility: I;(c) = % (c+ HfbijgQg)_Q, I(c) = Z}]ll Ii(c) and wj(c) = (I(c)) I (c).
Note that ||®,||,,? is equal for all k such that time-dependence of I, I;,w; is solely through the

squared volatility c. We exploit the bound on the derivative of the weights w.r.t. c:
w;(c) = O(wj (c) log2 (n)) , (29)

here and several times below. The bound is proved in |Altmeyer and Bibinger (2014) on page 40.
Observe that by the chain and product differentiation rule

%(W?(C)(Ij@))_l) = 2uw;(c)wj(e)(1;(e)) ™! + wile)d(e + [|@sull, > E) -

Thus we can find an upper bound for the remainder ?,, using

In Lvnhn ] In
(V@) (1A [Bsllint) = O( EED H‘ijllﬁn3> = O(log’ (n))
J=1 j=1 j=1
Lshyt |+rnt
s =0 (w02 Y o~ ) ) =0 0 )
k=|shy ' ]+1

with (27), which tends to zero as n — oo because o > 0 and 3 < 1/2. The Lindeberg condition is

proved by the Lyapunov criterion considering fourth moments:

Lshn ] +rnt ) Lsho ']+t 7 Jn ) ) A I\ 4
N AE[C+ | Fm, | <n? Y ( wjk<E {(S? — 22ul7?) D )
j=1

k=|shn'|+1 k=[shn'|+1
= (’)(n_ﬁ logll(n)> =0(1),

using Jensen’s and Minkowski’s inequalities with Sjk being the spectral statistics (8]) based on obser-
vations of (C' + €). The order of the term readily follows with E[ka] < Kp(1+ n—P/2H<I>ij;p),
what is shown by equations (48) and (49) in |Altmeyer and Bibinger| (2014). Equation (48) carries

over and the proof of equation (49) can easily be adapted along the same lines including finitely many
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autocovariances of the noise. We obtain the variance in (28)), since the bin-wise Fisher informations

Jn

1 YA
L= 5" (mn + 105el2 1)

i=1

satisfy the following convergences (see |Altmeyer and Bibinger| (2014) for a detailed proof for the

integrated version):

L I, — /OO 1(c + 772;32)72 dx = (803/2 1/2) - (30)
log (n) k , 2 khn T 1] khy 1 )
and the reciprocal right-hand side thus constitutes the asymptotic variance of the spot squared volatil-
ity estimator in Theorem I}

Finally, stability of the weak convergence is proved similarly as in Proposition 8.2 of Jacod and
Todorov| (2010). For later use, let us consider a collection of times where we consider estimates
of the spot volatilities. In particular, for our test, we shall focus on finitely many jumps of X with
absolute value larger than some constant. Consider a finite set (.S,)1<p<p With fix P < oo of ordered

stopping times exhausting those jump arrivals of X on [0, 1]. The restriction of 2 to
Qn = {we QS >ry hy, Sp <1 =1 by, Vp : (Sp — Spe1) > 2r Thy ) (31)
satisfies P(€2,) — 1 as n — co. We aim at establishing for

o = (nﬁ/2 (ég’; — cgp),nﬁ/2 (ég’;ﬁ — (32)

CSP_))lgogP

that B[ Zg(om)] — E[Zg(a)] with o = (2v/2c'n"/*Up, 2v2¢%"_n*/'U}), _ _, for any F-measurable
bounded random variable Z and continuous bounded function g and for (U,, U,) a sequence of stan-
dard normals defined on an exogenous space being independent of /. This is the definition of the
claimed stable convergence. Denote by (Dg’;f, Dg’;)l <p<P
as our spot estimators (12a), (I2b), but when the local volatility is fixed equal to 1. Then, the
(Dng’ DQZ) 1<p<P
where

statistics calculated in the same way

are local means of bin-wise spectral statistics Zj;l wik ((S5)? — @112 1),

Sik = Il Y- (AP + e — 1)y (- )
i=1

From the above considerations for the point-wise clt, we obtain that
B/Q Tn 3/4 Tn P
n (Csp CSpDSp) — 0, (33)
and analogously for ég*;_ Therefore, we are left to prove that for

an = (n"*(Dg, ~ 1),n" (DY~ 1))

1<p<P
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the condition E[Zg(d,)] — E[Zg(a)] = E[Z]E[g(a)] with & = (2v20*U,, 2v20*U}) _ _p
and (Up, UI’,) a sequence of exogenous standard normals independent of F is valid. The strategy is to

exclude intervals on which the spot estimators are built and conditioning. Thereto, define
P
By = JI(Sp = (rp " + Dhn) V0, (Sp + (ry " + 1)hn) A 1]
p=1

and G as the smallest filtration to which W is adapted and such that the o-field generated by the
Poisson measure which determines S1, ..., Sp lies in G'. Then each &, is G{'-measurable. The
following decomposition of W is well-defined:

W(n)t = /0 ]].BH(S) dWs, W(n)t = Wt - W(n)t .

It is enough to consider Z being G;-measurable, as we can simply substitute with E[Z|G; | otherwise.
When H,, is the o-field generated by Gf and W (n);, (H,,),, is an isotonic sequence and \/,, #,, = Gy'.
Since E[Z|H,] — Z in L'(P), it is enough to show

E[Z1q,9(an)] — E[Z]E[g(a)] (34)

for Z H,-measurable for some g. Restricted to 2, the vector &, includes only increments AW
from W (n); and independent of W (n);. Then for all n > g, conditional on H,, the vector d&j, has
a law independent of W (n); such that E[Z1¢q, g(&,)] = E[Z1q,]E[g(&x)],n > ¢, and the ordinary
central limit theorem implies the claimed convergence. We have verified all conditions and infer the
stable limit theorem (28). O

To prove that the same CLT as is valid for n”/> (67"" — cs) , we show for the other addends

S

above that they converge to zero in probability for all s € (0, 1). We proceed with

Lshn ' J+ry !
Step 2 : n? ( oo (gk(c +€) — G(C + e)>> = op(1). (35)

k=|shyt]+1

This remainder due to approximating C' by the simplified process C' has exactly the same structure
as the one for the integrated squared volatility examined in paragraph 6.3 of |Altmeyer and Bibinger
(2014). We incorporate the additional jump component in the volatility using (26¢)). Then, repeating
the proof along the same lines, only changing the mean over all bins to the mean over local windows

of size r,, 1 h,,, renders with 3 < 1/2 the order:

Ck(C + 6) — Ck:(é + 6) = O]p(h%a\ﬂ/m) = Op (n_’%) R
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uniformly for all k. For this remainder the Holder smoothness of the drift is needed because A,
is chosen a logarithmic factor larger than the usual order n~"/2 of band-widths in related works as
Barndorff-Nielsen et al.| (2008)) and Jacod et al.| (2009).

Lshn ' |4rat

Step 3 : W( > rn(ck(Y)ﬂ{hnKk(yn@n}—<k<0+e))):ou»<1). (36)
k=[shy ' ]+1

Proof of Step 3: 1t suffices to prove that uniformly for all k:

’Ck(y)l{hn\Ck(YﬂSun} - Ck(c + 6)’ = Op (nfﬂ/z) .

We distinguish between two disjoint subsets of {2 according to whether | (C +€)| > pu,, = cph],
for some fixed p € (0, 1), or not. Consider first the subset on which h,|(x(C + €)| > pu,. If we

choose Ny € N, such that hﬁfo(l_ﬂ = O(n_%_s) for some € > 0, we have

1G(C + €)] <|G(C + )| Vo (2) Noplo(=7) = Op (10g?No T2 (n)nN0U=7)) = op (n=7?),

G (Y) = Ge(C 4 €)] < [G(Y) + GlC + €)][Ge(C + e)[No(2)Nopoli=)

— (’)P(logZNO“(n)h,]yO(l_T)) = Op (n‘ﬁh).

We use bounds for the moments of |, (C'4€)|P = Op(log®(n)), p > 2, which follow by the moment
bounds for S’jk with Minkowski’s and Jensen’s inequalities as for fourth moments in Step 1 above
and with Step 2. Note that these bounds are not sharp, as can be seen for the second moment which
increases logarithmically, but sufficient for the proofs. The first bound in case of truncation on bin &
and the second one analogously in case of non-truncation imply (36).

Next, consider the subset of 2 on which h,|(;(C + €)| < pu,. We have the decomposition

Jn n 2 n n
G(Y)=CG(C+e)+) wa‘k\l‘ijHf((ZA?J‘I’jk(Z)) +2Y AT (E)Y ANCDy, (Z)) ,

j=1 i=1 i=1 v=1
neglecting cross terms of jumps and noise. All cross terms can be bounded using Cauchy-Schwarz.
We focus in the sequel on the addend with jump increments A”'.J. The bounds and for the
probability of jumps above a certain magnitude occurring on different time instants show that cross
terms of the squared sum are asymptotically negligible. Therefore, using Jensen’s inequality twice we
find that

Jn n ' 5 p Jn n . »
E| > wil @l (D ArI@um(L)) | <D wik | (D l1@sln?(Ar7)20%(£))" | +o(1)
J=1 i=1 J=1 =1
SRS 2 25 () 2
<> w0l [|AT TP + 0(1) = O(1)
j=1 i=1
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With these moment bounds at hand, we obtain in case of truncation, which means

n

il (3 ars(2) | >

j=1 i=1

hnlCe(Y)| > un = hy

for some p > 0, the following bound:

[G(C + )l , No
G(C+ o) < P — | Zw]kn%n 2(2A o (2) ] = 0p(n?)
In case of non-truncation, h,|(;(Y)| < uy, we derive
JIn n ) .
E[| Y wiel @il D (A1T A Vi) @2, (£)]] = 0(ul72).
j=1 i=1

and hence if we can ensure that i ~"/%) = o(n=P/?):

+op (n_B/Q) = 0Op (n_B/Z).

Jn n
Ge(V) = G(C+ O < K| Y w0z D (A1 A i) 0% (£)
j=1 i=1

The conditions 5 < 7(1 —r/2) as well as 7 < 2 is exactly what we need here to guarantee (36). [

Lsho ! |+rat

Step 4 : ”B/2< Yo (GO e <uny — (Y )]l{hncp(ws%})):@ﬂ)(l)'
k=|shy ' ]+1

(37

Proof of Step 4: In Step 3 we have not used the specific form of the oracle weights (10)) and the proof

analogously extends to

shy ~|+rs
W( S GO riuny — G <c+e>)>=oﬂm<l>. (38)

k=|shyt]+1

Thus it suffices to prove that

shn ™ |+7n
nﬂﬁ( > @+ —<k<0+e>)> = op(1). 9

k=|shn*|+1

We decompose this remainder as follows. First, consider the difference of pre-estimated and oracle
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weights, when the pilot estimator is the same for the whole window:

Lsha'l4+rat T

S>> (w () = wi (e, ) (S5 = HIl? = i)

k=|shpt]+1 =1

JIn Lshn t) 4+t
T pilot A _
<> [ws (s, ) = wi(enn)| | 22 (k= RI2al” — e
j=1 k=|shyt]+1
Jn
=0p 7,711/2 Z (1 + ||<I>jk||;2n_1)wj (CLShT—Lthn> log (n)d, | = Op(n_ﬂ/Q) .
j=1

Here we have used that the expectation of the difference is zero and that the weights do not hinge on
k. We have bounded the variance using the derivative bound (29) on the weights and that covariances
of the S?k over different bins tend to zero. Finally, we denote the rate of the pilot estimator d,, here
and since /> = n=8/2 log (n) some ¢, < n~¢ for any ¢ > 0 is enough here, while we actually

attain 6,, = n~A/2 It remains to bound

Lsha | 4rot Jn
2 | arn,pilot ( arn,pilot 2 il -2
S>> v |3 (wy (™) - wy (@ ) (85 - 21952 = e,
k=|shp']+1 Jj=1
e JIn
2 ) . 2 A|g. ||-2
+ Z 7 Var Z(wj(ck’hn)_wJ(CLshgljhn))<Sjk_EH(I)Jk”n —ckhn)
k=|shnt|+1 J=1

= O (rnlog’ (n) (n*ﬂ v (r;lhn)zo‘)) = O(n*ﬁ) .
This proves and completes the proof of Theorem [I] O

A.3 Asymptotics of the test statistics

For test functions which are twice continuously differentiable with bounded second derivatives, Tay-

lor’s formula yields

62

5 (a1, a9) (21 — ar)?

0 0
gl w2) — glar, a2) = F1 (@, 00) (o — ) + 57 (@, 00) (w2 — ) + 5o
1

87)2

&g s, g
281’% (a1, a2) (w2 — a2)" + 0x10x2

+ o(max ((z1 — ar)?, (xy — a2)2)) .

_|_

(a1, a2)(z1 — a1) (w2 — az)

We apply a generalized A-method and set (a1, a2) = (cs,cs—) and the random vector (z1,x2) =

(¢ir, ¢t ) with estimators (12a) and (12b).

Denote by {71,...,7n, } a sequence of stopping times exhausting the jumps of X on [0, 1] with

29



|AX.,| > aforall i and some a € R and the Lévy measure of X does not have an atom in {a}. We

shall prove that

P
TO(Tnuhnvg) — Zg(cTi)cTi—)v (40)
i=1

and, furthermore, establish a limit distribution theory under H(a) [0,1]> When the right-hand side above
equals zero. We restrict ourselves to prove a stable limit theorem for the test statistic in case that we
only consider jumps with |AX,| > a. More general limit theorems in the vein of Jacod and Todorov
(2010) may also apply, but a proof is beyond our scope here. For our purpose the point-wise stable
limit theorems of the spot squared volatility estimators together with some standard considerations
suffice. We are a bit sketchy at this stage where we use similar reasoning as before. The core point is
that we may restrict to a subset of § again on which |71 — 7;| > 2r; 1k, foralli =1,..., Ny — 1,
and also 71 > r,; Th, ™, <1-—1r, 1p,. The asymptotic distribution of the test statistic is derived
with the following three convergences:

n5/2 (érn —cr

[rih Jhn ) 52N (0,86,

W (0 -~ ) N (0,82 ),

hpt—rpl-1
P
nﬁ< Z ]l{hn\éﬂd(Y)lwnan} n Z IL{IAXs>a}) — 0,

kJ:T’;1 s<1

which hold jointly. The stable limit theorems of the spot volatility estimators are given in Theorem
[[] The convergence of the set of bin-wise statistics (9) above the threshold to the set of /N jumps
is also clear from above. Concerning joint convergence of the spot estimates, note that on the con-
sidered subset of €2 all spot squared volatility estimates are computed from disjoint data subsets. In
particular this applies to left and right-hand estimates at a particular jump time 7;. Therefore, covari-
ations between all estimates converge to zero in probability which is enough to conclude joint weak
convergence. Cramér-Wold’s theorem gives equivalence to weak convergence of linear combinations.
Stability of the convergence of the vector readily follows by stability (joint weak convergence with
any measurable bounded random variable) of the single estimates.

Next, focus on the test function in Theorem [2] It holds that

99
8%‘1

0
(CTi7CTi) = 8752(671’671) = g(cnvcn) =0.
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The second order term comes into play and the equalities

@(C 0)78729(6 C)*— 829
Ox2 T _8:(}% T 9O

(cryser) = gcr,

Under H(a)(,1) when ¢;, = ¢, for all 4, the limit of nPTy(hn, T, g) can be described by a random

variable
Ny 9 ) )
A ; s /2 09 7 3/2,1/2
; (281‘%(67“ cTi)Zi + Fﬂ?%(CTN Cﬁ')Zi + 6-@161‘2 (CT'N cTz)ZlZl 807'1'/ n / ,
where Z; and Z;, i = 1,..., Ny, are two independent collections of i.i.d. standard normals defined on

the orthogonal extension of (€2, ,P) in the product space that accommodates all random variables
throughout our analysis. Since (1/v/2)(Z; — Z;) are i.i.d. standard normals the x?2 distribution with
N degrees of freedom appears as limiting distribution. The claim of Theorem 2] follows from bino-
mial formula, the second derivatives of the test function (I8)) and the fact that we have an estimator
72 =nl/2 4 (’)p(n_l/ 2). Even though the limit above could depend on the particular choice of stop-
ping times its F-conditional law does not. Corollary readily follows from the above asymptotic
considerations.

If we consider §(z1,z2) = (21 — x2), the asymptotic normality results and and that

covariations between left and right estimates tend to zero in probability give rise to the convergence:

Ny
_\ (st = 1/2
Ty (s b §) S S (20— i) (863291 %) 12,
i=1
on ]H(a)[(),l]’ when ¢, = ¢,,_ foralli = 1,..., Nj, where again (Z;, Zi)1§i§N1 is a collection of

i.i.d. standard normals accommodated on the orthogonal extension of the probability space. Standard-

ization with the pre-estimated Fisher informations readily yields the feasible limit theorem in (21J).
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