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Abstract 
 
When providing public goods through voluntary contributions, a donor may introduce 
unilateral matching in order to reduce underprovision of the public good and thus 
inefficiency. By itself, however, matching benefits the donor but harms the recipient. We 
apply Cornes and Hartley’s aggregative game approach to provide a novel graphical 
explanation of this transfer paradox, and also show how it may be avoided by introducing a 
commitment device. 
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1   INTRODUCTION 

The voluntary contribution model predicts that such global public goods as climate protection 

will typically be underprovided. To overcome this underprovision and to attain a Pareto im-

provement the proposed standard solution is mutual cooperation, governed by an international 

environmental agreement. However, implementation of such agreements is hard to achieve. Uni-

lateral action, particularly involving one-sided matching, may offer a way out of this dilemma. 

This approach envisages one group of countries subsidizing ('matching') the public good contri-

butions of another group of countries, thus reducing the effective public good price facing the 

recipient countries and encouraging them to increase their contributions1. This paper applies 

Cornes and Hartley's (2007) Aggregative Game Approach (AGA) to analyze a unilateral 

matching scheme within a simple two-player framework in which player (country) A commits to 

matching country B's contribution while B makes no reciprocal commitment. We first show that, 

without further conditions, the recipient country B will be harmed by one-sided matching, echo-

ing Bergstrom's (1989) cautionary tale about paradoxical effects of transfers in a public-good 

economy (see also Roberts 1987 and Boadway et al. 1989). We exploit the AGA to provide an 

intuitive explanation for this 'puzzle' which identifies the two conceptually different channels 

through which the recipient is hurt. We then show how, by introducing a complementary 

commitment device, matching can also be made beneficial for the recipient country B, thereby 

rendering participation in the matching scheme individually rational for both countries. 

 

2   THE TRANSFER PARADOX THROUGH THE LENS OF THE AGGREGATIVE GAME 

APPROACH 

Country i (i = A, B) has preferences over a private good xi and a pure public good G represent-

ed by utility function ui (xi, G) which is quasi-concave, everywhere increasing and twice con-

tinuously differentiable in both arguments. Both goods are everywhere normal. 

We denote country i's exogenous income and unit cost of public good provision by wi and ci 

respectively. In the Nash games considered here, each country independently chooses its flat 

contribution to the public good yi. Denoting by s the matching rate by which country A sub-

1 Various authors have extended Guttman’s (1978, 1987) seminal analysis of reciprocal matching schemes and 
public good provision. Notable examples include Boadway et al. (2007) and Buchholz et al. (2011). 
 

1 
 

                                                           



sidizes country B's flat contribution yB, the quantity syB is a committed and thus compulsory 

public good contribution for A. The total public good contribution of country A thus is gA = 

yA + syB .Country B’s total and flat contributions are identical, i.e. gB = yB. The budget 

constraints of A and B are therefore, respectively,  

𝑥𝐴 + 𝑐𝐴𝑔𝐴 = 𝑥𝐴 + 𝑐𝐴𝑦𝐴 + 𝑐𝐴𝑠𝑦𝐵 = 𝑤𝐴                 ( 1 )  

and 

𝑥𝐵 + 𝑐𝐵𝑔𝐵 = 𝑥𝐵 + 𝑐𝐵𝑦𝐵 = 𝑤𝐵.                      ( 2 )  

Total public good provision at any feasible allocation is 

𝐺 =  𝑔𝐴 + 𝑔𝐵 =  𝑦𝐴 + (1 + 𝑠)𝑦𝐵.    (3) 

Following the AGA, we describe the behavior of countries i = A, B by their replacement 

functions which indicate how much of some total public good supply G a country is willing to 

provide on a voluntary basis.  

      To characterize and locate Nash equilibria using replacement functions, consider first the 

standard Nash-case without matching, i.e. s = 0. Here the Nash equilibrium N with public 

good supply G0 is characterized by the consistency requirement  

𝐺0 = 𝑟𝐴0(𝐺0) + 𝑟𝐵0(𝐺0)                (4) 

where 𝑟𝑖0(𝐺) is the replacement function of country i =1,2 without matching (see Figure 1). 

The graph of 𝑟𝑖0(𝐺) is the locus of all points in the (G, yi) - space where an indifference curve 

of country i has slope one2. Given our assumptions on preferences the replacement functions 

are differentiable and given normality monotone decreasing in G.  

At the Nash equilibrium N, country i‘s replacement function 𝑟𝑖0(𝐺) intersects its feasibility 

line 𝑒𝑖0(𝐺) = 𝐺 − 𝑔𝑗0: This ´budget line´ shows how country i‘s public good contribution gi 

increases equally with total public good provision G when country j’s contribution is kept 

fixed at 𝑔𝑗0.  

 

2 This condition clearly holds only at an interior allocation with strictly positive flat contributions. 
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Figure 1: Nash equilibrium under zero and positive unilateral matching   
 

      We now consider the consequences of introducing a unilateral matching scheme, i.e. a 

discrete change of country A’s matching rate from zero to some s > 0. For country B, each 

increment of its flat contribution then is associated with an incremental increase in total pub-

lic good provision of 1 + s units. Country B’s replacement function 𝑟𝐵+(𝐺), which is relevant 

in the case of matching, represents all those points in the (G, yB) – space where country B’s 

indifference curves have a slope of 1/(1 + s). This replacement function is graphed in Figure 

1 by the dashed line. Country A, however, remains on its original replacement function r0(G). 

Under positive matching, the consistency condition for the Nash equilibrium with matching M 

becomes 

    𝐺+ =  𝑟𝐴0 (𝐺+) + 𝑟𝐵+ (𝐺+) .     (5) 

Note that - in contrast to Bergstrom (1989) and Boadway, Pestieau and Wildasin (1989) - this 

characterization of a matching equilibrium does not assume lump-sum financing of subsidy 

payments  

We now compare the two Nash equilibria N and M assuming that both solutions are interior, i.e. 

that in equilibrium both countries make positive contributions. Since convexity of indiffer-

ence curves entails 𝑟𝐵+(𝐺) > 𝑟𝐵0(𝐺) for all G > 0 and replacement functions are generally fall-

ing in G, a comparison of (4) and (5) gives G+  > G0  and thus 𝑟𝐴0(𝐺+) < 𝑟𝐴0 (𝐺0), i.e. total 

public good supply increases while A's individual aggregate public good contribution falls. 

Thus, country A clearly benefits from the introduction of the matching scheme. 

But condition (5) also implies that country B's public good contribution is increased by 
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matching, i.e. 𝑟𝐵+ (𝐺+) >  𝑟𝐵+ (𝐺0). Although it is not immediately clear how utility of the recip-

ient country B will change through matching, closer inspection shows the following result: 

 

Proposition 1: The recipient country B is made worse off through matching through two sepa-

rate effects, a substitution and an income effect. 

 

Proof.  (a) Substitution Effect: We fix country A’s total contribution at its initial value 𝑔𝐴0, so 

that in Figure 2 country B’s ‘budget line’ 𝑒𝐵0 (G) is not changed. At the same time, matching im-

plies a distortion of country B’s relative public good price, which puts this country on the replace-

ment function 𝑟𝐵+(G). The substitution effect shifts Country B to the point of intersection D 

between 𝑒𝐵0 (G) and 𝑟𝐵+ (G) in which country B has  lower utility than in C.3 

(b) Income effect: Country A responds to B's higher public good contribution by reducing its 

own flat contribution, which follows since A’s replacement function is downward sloping. In Fig-

ure 2 this causes a parallel shift of B's 'budget line' to the left from 𝑒𝐵0 (G) to 𝑒𝐵+(G). The move 

from D to E, which is B's equilibrium allocation with matching, generates a further loss for B. 
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Figure 2: Recipient’s equilibrium utility response to matching without commitment
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3   COMMITMENT TO FLAT CONTRIBUTIONS IN THE DONOR COUNTRY 

The argument at the end of Section 2 confirms that recipient country B loses even if the total 

public good contribution 𝑔𝐴0 of the donor country A is held constant. Things, however, change 

3 This component of the total change, which keeps B’s resource constraint unchanged while distorting the effec-
tive relative public good price facing it, is precisely what Cornes (1992, pp.100-101) calls an ‘undercompen-
sated price change’. 
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completely if country A can stick to its flat contribution yA
0 associated with the original Nash 

equilibrium N. Complementing unilateral matching through such a stronger commitment de-

vice makes it not only possible to increase public-good supply to a greater extent than without 

matching but, under certain conditions, also to attain a Pareto improvement. 

       To show this we assume that the original matching equilibrium N is interior, i.e. 

𝑟𝑖0 (𝐺0) > 0 for i = A, B, and that country A fixes its flat contributions at 𝑦𝐴0, leaving coun-

try B's full income constant at 𝑤𝐵 + 𝑦𝐴0. The introduction of a positive matching rate s now 

induces a clockwise rotation of country B's budget line which changes from 𝑒𝐵0 (𝐺) to 

𝑒𝐵+�(𝐺) = �𝐺−𝑦𝐴
0�

1+𝑠
 (see also Figure 2). The change of the slope of country B's budget line from 1 to 

1
1 s+

 reflects the fact that an increase of B's flat contribution now is no longer crowded out by 

a reduction of A's flat contributions. 

The outcome 𝑀�  with public good supply G+ then is given by country B's optimal alloca-

tion on this budget line,  i .e.  by the point of intersection F between 𝑒𝐵+ (G) and 𝑟𝐵+(G).  

Country B's utility clearly rises, and from normality it follows that 0G G G+ +> > . It remains 

to examine how utility of country A changes in this case.  

Proposition 2: The modified matching mechanism yields a Pareto improvement if it increas-

es the recipient´s public good contribution, i.e. if  𝜕𝑦𝐵
𝜕𝑠

> 0. 

Proof.  Agent A's utility 𝑢𝐴(𝑤𝐴 −  𝑐𝐴 𝑦𝐴0 − 𝑠 𝑐𝐴 𝑦𝐵,𝑦𝐴0 + (1 + 𝑠) 𝑦𝐵)  depends on the 

matching rate s. Differentiating this expression w.r.t. to s yields 

𝑑𝑢𝐴
𝑑𝑠

= �𝜕𝑢𝐴
𝜕𝐺

−  𝑐𝐴
𝜕𝑢𝐴
𝜕𝑥𝐴

� [𝑠 𝜕𝑦𝐵
𝜕𝑠

+  𝑦𝐵] +  𝜕𝑢𝐴
𝜕𝐺

 𝜕𝑦𝐵
𝜕𝑠

 .        (6) 

The first term on the right becomes zero for sufficiently small s. The second is positive if 

country B increases its flat contribution – i.e. if  𝜕𝑦𝐵
𝜕𝑠

 > 0.  

 

The condition  𝜕𝑦𝐵
𝜕𝑠

 > 0 , which is fulfilled when the private and the public good are sub-

stitutes for country B, is essential to ensure a Pareto improvement as it excludes crowding-out be-

havior of country B. 

Extending the reasoning above it can also be shown that welfare of both countries is definite-

ly improved through unilateral matching if country A not only commits to its initial flat con-
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tribution 𝑦𝐴0 but also restricts matching to public contributions of B exceeding 0
By .4 

 

4 CONCLUSION 

Our analysis confirms that, under fairly general conditions, mere unilateral matching in-

creases the donor's welfare but reduces that of the recipient so that matching is not incentive-

compatible in this case. This paradoxical situation, however, may be overcome by the addi-

tional application of a self-commitment strategy of the donor country so that a Pareto im-

provement is achieved through unilateral matching and no conflict arises between the donor 

and the recipient country.  

 

 

  

4 There is a notable circumstance that automatically imposes such a commitment on A without the need for a 
formal agreement – this occurs when, at the initial Nash equilibrium with zero matching, A’s valuation of the 
public good falls short of unity, so that 𝑔𝐴0 = 0. 
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