
Zha, Tao

Working Paper

Bankruptcy law, capital allocation, and aggregate effects:
a dynamic heterogeneous agent model with incomplete
markets

Working Paper, No. 95-8

Provided in Cooperation with:
Federal Reserve Bank of Atlanta

Suggested Citation: Zha, Tao (1995) : Bankruptcy law, capital allocation, and aggregate effects: a
dynamic heterogeneous agent model with incomplete markets, Working Paper, No. 95-8, Federal
Reserve Bank of Atlanta, Atlanta, GA

This Version is available at:
https://hdl.handle.net/10419/100835

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/100835
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Bankruptcy Law, Capital Allocation, and Aggregate Effects: 
A Dynamic Heterogeneous Agent Model with Incomplete Markets 

TaoZha 

Federal Reserve Bank of Atlanta 
Working Paper 95-8 

October 1995, 

Abstract: Under the assumption that asset markets are incomplete, this paper introduces bankruptcy 
in an intertemporal heterogeneous agent model with capital accumulation and heterogeneous agents. 
lt explores the role of regulatory intervention and argues that intervention in the form of a level of 
bankruptcy exernption can enhance not only social welfare but also distributive equity. The 
bankruptcy law is carefully specified in the model. The model generates distributional changes in 
consumption, capital, and bankruptcy risk in response to an adjustrnent in the exemption level and 
accentuates the effects of these redistributions on aggregate variables. 

lEL classification: E69, 052, 092, GIS 

The views expressedbcre are those ofthe autbor and not necessarily those oftbe Federal Reserve Bank of Atlanta or 
the Fedcral Reserve System. This paper is based in part on the author's Ph.D. dissertation, "Capital Allocation, 
Baulouptcy, andEndoB""'US Growth in an Economy with Incompletc Assel Markeu." He is grateful to Cbristopher 
Sims filr advice and to numorous people, including William Brainard, Roberto Cbang, John Geanakoplos, Arie! Pakes, 
William Roberds, and cspecially Erle Lcepcr, Robert F. Lucas, and Ncil Wallace, für hclpful discussions. A1Jy 
remaining errors are the author's responsibility. 

Plcssc address qucstions of substance to Tao Zha, Rescan:h llcparlmcnt, Federal Reserve Bank of Atlanta, 104 
Maridm Slrcct, N.W., Allanla, Geugia30303-2713, 404/521-8353, 404/521-8956 (fax). tzba@solinct.net (c-roail). 

Questioos reganling subscriptions to thc Federal Reserve Bank of Atlanta working paper scries should he sddresscd 
to tbc Public Affairs Dcpanment. Fedcral Reserve Bank of Atlanta, 104 Marieaa Street, N.W., Atlaula, Georgia 
30303-2713, 404/521-8020. 



ßANKRUPTCY lAW, CAPITAL ALLOCATION, ANO AGGREGATE EFFECTS: 
A DYNAMIC HETEROGENEOUS AGENT MODEL WITH lNCOMPLETE MARKETS 

1. lntroduction 

In thelr static security models, Dubey, Geanakoplos and Shubik [1995] and 

Zame [1993] argue that default, as well as the probabillty of default, plays 

an important role in improving economic efflclency. Two important features 

account for their general equilibrlwn results. One ls that they take market 

incompleteness as given, assuming that certain contingencles cannot be written 

into contracts. The second is that they impose in their models the exoge-

nously determined default penalties. In this paper we use versions of these 

features to introduce bankruptcy in a dynamic stochastlc model wi th capi tal 

accumulation in order to shed some light upon the role of regulatory interven-

tion in improving social welfare and in redistributing individual wealth. 

Our general equilibrium model is built upon the standard growth model 

(e.g., Brack and Hirman [1972), Blanchard and Fischer [1989)) modified to 

account for a role of bankruptcy in an environment of incomplete markets with 

heterogeneous agents. Specifically, we consider an economy composed of a 

continuum of entrepreneurs who are subject to idiosyncratic production shocks. 

We assume that entrepreneurs' own idiosyncratic shocks can be verified at a 

cost. We discuss how bankruptcy law is specified in this environment. 

Assuming that asset markets are incomplete, we postulate a standard loan 

contract and work out its varlous implicatlons on the steady state equllibrium 

behavlor of our model economy. We lmpose an exemptlon level as the limit up 

to which a borrower can discharge the debts and exempt the assets in the state 

of bankruptcy. Similar to Dubey, Geanakoplos and Shubik [1995}, we view the 
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exemption level as exogenously determined by bankruptcy law. The law speci-

fied in this paper permits a borrower to write a new debt contract with the 

intermediary after the event of bankruptcy. Unlike the optimal contracting 

theory, our approach, in spirit of other incomplete markets models (e.g., 

Dubey, Geanakoplos and Shubik [1995], Zame [1993]), is analogous to the cash-

in-advance model in which the payment mechanism is taken as an institutional 

arrangement - another form of incomplete markets.1 The approach of incom-

plete markets in our model gives one the freedom to explore the role of regu-

latory intervention such as bankruptcy law in improvlng efficiency and distri-

butive equity. 

Dur results manifest the five key features of this exercise: (1) incom-

plete markets, (2) bankruptcy, (3} capltal accumulation, (4) distributional 

changes, and (5) aggregate effects. \le emphasize how an adjustment in the 

exemption level influences capltal reallocation and changes the distrlbutions 

of consumption and bankruptcy risk in a dynamlc general equilibrlum model. 

Wlth the aggregate constralnt that the zero-profit intermediary must balance 

lts budget every period, we obtain a stationary distribution of wealth across 

heterogeneous agents in the steady state equilibrium and derive the risk-free 

interest rate endogenously. Dur quantitative results2 suggest that an adjust-

ment in the exemption level changes wealth distribution and that such adjust-

ment can be welfare improving. Moreover, we explore the implications of 

1The idea of imposing a cash-in-advance constraint can be traced to Clower 
[1967]. 
2We apply the minimum weighted residual approach discussed in Judd [1992] to 
our model computation. Although this computatlon method is non-standard, lt 
proves efflcient for our problem, especlally when our model features enable us 
to reduce a set of state variables to only one dimension. 
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distributive equlty by examlnlng the length of time lt takes for the "poor" to 

become "rlch" as well as for the rich to become poor. 

While the contribution of this paper is theoretical, the model is motl-

vated largely by recent experience with actual bankruptcy laws. For some 

countries and in certain time periods governments pass laws regulating the 

form of contracts {Aghion, Hart and Moore (1992)). A useful example is the 

U.S. Bankruptcy Code of 1978 that establishes generous bankruptcy exemption 

standards allowing debtors to discharge part of the debts and exempt some of 

the assets {Shepard (1984), Boyes and Faith [1986)). Although a variety of 

possible explanations for this kind of law are beyond the scope of this paper, 

we note that there may be a social interest in enforcing a level of bankruptcy 

exemption, assuming that public assistance funds relieves the pain and suf-

fering of innocent paupers (victims of unfortunate events) (as to detailed 

arguments for such an assumption, see Baumol (1986], Zajac (1986)). Legal 

enforcement of more detailed and contingent contracts may be impractical or 

prohibitively expensive (Dubey, Geanakoplos and Shubik [1995), Calomiris and 

Hubbard (1990), Zame [1993]). Our model is designed to reflect certain fea-

tures we observe in the U.S. economy: the rates individuals pay on loans vary 

with their wealth; an individual's assets can be exempted up to the exemption 

level in the state of bankruptcy; the exemption level is regulated by 

bankruptcy law; an ex-post verification in the state of bankruptcy is 

straightforward in many bankruptcy cases (Calomiris and Hubbard (1990)). 

Although the intertemporal model we construct to formulate these ideas is 

somewhat compllcated, one of the major results can be understood in a simple 

one-period. mod.el preSented in Section 2. This result ls that intervention in 
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the form of an exemption level can be welfare enhancing and that there is a 

nonmonotone relationship between welfare and the exemption level. The 

intuition we gain from this simple model is helpful to understanding the main 

model discussed in the rest of this paper. Section 3 offers an exposition of 

our dynamic heterogeneous agent model with capital accumulation. In Section 

4, we obtain a number of tentative results for the stochastic steady state 

equilibriwn and discuss their various implications. 

2. A Simple Gase 

In this section, we consider a simple two-person, one-date model to help 

us gain intuition on a norunonotone relation of utility to an exemption level. 3 

The two persons are classified as a "borrower" and a "lender". The lender is 

risk-neutral, and has an endowment (denoted by e) and no investment project; 

the borrower is risk-averse, and has a risky project and no endowrnent. The 

utllity function of the borrower is logarithmic. With the amount of an input 

t, the project yields a random return -r,t1' where 0 < « < 1 and 11 takes two 

values - g wi th probability 'llg and b with lfb. The return on a project is 

freely observed only by the borrower, but the lender is able to verify the 

state at the cost proportional to the amount of lending l. We denote this 

cost by xt. Further, we denote the gross loan rate by r. Finally, we assume 

that the lender has free access to a risk-free return p on its endowrnent. 

A loan contract between the borrower and the lender consists of both the 

loan volume l and the loan rate r, and is subject to the law's imposition on 

. an exemption level (denoted by W} that applies to the state in which the 

3J am indebted to Neil Wallace for providing this mod.el. 
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borrower is unable to repay the debt rt in full. This state will be verlfied 

and the lender will get everything above the exemption level. Specifically, 

if ~-rt < W and TJt"' > W, the lender collects the residual cl}l"-Wl less the 

verlfication cost xt; if l}l" :s: W, the lender gets nothing at the cost of xt. 

For the lender, the expected return on lending must be no less than the rlsk-

free return. This contractual constraint can be written as 

where X = (rt+W)//l, y = W/t"', P() is the probability of the event in paren-

theses, and f. () is an indicator function returning 1 wben tbe Statement in 

parentheses is true and 0 otherwise. Since the lender verifies the state of 

bankruptcy, the contract speclfied this way is lncentive-com.patible in the 

sense that the borrower has no incentlve to declare a false state. 

The form of contracts we specify here is slmilar to that in Gale and 

Hellwig [1985]. But the difference is that we emphasize how the equllibrium 

changes as a function of Intervention variable W, while Gale and Hellwlg 

[1985], as well as other papers concerning bankruptcy (e.g., Smith [1972], 

Hellwig [1977], de Meza and Webb (1987], Calomiris and Hubbard (1990], Moore 

[1993]), assume that the person who defaults gets nothing - a situation 

analogous to our case of W being zero. 

Fron a 111enu of the contracts we have described, the borrower chooses a 

pair (r ,t) so as to maximize the expected uttli ty functlon. 

a • T}t -rt by c , the maximization problem can be summarized as 

subject to (1), 0 < t ~ e, and 

Max Elog(c) 
(r, l) 
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Constralnt (1) is always blnding because a lower loan rate makes the 

borrower strlctly better off, other things being the same. Ta obtain the 

lnterior solution to the problem, we let the value of e be !arge enough so as 

to leave the constralnt (l :s e) unbinding. This optimization problem is 

standard, and we calibrate lt with the following parameter values: a = 0.3, ng 

= nb = 0.5, p = 1, x = 0.01, g = 1.5, and b = 0.5. The relationshlp between 

the expected utility and the exemption level is shown in Table 1. 

As lndicated in Table 1, all the cases bar the zero exemption involve a 

risky debt. We see that an increase in moderate exemptlons (from 0 to 0.2 and 

from 0.2 to 0.5), whlle permittlng a debt to be riskler, encourages borrowing 

and raises the expected utlllty. This findlng is intuitive because the 

borrower ls risk-averse and a reasonable exemption imposed by law serves as an 

insurance agalnst disastrous events. Tao !arge an exemption (e.g., when w = 
0.53), however, forces the lender to restrict lending in order to match the 

expected loan return to the rlsk-free rate, and thus becomes welfare reduclng. 

The equilibrium results for (r, !) can be also understood. by considering 

how a change of W shlfts supply and demand in the loan market.4 An increase 

in W reduces the supply of loans while lncreasing the demand for loans. The 

net effect ls that the loan rate r is an increasing function of W as we see in 

Table 1. But the equilibrium loan volume ! is a nonmonotone function of w. 

An increase in moderate exemptions shifts the demand function more than the 

'one could thlnk 
sloping) and the 
"demand function" 

of equation (1) as "supply 
derlved Euler equation from 

(which is downward sloping). 
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supply function in the sense that the resulting equilibrium loan volume 

increases. On the other hand, too !arge an exemption shifts the supply func-

tion more than the demand function so that the resulting loan volume declines. 

The intultion we gain in the previous paragraphs has two benefits. 

First, lt suggests a relationship between welfare and the exemption level 

which is developed more fully in our intertemporal model. Second, it helps us 

understand some of the difficul ties we will encounter from an intertemporal 

model with heterogeneous agents. The difficulties arise mainly from the fact 

that the distributions of individual variables shift in response to a change 

of w and those redistributions have material effects on aggregate variables. 

In particular, an lncrease in moderate exemptions may reallocate accwnulated 

capital stock in such a way that aggregate capital actually declines, and we 

do not have a priori belief that social welfare will necessarily improve when 

the aggregate capital falls. 

3. The Dynamic Heterogeneous Agent Model wilh Bankruptcy Law 

!.:... Environment 

Dur general equilibrium. model is built on the following environment. 

Agents. The economy is composed of a continuum. cf infinitely lived 

agents called "entrepreneurs". 

producer. 

Each entrepreneur is both a consumer and. a 

Goods and Assets. There is only one kind of goods in thls economy, which 

can be either consumed er invested in various assets. These assets include 

the physical capital stock "k" that is used to produce goods, and the band "b" 

when an intermediatlon takes place. 
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Preference. Each entrepreneur is risk averse and has the sam.e preference 

represented by 

(2) 

where c is the entrepreneur's consumption, and u(c) = Cc1- 7-t)/(1-7). 

Although rlsk aversion complicates the mod.el, lt ls cruclal for us to obtaln a 

relatlonship between welfare and the exemptlon level as we have already seen 

from the simple model in Sectlon 2. 

Technology and Idiosyncratic Shocks. Each entrepreneur ls endowed with 

an initial positive capital stock k0 and with a prod.uction technology that 

requlres the entrepreneur' s unique skill. Tuus the technology of one entre-

preneur is not lnterchangeable with that of others. Tue capi tal stock kt 

depreciates exponentially at the rate of 1-a. The functional form. of prod.uc-

tion, l)t(Alc~-l+akt-l)' is the same for all entrepreneurs, where 11t's are 

1.i.d. continuous idiosyncratic shocks. We denote the density function of l)t 

by f(lJt), and the corresponding distributlon functlon by FC11t). There ls no 

aggregate uncertainty. 

Autarkie Situation. W'e assume that an entrepreneur can freely observe 

its own shock l)t' consumption et, and capital stock kt at time t. We also 

assUJl'le that there is no technology that enables entrepreneurs to communicate 

wi th each other. In thls autarkic economy, all entrepreneurs must finance 

their own consumption and investm.ent. Thus the problem f aced by each 

individual is to maximize the utility (2) subject to the budget constraint et 

The variable wt, thought of as the 
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entrepreneur's final wealth, is the only state variable in this dynamic 

problem. lt distinguishes one entrepreneur (or the group of entrepreneurs 

measured in density) from others. Each individual dynamic problem, therefore, 

has a standard recursive solution. 

Intermedlation. Now let us consider an economy allowing intermediation 

with the following features. The entrepreneur's own consumption et, as in the 

autarkic case, is private information and capnot be observed by others. The 

capital stock kt' however, is publicly observable in both period.s t and t+l 

(no records of kt in other periods are required for our model). The zero-

profit intermediary issues one type of bonds bt to all lenders, but makes 

different types of loans lt to different borrowers. At time t, the gross rate 

of return on bonds, pt, is public information; lt is also risk free because 

our model has no aggregate uncertainty. When an entrepreneur and the lnterme-

diary decide on bt and lt, they need to observe (or record) those data only in 

perlods t and t+l. The intermediary provldes the loan services at the cost of 

«';lt; and 1 t can verify the entrepreneur' s own idiosyncratlc shock llt at the 

cost of xtt. All these costs, though paid by the intermediary, are actually 

borne by the borrowers because the costs affect variables such as loan rates 

and bankruptcy risks.s 

~ Specificatlons of Bank;ruptcy Law 

5The incomplete information here concerns the observation of ex-post returns 
on an entrepreneur' s investment project. There ls no adverse selectlon or 
moral hazard in our mod.el. The model could be complicated by these features, 
but to make the mod.el tractable the trade-off would be to assume, like typical 
adverse selection mod.els, that the projects are of fixed size (see Gale and 
Hellwig (1985] for more discussions of the trade-off). We note that the 
endogenous investment decision in the mod.el here plays a crucial role in 
deriving the distribution of wealth. 
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This part of the section discusses how bankruptcy law ls speclfied in our 

environment. 

To begin wi th, the bankruptcy law we consider in the model applies to 

only two states for the entrepreneur. One ls called "the state of solvency" 

and the other "the state of bankruptcy". These two states are mutually 

exclusive. The bankruptcy law requires that the state of banltruptcy be 

verified by the intermed.iary. 

The contract between an entrepreneur and the intermediary at time t 

involves the following decisions: (i) the amount of the entrepreneur's 

borrowing "l " t and the corresponding loan rate "r •. 
t ' 

( i1) a stock of the 

entrepreneur' s accumulated capital "kt"; (iii) a stock of the entrepreneur' s 

bonds "bt"; (iv) the intermediary's next-period return on lts loans, denoted. 

by Rt+l · 6 Since the law prescribes the intermed.iary' s return, we shall 

speclfy the exact functional form for Rt after we expound the precise meanings 

of the state of bankruptcy and the bankruptcy law. 

We first deflne the state of bankruptcy. Let us denote the entre-

preneur's total assets at timet by "t where 

(3) 

We call the difference between total assets and debt repayments "final wealth" 

which is denoted by wt whereby wt = nt - Rt. 7 

6As in Gale and Hellwlg (1985], the contract written wlth the central zero-
profit lntermedlary (or the mutual fund) is equivalent to the one wrltten in 
competitive credit markets wherein a !arge nu.m.ber of lntermediaries exlst and 
each entrepreneur deals exclusively with one intermediary at a time. 
7The definition of wt is different from that of wt in the autarkic case. As 

we shall see, the autarkic case is simply a special situation of our llOdel 
economy with bankruptcy law. 
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Definition 1. For some constant w, the state of bankruptcy is the state in 

which wt < w, and the state of solvency is the state in which wt i: w. 

Let us now complete the speciflcatlons of the bankruptcy law in our 

model. lf the entrepreneur reports the state of bankruptcy, part of the debts 

will be discharged, and some of the total assets will be exempted up to the 

amount W. The bankruptcy law determines the level of W exogenously, and 

accordingly we call W the exemption level in this paper. The debt contract is 

subject to this bankruptcy law, and the intermediary's return has the 

following features: if nt - r t-llt-l i: W, then Rt "" r t-ltt-l; otherwise, Rt ::: 

i(nti:\i) (nt-\i) where i() is an indicator function that is deflned in Sectlon 

2. 8 Such contract ls incentive compatible in the sense that borrowers have no 

gain in reporting a false state. 

With the bankruptcy law thus specifled, a borrower can terminale an old 

contract with the intermediary and start a new one every period.. The borrower 

may roll over the old debt through new borrowing with a newly scheduled loan 

rate, without being bankrupt. But slnce the law exempts some of the total 

assets in the state of bankruptcy, declaring bankruptcy becomes the optimal 

strategy. Moreover, such a succession of short-term contracts requires no 

records of the distant past variables, and enables us to obtain the steady 

srn the actual economy such as the U.S., there are many institutional consi-
derations for these types of debt contracts. An exhaustive analysis is beyond 
the scope of this paper, but we note that legal enforcement of more detailed 
and contingent contracts (e.g., allowing the exemption level to depend on 
wealth, or interest rates on state) presents practical problems in court (for 
more discussions, see Dubey, Geanakoplos and Shubik [19891, Calomiris and 
Hubbard [1990]). 
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state equlllbrium through a one-dimensional recursive problem as we will show 

next. 9 

~ General Characterizations of the ~ 

where 

We begin by rewriting an entrepreneur's final wealth as: 

• a 
wt = -rt-llt-1 + ~t(Akt-1 + akt-1 1 + pt-lbt-1 ' 

xt = [ rt-ltt-1 + w - Pt-lbt-1 J / (Ak~-l+ßkt-1 1 

y t = [ w - pt-1 bt-1 ] / (Ak~-1 +ßkt-1) 

• ~(xt) = t( wt ~ w ) = t( ~t ~ xt 

~(yt) = t( nt ~ w ) = t( ~t ~ yt 

(4) 

For the zero-profit intermediary (the mutual fund), the expected return 

on individual loan must match the risk-free bond rate. The contractual con-

straint, therefore, can be written as: 

xt+l 

pt (1+<Jtt - J [ nt+l-w )rC~t+l )d~t+l 
Yt+l 

xt+l 

+ J xttf(~t+l)d~t+1 - [ 1 - F(xt+1J] rttt = o . (SJ 
0 

9Hart and Moore (19941 have recently studied a num.ber of coaparative statics 
properties concerning the maturity structure of the debt repayment path. 
Their model is nonstochastic and of a finite multl-period. Incorporating a 
maturity structure of long-term debt contracts in an intertemporal stochastic 
model will be a challenglng topic f or future research. 
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For notational simplicity, we denote the left hand side term of (5) by jt 

which is a function of (lt, rt, kt, bt, pt). 

The general equilibrium model is composed of both an individual problem 

and the aggregate constraint. lndividually, each entrepreneur (indexed by wt} 

chooses a vector of variables (et' kt' bt' rt, lt, wt) to maximlze utility (2) 

subject to constraints (4) and (5), the budget constralnt 

(6) 

and 

In aggregatlon, the intermediary's budget must be balanced every period., that 

is to say, 

(7) 

where the capital letter 8 denotes an aggregation of bonds and L aggregation 

of loans. 

The mod.el prevents Ponzl gam.es in the sensf:. that individuals cannot 

borrow without bound to finance their unobservable (private) consumption. 

This is because, for any given publicly-observable capital stock of an 

entrepreneur, the intermedlary's zero-profit condition (5) effectively places 

an upper bound on borrowing. W'e illustrate this point in Figure 1 which 

displays a typical relationship between land r wlth fixed k under condltion 

(S). W'e see that as an amount of borrowing increases, the loan rate will 

eventually be so high that the borrowing approaches a finite asymptote ~ our 

Version of "credlt rationing" whereby loan rates serve as a screening device. 
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While the aggregate constraint (7) insures that pt is free of risk, the 

individual equilibrlum solutlon depends on the three state variables: wt' pt, 

and the distribution of final wealth. The distribution of wealth corresponds 

to that of entrepreneur population, as we distinguish entrepreneurs from each 

other according to final weal th. To see thls we note first that given an 

initial capital k0 , final wealth "'t follows a flrst-order Markov process 

because current production relies only on the capital stock accumulated last 

period. By the law of large numbers with a contlnuum of i. i.d. random 

variables (Judd [1985}), the probabilities over wt's describe the dlstribution 

of entrepreneurs dlstlnguished by wt. 

Throughout this paper we restrict our attention to the steady state 

equilibriWI. The concept of steady state here is different from that of the 

determlnistic steady state in a typical representative agent model. Here the 

steady state is stochastic in the sense that lt concerns the statlonary 

distribution of final weal th. One of the maln features in our model of 

incomplete markets is that the distrlbution of wealth will become stationary 

as time t increases, whatever the initial distribution.lO We have therefore 

the following definitlon. 

Definition 2. The (stochastic) steady state is the equilibrlum in which the 

distribution of final wealth is independent of time t. 

Although our heterogeneous agent model becomes a fiendish problem when 

the distribution of wealth is a state variable, the stationarity implies that 

10The steady state ls equivalent to the dynamic equillbrium lf the initial 
condltion for the model ls the steady state solution. 
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the steady state distribution is no langer a st __ te variable. In steady state, 

moreover, the bond rate p becomes constant. We can therefore solve the 

individual steady state problem by parameterizing individual choices et, kt, 

bt, tt' and rt as functions of the only one state variable "wt"· And if we 

let Alt' A2t' AJt' A4t, and Ast be Lagrangian multipliers for equations (6), 

(4), (5), O s bt, and 0 s tt respectively, the Euler equation first-order 

conditions for the individual optimization are: 

and 

aJt 
abt • ßptEt[~<xt+ll 

+ (l-~(xt+lllCl-~(yt+1>l•2t+l + '4t • 

aJt 
'3t alt + ßrtEt[~Cxt+1>•2t+1l "'1t + 'st ' 

'3t 
aJt 
ar + fUtEt~(xt+l)A2t+l = 

t 
0 • 

(8) 

(9) 

(10) 

(11) 

(13) 

To solve the above problem, we need to derive both the conditional 

distribution and the marginal distribution for "'t in the (time-invariant) 

steady state. We denote the conditional c.d.f. by "G" and the marginal c.d.f. 

by "H". The functional form of G can be derived according to (4). Omitting 

the subscript t, we have the following form: 
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F( w - pb_1 l w < w 
Ak" + c'5k_1 -1 

G(wlw_
1

) • (14) 

F( w 
+ r _lt-1 - pb ) -1 w • w 
Ak" + c'5k_l -1 

Recall that F() is the c.d.f. of ~t· Since G(·lw_1l ls a probability measure, 

there exits a unique marginal c.d.f. H() such that the following Riemann-

Stieltjes integral holds: 

Hlw) • J Glwlw_1J dH(w_1J • 
0 

(15) 

Propertles of Rlemann-Stieltjes integrals imply that H(w} is discontlnuous at 

W with positive probability when l > O {Llndgren [1976]). That ls to say, a 

population of bankrupt entrepreneurs has a concentration at w = w. 

by 

~ith H(w} satlsfying (15), social welfare in the steady state ls measured 

U = J u{c(w))dH(w) 
0 

Slmilarly, the aggregates of capital stock, bonds, and loans are 

K • J k{w)dH(w), 
0 

B • J b{w)dH{w), 
0 

m 

arui L • J l(w)dH(w). 
0 

The steady state equilibrlum is then characterized as: (1) the decislon 

rules c{w), k(w), t{w), and b(w), describing individual optimal cholces which 
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satisfy the Euler equations; (11) the pricing function r(w), describing how 

the loan rate depends on the individual's own wealth; (lii) the risk-free rate 

p, endogenously determined so as to make the intermediary's budget constraint 

(7) hold; (iv) the steady state distribution of final wealth, H(w), sati':,fying 

(15). 

4. Quantitative Results and their lmplications 

To calibrate the model, we use the minimum weighted residual method (Judd 

[1992]). We note that both the distribution of wealth w and the risk-free 

rate p are endogenously determined in the steady state. We characterize the 

decision rules and the pricing function as a linear combination of a finite 

number of elements in a Banach space of continuous functions in the following 

forms: 

N-1 N-1 N-1 
c{w) l: ac T {w), k(w) [ a: T0 (w), r(w) l: r T (w), = = = a 

n n n n 
n=O n=O n=O 

N-1 N-1 
t(w) = l: at T (w), 

n n 
b(w) = l ab T (w), (16) 

n n 
n==O n==O 

where N is an integer, T 's continuous polynomial functions, and a 's corre-n n 

sponding coefflcients. Conditlonal expectations in the Euler equations (9} to 

(12) are evaluated by Gaussian integratlons (Davis and Rabinowitz [1984]).11 

11for the detail of our computational method, see Judd {19921 or the 
independent technical appendix. 
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We calibrate the model using the following parameter values - most of 

them commonly utilized in other intertemporal growth models: A = 1, oc = 0.3, ß 

= 0.9, i; ""0.01, a:: 0.9, ::t'.::: 0.01, and 7:: 1.12 The distribution density 

function of 11 is with bounded support and has a triangular form: 11 for 0.001 ~ 

11 < 1 and 2-11 for 1 :S lJ < 1.999. These parameter values are also used to 

calibrate our autarkic case. Table 2 reports a number of resul ts for the 

aggregate variables in both the autarkic equilibrium and the equilibrium with 

bankruptcy law. 

The results indicate that social welfare in bankruptcy equillbria 

improves upon the autarkic equilibrium and that a moderate exemption level 

raises both an aggregate amount of borrowing and social welfare. The rela-

tionship between welfare and the exemption level, however, is non-monotone. 

From the intuition similar to that in our static model in Section 2, we note 

that too high an exemption level (e.g., W = 0.5) tends to force the intermedi-

ary's average return on loans below the risk-free rate. As consequence, the 

amount of loans will be reduced. Indeed, as the exemption level approaches 

infinity, the probability of bankruptcy for every borrower will become one and 

therefore no lending will take place. The resulting bankruptcy equilibrium 

becomes the autarkic one. 

In short, our mod.el suggests that only when the exemption level is moder-

ate can the intervention be welfare enhancing. With the hindsight we gained 

in Section 2, this result may not be surprising when an upward adjustment to a 

moderate exemptlon raises the aggregate amount of capital as well (Table 2). 

12\.Je stress that the implications and qualitative conclusions drawn in this 
paper hold when we use different parameter values. 
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But unlike the static model in Section 2, a positive relationship between 

total capital and total borrowing does not always hold in our capital accwnu-

lation model. In fact, there are situations in which the aggregate capital 

falls and the gross risk-free band rate is below 1.00, while a moderate exemp-

tion both increases aggregate borrowing and improves social welfare.1 3 

As noted before, our intertemporal model accentuates how the distribu-

tions of individual variables change in respqnse to regulatory intervention in 

the form of a moderate exemption, because these redistributions underlle the 

aggregate behaviour dlscussed above. Figures 2 and 3 display the distribu-

tions of consumption and capital in the autarkic case, in the economy with W = 
0.13, andin the economy wlth W = 0.43. We note that the first vertical line 

in Flgure 2 marks the amount consumed by the entrepreneurs with final wealth 

of 0.13 when W = 0.13 and the second line by those wlth 0. 43 when W = o. 43. 

Slmilarly, the first vertical line in Figure 3 marks the capital stock accumu-

lated by the entrepreneurs with wealth of 0.13 when W = 0.13 and the second 

line by those with 0.43 when W = 0.43.14 As these figures illustrate, when our 

130ne of the si tuatlons is when the distrlbutlon of 
support with, e.g., the followlng log-normal form of 

• 2 2 where log(TJ ) - N(m1, ~1 ) and m1 = log(0.999) - u 1/2. 

lJ has ins tead unbounded • density: lJ = 0.001 + ~ 

In this case, the popu-
latlon concentrates heavily an entrepreneurs of meager wealth (the poor). 
Consequently, a signlficant amount of bonds invested by entrepreneurs of abun-
dant wealth (the rich) is used to finance investment desired by the very poor 
who have llttle capital. Meanwhile, slnce the distribution of idlosyncratic 
shocks in thls case has a !arge concentratlon (mod.e) around low values, 
entrepreneurs wlth large accumulation of capltal are llkely to receive 
extremely unfavorable shocks and thereby their weal th are subject to great 
uncertainty. As an equilibrium outcome, hlghly risk-averse rieb entrepreneurs 
are willing to invest the optimal amount of wealth in bonds even though the 
band rate is below 1.00. The lntermediary in this case serves to provide 
insurance for the rieb against disastrous shocks as well as to channel funds 
to the poor. 
14The populatlon of entrepreneurs concentrates at W = 0.13 with the probability 
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model economy permits intermediation and allows intervention in the form of 

bank:ruptcy law, the distribution density functions of both consurnption and 

capl tal shift to the right compared to those in the autarkic si tuation. In 

other words, in an economy with bankruptcy law a larger portion of populatlon 

enjoys a higher level of both consumption and accumulated capital stock when 

compared to the autarkic situation. 

Let us look into the results of a moderate exemption (1.e., w = 0.43) in 

Figures 2-4. A change of exemption, as one would expect, malnly affects the 

abllity of paar entrepreneurs to borrow and consume. We thus see, in Figures 

2 and 3, that shlfts in the dlstributions of consumption and capltal take 

place in the region of low values as the exemption level ls adjusted from 0.13 

to 0.43. There is little change in dlstrlbution for the high values of con-

sumption and capital. In an economy wlth bankruptcy law, a moderate exemption 

CW = 0.43) allows the poor to borrow more and consequently many of them end up 

enjoying higher consurnption than those in the economy with W = 0.13 - a 

phenomenon reflected by the flrst peak of the denslty function with W = 0.13 

and by the first peak with W = 0.43 (Flgure 2). Meanwhlle, the rlsks of 

bankruptcy rlse across all borrowers (and da so very sharply for the extremely 

poor) when w increases from 0.13 to 0.43 (Flgure 4).15 For those who end up 

belng in the state of bankruptcy, they conswne an amount at and below the 

threshold level marked by the first vertical line when W = 0.13 or by the 

--------- -----------

of 0.005, and at w = 0.43 with 0.013. 
15af course, the state of bankruptcy in the economy with w = 0.13 ls different 

from that wlth W = 0.43. Entrepreneurs with the wealth of 0.30, for example, 
are not in the state of bankruptcy when W = 0.13, but they are when W = 0.43. 
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second vertical line when w = 0.43 (Figure 2). As for capital stock, the 

accumulation rises with wealth but only to a certain point beyond wbich the 

rich invest the rest of their weal th in bonds to earn a higher return. \.le 

thus see in Figure 3 the second peak of the density function around the high 

level of capital stock. 

\.lhen we compare the results in bankruptcy equilibria with the autarkic 

results, the distribution densities of consumption and capital shift to the 

right across all entrepreneurs (Figures 2 and 3). In an economy wi th bank-

ruptcy law, Figures 2-4 show that while permitting debts to be riskier espe-

cially for the very poor, an upward adjustment to a moderate exemption enables 

iaore borrowers to enjoy higher consUBption and to accumulate more capi tal 

stock - the distribution densi ties shift to the right in the region of low 

values. At the same time, the distribution of consumption and capital among 

the rieb change little. We view these cross-agent results as distributive 

improvement and this kind of intervention as a desirable one, for the usual 

trade-off between equity and efficiency disappears. 

Such findings on distributive equi ty can be best summarized by the 

average time lt takes, owing to idiosyncratic shocks, for a wealthy 

entrepreneur to become poor as well as for a poor entrepreneur to become rich. 

For thls purpose, we divide final wealth into six categories on the scale of 1 

to 6 whereby 1 classifies wealth below 0.37, 2 between 0.37 and 0.88, 3 

between 0.88 and 1.57, 4 between 1.57 and. 2.35, 5 between 2.35 and 3.53, and 6 

above 3.53. To obtain an average transitional time, we conduct Monte Carlo 

simulations with 4,000 repetitions. The results change hardly at all when the 

number of repetltions is further increased. 
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Our computed results are: for the poor (category 1) to become rich 

(category 6), lt takes an average 56 periods in the autarkic economy (Figure 

5.1), 18 periods in the economy with W = 0.13 {Figure 5.2), and 17 periods 

with W = 0.43 (Figure 5.3). The transi tion takes one third as lang in an 

economy with bankruptcy law as in the autarkic economy, lmplying that inter-

vention in the form of bankruptcy law improves distributive equity by allowing 

the paar to be wealthy at a significantly faster speed. The transition speeds 

up little when W is adjusted up from 0.13 to 0.43. This ls because an upward 

adjustment in moderate exemptions mainly affects the dlstribution of less 

wealthy population. In order to see how such adjustment improves distributive 

equity in a bankruptcy economy, let us examine the average time changing from 

r ich to poor .16 We see from Figures 5.5 and 5.6 that the transition is 

substantially prolonged from 49 perlocls with W = 0.13 to 91 periocls with W = 

0.43. Wben W = 0.43, the borrower's assets can be exempted up to 0.43 in the 

state of bankruptcy, thus giving the borrower some protectlon from becoming 

poor {note, by "poor" here we mean final wealth of less than 0.37). When W = 

0.13, however, all the borrowers in the state of bankruptcy are already in the 

poor category (category 1), thus making the transition from rich to paar much 

faster. An upward adjustment to a moderate exemption therefore tends to 

render entrepreneurs an easier access to loan markets and to protect them from 

being poor; and in this sense it enhances distributive equity. 

16As one expects, the transition from rieb to paar in the situation of autarky 
(Figure 5.4) is much rapider than in an economy with bankruptcy law (Figures 
5.5 and 5.6), with only 29 periods an average. 
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S. Concluding Remarks 

Al though the role for bankruptcy law has been recently examined in the 

static security moclels of Dubey, Geanakoplos and Shubik [1995] and Zame 

[1993], lt has been largely unexplored in intertemporal models with capital 

accumulatlon. In the splrit of these prevlous works, we introcluce bankruptcy 

in an intertemporal model, and dlscuss how bankruptcy law is specifled in an 

envirorunent of incomplete markets with idioSYJ.lCratic shocks and capital accu-

mulation. We explore the role for regulatory lntervention when financial 

markets are incomplete by examinlng how an adjustment in the exemptlon level 

redistributes individual wealth and influences social welfare. The present 

model has a clear result: lntervention of this sort can improve both social 

welfare and distributive equity. For theoretlcal pith, thls result hlghlights 

the regulatory role in promoting equi ty and efficlency in an environment of 

incomplete markets. For practlcal use, lt may help us understand the effects 

on the actual economy of the recent U.S. personal bankruptcy reform embodied 

in the U.S. Bankruptcy Code of 1978. 

Indeed, the bankruptcy law in our model is specified so as to reflect 

certain institutional aspects in the U.S. econoray. One may thlnk of our 

specification as an approximation to the "straight bankruptcy" proceedlng in 

Chapter 1 of the U.S. Bankruptcy Cod.e. 17 In a theoretlcal model with complete 

17"Straight bankruptcy", the most commonly used proceeding in the court, 
pertains to the exemption of a bankrupt person's assets and the liquidation of 
her or his estate. The percentage of straight bankruptcy cases in all 
bankruptcy cases during the postwar period has on average been about 75. 
Moreover, voluntary bankruptcy cases have been an extremely high percentage in 
all straight bankruptcy cases. For the institutional detail, see Annual 
Report of the Director, Administrative Office of the United States Courts, 
varlous issues. 
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asset markets, default penalties can be made extremely harsh so that 

bankruptcy disappears (Dubey and Shubik [ 1979}}. But when asset markets in 

the actual economy are incomplete, harsh punishment on bankruptcy may become 

socially undesirable (e.g., Luckett [1988), Dubey, Geanakoplos and Shublk 

[1995]]. The spirit of modern bankruptcy law in some actual economies is to 

develop straightforward institutional rules und.er which some of debtors' 

assets can be protected in the state of bankruptcy. 

Dur model follows a strand of the finance and economics literature which 

focuses on entrepreneurial firms and debt contracts. lt therefore abstracts 

from other details - notably corporate capi tal structure and the related 

corporate bankruptcy law. Although such abstraction enables us to gain clear 

and intuitive results here, we think of the exercise in thls paper as an 

analytic step towards models of incomplete markets that capture more features 

that are important in understanding the role of government intervention in 

business fluctuations and economic growth. In particular, lt ls argued that 

bankruptcy rates, as well as bankruptcy risks (or some measures of them), play 

a structural role for the transmission of monetary pollcy in some actual 

economies (e.g., Bernanke [1981, 1983), Calomiris cllld Hubbard (1989], Sims and 

Zha [1994]). The present model can be extended to analyze the dynamic 

transmisslon mechanlsms of government pollcies and regulations. One possible 

extension is to include aggregate uncertainty in a dynamic model, al though 

such inclusion makes the problem technically fiendish (because the 

distribution of wealth becomes a state variable). lt is our hope, therefore, 

that the theoretlcal contribution here will be useful to future study 

pertaining to government policies and regulations. 
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TABLE 1 

Results for the Simple Case 

-w u l r 

o.oo -1.16 0.10 1.00 
0.20 -1.03 0.18 1.46 
0.50 -0.91 0.22 2.01 
0.53 -1.07 0.07 3.52 

TABLE 2 

Numerical Resul ts for the Equilibrium 

-w u K L p 

Autarky -0.54 0.93 N/A N/A 
0.13 -0.33 1.05 0.06 1.00 
0.43 -0.27 1.12 0.22 1.02 
0,50 -0.29 1.09 0.07 1.00 
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figure 1. tntermediory's Zero Profit Curve 
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