A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Laing, Derek; Li, Victor E.; Wang, Ping

Working Paper

Inflation, trade frictions, and productive activity in a
multiple-matching model of money

Working Paper, No. 2000-28

Provided in Cooperation with:
Federal Reserve Bank of Atlanta

Suggested Citation: Laing, Derek; Li, Victor E.; Wang, Ping (2000) : Inflation, trade frictions, and
productive activity in a multiple-matching model of money, Working Paper, No. 2000-28, Federal

Reserve Bank of Atlanta, Atlanta, GA

This Version is available at:
https://hdl.handle.net/10419/100754

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/100754
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

=~f=v FEDERAL
C%é@ RESERVE
BANK

of ATLANTA

Inflation, Trade Frictions, and Productive Activity
in a Multiple-Matching Model of Money

Derek Laing, Victor E. Li, and Ping Wang

Working Paper 2000-28
November 2000

Working Paper Series




Inflation, Trade Frictions, and Productive Activity
in a Multiple-Matching Model of Money

Derek Laing, Victor E. Li, and Ping Wang

Federal Reserve Bank of Atlanta
Working Paper 2000-28
November 2000

Abstract: This paper investigates the relationship between money growth, inflation, and productive activity
in a general equilibrium model of search. The use of a multiple-matching technique, where trade frictions are
captured by limited consumption variety, allows us to study price determination in a search-theoretic
environment with divisible money and goods. In our basic framework, productive activity and matching in the
goods market are endogenized by a time allocation decision of work and shopping effort. We find that in such
an environment, a positive feedback between shopping and work effort decisions creates a channel by which
inflation can positively influence productive activity. This feature also creates the possibility of multiple steady
state equilibria when household preferences for variety is sufficiently great. We also consider an alternative
means of endogenizing the matching technology through endogenous firm entry. Consistent with the findings
of our basic framework, the importance of search frictions continues to be essential for the non-uniqueness of
equilibria and an additional channel which links money growth to real activity.
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|. Introduction

The relationship between money growth, inflation, and real activity is a classic and much debated
issue in monetary economics. Contrary to the Mundell-Tobin view established about three decades ago,
optimal growth models of money tend to favor the conclusion that steady inflation is disruptive to real
economic activity. For example, monetary growth in cash-in-advance models with production [ Stockman
(1981) and Cooley and Hansen (1989)] generates a pure inflation tax effect which discourages market
activitiesrequiring cash. Asaresult, consumption, work effort, output, and the capital stock all declinewith
the inflation rate. Under proper conditions, shopping-time and money-in-the-utility-function models al'so
have a similar prediction [e.g., see a discussion in Wang and Yip (1992)]. However, these approaches
assume an active role of money without much microfoundation. Thus, one may wonder if their findingsare
robust in micro-oriented models which consider the explicit role of money in reducing market frictions of
goods trading.

Why would the consideration of trade frictions matter concerning the issues of the interactions
between the real and the monetary activities? From atheoretical point of view, trade frictions are necessary
to generate a transactions role for money. The existing literature consists largely of general equilibrium
model s, such ascash-in-advance, which simply approximatethesetradefrictionsin Walrasian environments
where money is otherwise valueless. Such theoretic short-cuts will most certainly overlook the potential
effect of money growth and anticipated inflation on the very frictionswhich give rise to money asamedium
of exchange. Moreover, from an empirical point of view, evidence pertaining to a consistently negative
relationship between inflation and economic activity is far from conclusive. While some cross-country
studies and evidence from hyperinflationary episodes[e.g., Fischer(1983), Cooley and Hansen (1989), and
Aiyagari and Eckstein (1994)] detect a negative correlation between inflation and output growth, these

findings may be influenced by the observation that countries with sustained high inflation also experience



highly variableinflation.® A recent study by Bullard and K eating (1995) findsthat anegative money-output
growth correlation is absent from stable priceindustrialized countries. These results suggest that additional
study is needed toward understanding the factors underlying the interplays between the real and monetary
activities.

This paper eval uates the consequences of money growth and inflation on economic activity in the
context of a search-equilibrium model of money that highlights the decentralized and costly nature of the
exchange process. Search theoretic approaches to monetary theory emphasize that the use of a medium of
exchange minimizesthe time or resource costs associated with searching for exchange opportunities, hence
alleviatingthe"double coincidenceof wants' problemwith barter. Theseminal work of Kiyotaki and Wright
(1989,1991,1993) formalizes this aspect of monetary exchange in the search-equilibrium paradigm of
Diamond (1982,1984), and providesinsights toward understanding the transactive role of money in micro-
oriented model swith market frictions. Inour previouswork Laing, Li and Wang (1997), we generalize the
Kiyotaki-Wright structure by developing a“ multiple-matching” model of money. Such an approach, while
embodying the “double coincidence of wants’ frictions, utilizes an environment which allows us to relax
restrictions on the divisibility and storability of goods and money often imposed in search-theoretic models
of money.? This multiple-matching approach to money can be regarded as the basis of the present paper.

The key features of the multiple-matching model that allows us to accomplish our objectivesin a

tractablemanner are(i) abandoning asequential search structureand having buyerscontact multiplenumbers

! As argued by Jones and Manuelli (1995), it may be this variability of high inflation, rather than the
leve itself, which generates distortions and disrupts economic activity.

2 In the prototypical search model of money, exchange is characterized by one-for-one swaps of
goods and money, implying fixed prices. Extensions of the Kiyotaki-Wright model with divisible goods
but indivisible money to include pricing include Trejos and Wright (1993,1995) and Shi (1994). Among
the first to consider the implications of inflation in search-theoretic models of money is Li(1994,1995).
However, because of these restrictions, inflation was modeled as a tax on money balances given fixed
nominal prices.



of sellersinagiven period and (ii) assuming househol dsto possessapreferencefor consumption variety and
to consume a basket of goods. This ensures that there is always a subset of goods - with given measure -
among those contacted which the household finds desirable. This keeps the steady-state distribution of
cash/goods trivial.® Search frictions and market incompleteness are captured by limitations in the number
of sellersthat buyers can contact in a given period and hence limitations on the variety of goods ultimately
consumed. An analogy of this process is a consumer who shops in a marketplace and encounters many
different products but not all desired productsintheeconomy. Themodel is closed by specifying that prices
are set by monopolistically competitive firms, with each of them selling differentiated products, and by
considering acircular flow of income between householdsand firms. Asillustrated by Laing, Li, and Wang
(1997), the doubl e coincidence problem causes monetary exchangetoimprovetrading opportunitiesrel ative
to barter by increasing consumption variety.

Sincetheemphasisof thisstudy isoninflation and monetary (rather than barter) exchange, themodel
simplifies elements of Laing, Li, and Wang (1997) and extends the approach to focus on a pure-currency
search economy. Inour basic set-up thereisacompetitive labor market and a product market with random
matching. In contrast with Laing, Li and Wang (1997) where labor supply is inelastic, this paper allows
householdsto allocate their time over work effort, shopping time, and leisure.* Households supply labor to

firms to receive a cash wage payment and then proceed to the goods market where they are randomly

3 The main (technical) difficulty behind direct extensions of the Kiyotaki-Wright framework to
include prices and divisible inventoriesisthat it leads to an endogenous distribution of cash and goods
which must be determined jointly with prices. Recent work attempting to characterize pricing behavior
and the distribution of cash include Green and Zhou (1995), Corbae and Camera (1996), Zhou (1996),
and Molico (1996). Shi (1997) circumvents the distributional issues with a structure where large
households consist of a continuum of traders.

* It should also be noted that our notion of “shopping time” is very different from shopping time
models of money. In these models money is valued because it directly increases the value of leisure.
However, while possessing fiat currency in aworld where it is generally accepted reduces exchange
costs, it is not immediate why the quantity of money itself saves on these costs. Our model captures the
notion that shopping time is a costly activity required for exchange.
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matched with asubset of monopolistically competitive, price-setting firms. It isthe choice of shopping time
which endogenizes the matching technology and influences the extent of trade frictions. Once cash is
exchanged for desired goods, consumption occurs and firms use receipts to finance wage payments.

Upon building-up the multiple-matching model of money with endogenous labor alocation, we
procced with acompl ete examination of the effects of trade frictions, money growth and steady inflation on
exchange activity, labor allocation, and production decisions. With a given time allocated to shopping, an
exogenous reduction in trade frictions increases labor supply, overall work effort, and economic activity.
On the other hand, money growth creates an inflation tax inducing areallocation away from work effort to
leisure. Similar to conventional models, inflation discourages market activity and real output in thiscontext.

However allowing shopping time and the matching technology to vary in response to the money
growth rate leads to very different conclusions. In particular, when trade frictions are severe, not only can
money growth and steady inflation encourage both work and shopping effort, but there also exists the
possibility of multiple steady states. Intuitively, agreater matching rate enlarges consumption variety and
encourageswork effort when consumption and | eisure are highly substitutable; on the other hand, the higher
labor income generated from work effort encourages the demand for variety and induces shopping time to
increase. Itisprecisely the complementarity between work and shopping effort which leadsto the possibility
of multiple equilibria.

Finally, we consider an extension of our basic set-up where, while fixing shopping time allocation,
we endogenize the matching technology by introducing firm entry. We find that by allowing the mass of
firms to affect the matching technology in away analoguous to Diamond (1982), there generally exists a
positive relationship between household incentivesto work and firm entry. Similarly, firm profitsand their
entry decisions are also positively influenced by the household choice of work effort. It is precisely this
positive feedback which again generatesthe possibility of multiple steady states. Furthermore, in our set-up

an increase in the money growth rate encourages firm entry by raising the monopolistic mark-up. This



provides an additional channel by which inflation can expand consumption variety and increase household
participation in market activity.

The paper proceeds as follows. Section Il will outline the basic model and develop equilibrium
conditions. It will then characterize and analyzethe propertiesthe steady state of the model with both afixed
matching rate and endogenous shopping time. Section Il extends the basic framework to include an

endogenous determination of firm entry. Finally, Section IV will conclude with a summary.

1. A Multiple Matching Model of Money
Goods, Preferences, and Production

Time is discrete and the economy is populated by a continuum of infinitely lived households
(indexed by h € H) and firms, with each of their masses normalized to unity. Thereis alarge number of
differentiated commodities of mass one, indexed by w € Q. Each firm can only produce a particular good
using labor asthe sole input so that firms can also be indexed by w. A household of type h desiresavariety
of goods over asubset (h) = Q. The commodity space is ordered in such away that aworker of type h,
employed by a particular firm, produces a good outside of his/her preference domain, Q(h), and thus there
isno doubl e coincidence of wants between them.> In thisway, we rule out the uninteresting case of autarky
aswell asany possible matches/exchanges between aworker and his’her employer. Asin Diamond-Y ellen
(1990), we assume that associated with each firm w isaninfinitely lived owner who desires good w and acts

astheresidua claimant of the firm's output.® All exchanges occur between households and firms as only

®> Thismodel can support the possibility of adouble coincidence of wants and barter between households
and firmsby specifying carefully househol ds and owners' preferencesover arandomsubset of goods. Laing,
Li and Wang (1997) does precisely this, proves the existence of both barter and pure monetary equilibria,
and shows that under some conditions, the pure monetary equilibrium is welfare-enhancing compared to
barter. Since the present study focuses strictly on the pure monetary equilibrium, the detailed structure to
support fiat currency will not be elaborated.

® Thisiswithout loss of generality sinceit is, as we shall see below, consistent with profit maximization.
Alternatively, we can also consider a more complex environment where households are themselves the
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workers/shoppersare mobile. Both goodsand money are perfectly divisible and agents can store money and
their own production goods in any amount without cost.’

We make the following assumptions regarding household and firm owner preferences and the
production technology.

Assumption 1: (Household Preferences). The lifetime utility for household h € H is given by,

v - tioj B'UD,L) 0

whereU[ ] isstrictly increasing and quasi-concaveinitsarguments, and D, isacomposite consumption good

given by
|
D, = f cw) ¥ do Y 2
0cQk)
where 3 € (0,1) isthe subjectivetime-discount factor, L, isleisureat timet, C,(w) ishousehold consumption
of good w, and the composite consumption good captures the preference for consumption variety and has
the constant elasticity form with 'y > 1 denoting the elasticity of substitution across varieties.®
Assumption 2: (Firm Owner Preferences). The owner of firm w € Q has alifetime utility given by,
AN IIC) 3
t=0

where éis ownership consumption of his own production good.

owners of firms and receive dividend payments via a stock market.

" Thisfeature of our model contrasts sharply with the traditional search-theoretic framework of
Kiyotaki and Wright.

8 For large values of vy, varieties are closer substitutes. This type of preferences is standard in the
monopolistic competition literature, e.g., Dixit and Stiglitz (1977).
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Assumption 3: (Production Technology). The production technology of firm w is given by

¥(©@) = fl )] @

where [(w) isthe employment (density) and f satisfiesf >0, f “< 0, f(0) = 0 and the Inada conditions, lim_,
f{0) =coand lim_.f{l) = 0.
Labor and Product Markets

At the beginning of each period households allocate their timeto work effort, I, shopping effort, s,
and leisure, L, =1 - |, - 5. Household's possess the ability to produce many types of goods but are only
productive at asingle firm per period. Firmw € Q offers a competitive labor contract to householdsh € H
which pays a nominal cash wage W (w) in exchange for the household' s labor services|,.° Thus, the firm
produces output y,(w) according to the production technology given by (4).

Once household h € H receive wages from the competitive labor market, they travel to the goods
market in which they are randomly matched with a set of x, = Q(h) firms with measure «,. We make the
following assumption regarding this matching technol ogy:

Assumption 4. (Matching Technology). Themeasure of firmscontacted by aparticular household hisgiven
by a(s), where o’ (s) > 0 and ¢ (0) > O.

Thus, a, can be thought of as a“matching” rate which measures the severity of search frictionsin
the goods market. It is endogenized by the household investment decision in shopping time.

After matching, trades occur at monetary prices P(w) set by the relevant monopolistically
competitive firms. Households consume ¢,(w) for each w € ¥, and firms' owners consume their residual

output ¢ (w).

? In the generalized version of the model with barter and monetary exchange, this contract can also
consist of wage paymentsin the firm’'s output. The composition of this optimal contract between goods
and cash then determines equilibrium trading regimes. A pure monetary economy is one where this
contract pays only cash wages.



The Money Supply Process
Lump-sum transfers of cash from the monetary authority occur to both households and firms after
the labor market closes but before the goods market opens. Thus, firms must finance wage payments with

cash receipts accumulated from the previous period's sales.® Let X, denote this cash transfer, where a

portion T, = 0X, is given to households and 7= (1-0)X, is given to firms, with 0 € [0,1].** Thus, we can

write the money supply process as M%,; = M + X, = (1+)M*S, where i is the money growth rate, and X, =

T.+T

‘"

Optimization and Equilibrium

In each period, each household of type his matched with aset of x productswith measure o in their
desirable consumption set (h). Included in this set are firms setting acommon monetary price P and a set
of positive measure of deviating firms (denoted by Q"), with the representative deviating firm (indexed by
') setting amonetary price of P'.*?

The representative household's problem is given by choosing { ¢(w),c(w’),l,,S,M,.,} to
maximize (1), subject to

M, + W] - fPt(w)ct(co)dw +T - M

t f+1 20
x(®

©)

19 This timing of events should not be thought of as a cash-in-advance constraint on firms. It isthe
ex-post outcome of the richer environment of Laing, Li, and Wang (1997) where firms have the option of
accumulating goods for the payment of wages.

' The liquidity effect literature [Lucas(1990), Fuerst(1992)] motivates a special case of this cash
transfer process where -0 and firms use the additional transfers to finance their wage bill.

12 Since each firmis negligible in the continuum, it does not make sense to evaluate the demand for
asingle product. In order to obtain meaningful demand functions, we in essence posit alarge
“representative firm” which controls for a positive measure of the commodity space over 2’ and sets
prices P. Consumer behavior isthen defined as the limit case for the measure of {2’ to approach zero
such that the deviating firm’s price setting has a negligible impact on each consumer’ s wealth.

8



where

.
-1

x-1
D, = {fct(w) Y dw}y > (6)
x®

M, is the beginning-of-period household money holdings. With A, denoting the multiplier associated with

(6), the first-order conditions, evaluated at the limiting case where the measure of Q' vanishes, are given

by
y-1 1 1
UADD [efw) ¥ dw}*Tefw) 7} = AP, ™
X
y-1 1 1
UpDL) [efw) T do}*lefwh) T} = AP/ ®)
X
U,D.L) = AW, )
oD
U,(D,L) = UD(D,L)a—St (10)
M, {d, - BA,} =0 (11)

Equations (7) and (8) imply arelationship between c(w) and c(w ") given by

-1y
c(w)

c(w /)

_ P
P/
Substituting thisinto (6) yields the household’ s consumption demands:

Wi + T wli + T
c(w) = ——" =¢,; cfo)-= % = ct/ (12
a(s)P; o(s)P, (P
Equation (12) implies each consumer's demand, c(w ), decreaseswith its price P’ and at arate that depends

upon the elasticity of substitution y. Anincreasein total cash receipts, given by W|l, + T, raises the demand
9



for al goods proportionately. The consumer’s preference for variety impliesthat the share of their income
apportioned to each good declines with the number of trading partners o contacted.
Noting that asthe set of deviating firms are arbitrarily small, 9D/ds, = y/(y-1)¥Y e’ (s)c,. Using

this, (7), (8), and (9), the efficiency conditions for work effort and shopping time are

w 1
U,(D,L) = UD(D,L)?tOC(S,‘)"_1 (13)
t

Fa/(St)Ct (14)

L

Pt
Equation (13) simply equatesthe marginal disutility of work effort with the marginal utility of consumption
that can be supported by the additional wage income. Equation (14) says that while work effort raises the
overal level of consumption by the additional real wage, the marginal benefits of shopping time is the

additional variety which can be purchased with a given level of income. The latter is strictly increasingin

the preference for variety (i.e. decreasingin vy).
Finally, from (11) note that a necessary condition for M, > O is given by )ut = B)um or

{U4Do/BUptiDgis} (Pas/P) = 1. Thisconditionimpliesthat the opportunity cost of holding cash (or implicit
nominal interest rate) is zero. We will impose that this cost be strictly positive, which in the steady state
corresponds to the restriction that L > 3-1. Consequently, since the cash transfer occurs before the goods
market opens, the househol d ends each period with zero money holdingsor M,,,=0V t. Thus, the household
chooses an optimal sequence{c, ¢, |, s} solving (12), (13), and (14) given prices and wage{P,, P,", W} .

We now consider the optimal price setting behavior of adeviating firmw’ which takesthe price set
by all other firms as given and sets the best response Nash equilibrium price P’. In a pure monetary
equilibrium each owner consumestheresidual output of it'sfirm so that thefirm’s problemis consistent with

profit maximization. The representative deviating firm takes the consumption demands of each household

10



contacted in (11) as given and chooses {é ()] (w'),P (w’),M,,,} which solves,

max Y Bro(o)

o)’ =0

subject to
i N] - acfo)) - &(o) >0 (15)
Mt + aPfw)c o) + Tt N Wtit(“)/) - ‘AZHI >0 (16)
M, > Wi (17)

Inequality (15) isthe firm's resource constraint, and saysthat output is either consumed or el se sold to other
households. Inequality (16) is the firm's flow budget constraint requiring that total cash balances at the
beginning of next period cannot exceed the sum of current period money balances, receiptsfrom sales, and
the monetary transfer less cash wage payments. Finally, (17) is due to the absence of capital markets, and
indicates that the firm cannot hire more labor than is warranted by its current cash balances.

It is convenient to characterize a stationary equilibrium by scaling all nominal variables by the

beginning-of -period money stock: #,= Mt/Mts, w,=W/M S and p, = P/M;S. We canwrite(16) and (17) as:

7 Ne(w!) - wifw!) + (1-0
p - m, + opfw)c (w )1+th (0 + (1-0)p (16)
m, 2 wifw) (17)

and express the firm’s value function as

Vin) = max fII(@))] - ac(w) + PV(n,,,)
(w”),p’

11



With (16) and (17) strictly binding, the first order conditions, given in the Appendix, yields a Nash

equilibrium in the price-setting game where

Wy (141)
=
Y_ Bf(lt+1)

(18)

Intuitively, the monopolistic markup of price over next period wages depends negatively on 'y and next
period’s marginal productivity. Since firms must finance wage payments with cash receipts carried over
fromlast period, the marginal cost of hiringlabor, and hence the markup, isincreasing with theinflation rate
BH. Asp ~ B-1and v ~ o, the conventional result emerges in that the inverse markup approaches the

marginal productivity of labor.

The firm chooses an optimal sequence{p,’, ¢, ft} solving (15), (17", and (18) given prices and

wages {p, w,}. Labor and money market clearing implies that I, = it and that m,= m,,,= 1. We now

characterize the steady state of the economy’ s equilibrium in which no firm would deviate.
Definition 1. A symmetric steady-state monetary equilibrium is given by quantities{ c¢*, I*,s*} and prices
{p*, w*} satisfying

x _ (L wr(1+p)

1 B0y o

12



ot = 1+0p

20
26 (20)

. L UD*L")
W*(Z(S*)Y‘1 = L — (21)

)4 UD",L™)

W* — Y I ¥\ *
= ()l e 22
o G4 (22)
wherew* =/I*,L* =1-1* -s*, and

D* = a(s)le” = at (X pra (23)

I+p vy

Noticethat aconvenient way of expressing condition (21) isby substitutingin (19), (20) and (21) and writing

it in terms of the ratio of the elasticity of substitution of leisure to composite consumption

I"(1+6p)
1 -7"-s"

INOMIAS - 1 (24)

whereI' = € /€, and = U, L, &, =D,D.
Properties Seady Sate Equilibria

Thissectionanalyzestheexistence of steady state equilibriaandinvestigatesthemodel’ ssteady state
implications for money growth, inflation, and real activity. First, we will consider equilibriawith afixed
shopping effort and matching rate. Then we consider the general model which alows shopping effort tovary
optimally.

For convenience, and to make our analysis more concrete, we will adopt some specific functional
formsfor preferencesand technology. Inparticular, letf(1) =1?, consider alinear matching technology ¢:(s)=
0y + 00, 0, 0L, > 0, and let preferences be given by U(D,L) =[nD° + (1-n)LP]*, where ) € (0,1) and p
€ [0,1]. ThisCES specification embodiesboth thelinear casewhere p — 1 and the Cobb Douglas casewhere

13



p —~ 0. It implies that the elasticity of substitution ratio is given by I' = {(1-n)/n}(L/D)?. With this,

condition (24) is given by

1-1 ["(1+6p) _q
n D1 - 1* - 59

(25)

Equilibria with a Fixed Matching Technology

In order to highlight the essential role of endogenous shopping effort and matching, we begin by
considering the case where the matching rateis fixed at « = o, > 0 and hence s* = 0. Then we have:
Proposition 1. Given o = o, thereexistsaunique steady state equilibrium{ c*,p*,1* ,D*} solving (19), (20),
(21) and (23).
Proof: From (25) asufficient condition for thisisthat (I/DP) isstrictly increasingin|. Substituting in (23)

gives

(D) = I'"P(1+p)
V(10RO

Thus, 9(1/D?)/0l > 0 and there existsaunique I* satisfying (24). With this, (22), givesD* and (19) and (20)
gives p* = [y/(y-1)] [(T+p)/Bf "(1)] and c* = [(y-1)/y] [(1+Op)/(L+p)] [Bf"(1*)1*/cro] . m

Consider now the impact of an exogenous increase in the matching rate o, and money growth rate
W
Proposition 2. (Effect of Trade Frictions and Money Growth) The pure monetary equilibrium with o = o,
possesses the following properties:
0] dl*/da, >0, dD*/da, >0, d(w/p)*/da, <0, and Op*/do, < O;
(i) ol*/op <0, dD*/0p <0, d(w/p)*/0u <0, and op*/op > 0.

Proof: To prove part (i), we substitute (23) into (25) to yield the equilibrium locus determining 1*:

14



P -
10 eopyie - {a(l)/(v-l)(Y‘l)Bf/(l)} {l-l}l i (26)
n Yy l+p !

Since the right hand side of (26) is strictly decreasing in | and increasing in o, 01*/ &, > 0. From (23), D
isincreasing in both o, and | so that 0D* /e, > 0. From (19) w*/p* = [y/(y-1)] Bf'(1*)/(1+R)
and thus d(w/p)*/a, < 0. Finaly, sincef’(l)l isincreasingin |, op*/e,, < 0.

For part (ii), it isimmediate from (26) that a higher money growth rate increases the left hand side
while reducing the right hand side. Asthe right hand side of (26) is strictly decreasing in I, it must be that
ol*/op < 0. SinceD isincreasingin | from (22), 0D*/ u < 0. From (19) adecreasing I* implies a higher
nominal wage and lower marginal product and this givesop*/ . > 0. From (21) and CES preferences, note
that (w/p)* =[(1-1)/M][D*/(1-1)]*?; as u discourages D* and work effort, d(w/p)*/ L < 0. ®

Intuitively, an increase in the matching rate increases the marginal benefit of wage income, asitis
able to purchase more consumption variety. This shifts labor supply out and lowers the equilibrium real
wage. The resultant increase in equilibrium work effort and matching rate increases real incomes and
composite consumption.

Moreover, money growth creates an inflation tax effect which, for agiven matching rate, decreases
both labor demand and supply and equilibrium work effort. Real money balances used to finance labor
declines and lower real incomes reduces composite consumption. For O > 0, beginning-of-period cash
transfers to households create a positive wealth effect which reinforces the decline in work effort. The
inflation tax effect onwork effort isconsistent with many standard general equilibrium model swhich predict
a negative relationship between inflation and market activity. However, as we shall see below, the ability
of traders in the economy to affect the “frequency” of exchange opportunities and the extent of search
frictions can drastically change the equilibrium characterization in the steady state and even thereal effects

of inflation.
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Equilibria with Endogenous Shopping Effort

Having endowed with the findings in an economy with exogenous shopping effort and a fixed
matching rate, we are now ready to characterize pure monetary equilibriumin the general model outlined in
Section Il, where & = a(s) = o, + 0¢;S. For agiven shopping time allocation s, equation (25) correspondsto

an efficiency condition for optimal work effort. Substituting (23) into (25) givesthe LL locus:

I'T”(nep)l“’(w)" - {a(s)W‘”(YT'I)ﬁf’(l)}p{l'TH}l_p @27)

For a given work effort allocation |, equation (22) corresponds to an efficiency condition for optimal

shopping effort. Substituting (20) into (222) givesthe SS locus:

[ = OC(S) Y_l
a/(s) Y(1+6p) 28)
A steady state can be characterized by {I*,s*} satisfying (27) and (28). These conditions lead to the

following:

Lemmal. (Characterization of LL and SSLoci)
(i) For p > O sufficiently small, di/ds|,, <0, for p = 1, di/ds|,, >0, and there exists values of 0 < p

< 1suchthat di/ds|,, >0fors< s< 1 anddl/ds|,, <Ofor s<s<1.

(i)  TheSSlocusisstrictly increasing in the (s|l) space: di/ds| ¢ > 0.
Proof: Seethe Appendix. ®

The LL locus denotes the optimal response of work effort to a change in shopping effort. For p
sufficiently large, a greater substitutability between composite consumption and leisure implies that an
exogenous increase in s raises the marginal benefits of work effort and causes a substitution towards

composite consumption. For p sufficiently small, less substitutability between composite consumption and
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leisureimpliesthat an exogenousincreasein swill actually reduce incentivesfor work effort as households
substitutes towards leisure. The SS locus denotes the optimal response of shopping effort to a change in
work effort. An exogenous increase in work effort lowers the marginal benefit of labor supply and, at the
optimum, this must be equated with the marginal benefits of shopping effort. Since consumption per type,
c*, isstrictly decreasing in s, an increase in shopping effort is necessary.

In light of these properties, we can divide the characterization of equilibriainto several cases and
analyze the effects of search frictions and inflation for each.
Proposition 3. Given p > 0 sufficiently small, there exists a unique steady state equilibrium {1*,s*}
satisfying:
0] ol*/da, > 0 and ds*/da, < O
(i)  olI*/on < 0for any value of © and ds*/0p < 0 for O sufficiently small.
Proof: Seethe Appendix. ®

The uniqueness of steady state equilibria comes from Lemma 1, which verified that the SS-locusis
strictly upward sloping while for p > 0 sufficiently small, the LL locus is strictly downward sloping.
Intuitively, areduction in tradefrictions, as captured by anincreasein o, generates apositive wealth effect
that causes househol dsto lower shopping effort and a substitution effect towardswork effort. The SSlocus
shifts upwards in the (s,I) plane as shown in Figure 1A. For p > 0, the LL locus also shifts upwards, re-
inforcing the positiveimpact on work effort but mitigating somewhat the negative impact on shopping time.
Consequently, thereisan increasein composite consumption and real balances, and real wages declinefrom
theincreasein labor supply.

Figure 1B illustrates the unique steady state and showsthat an increase in . shifts both the LL and
SSloci downward. Both theinflation tax effect on work effort and the substitution away fromwork towards
shopping time lowers equilibrium work effort, but the impact on steady state shopping effort becomes

ambiguous. Noticethat if O =0and p =0, both I* and s* areinvariant to the money growth rate, and if 0
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issufficiently small while p issmall but positive, then steady state shopping time also falls as househol ds
substitute away from market activity.*®

Proposition 4. For p = 1, there exists a unique steady state {|1*,s*} satisfying:

0] 0s*/du, < 0 and ol*/do, = 0

(i) 0s*/op < 0 and dI*/op < O for y-1> 1/(1-¢);

(i)  O0s*/0W >0and O1*/0p > 0 for 1 < y-1 < U(1-¢p).

Proof: See Appendix. ®

Recall that with p sufficiently large, both the SSand LL locus are upward sloping. Anincreasein
o, tends to reduce the optimal choice of sfor agiven |, shifting the SSlocus upward in the (s|) plane. This
is the pure wealth effect of the improved matching technology . However, it also increases the optimal
choice of | given s, shifting the LL locus upward. While both effects lead to a reduction in shopping time,
the impact on work effort depends upon whether or not the substitution effect of «, outweighs the wealth
effect. Inthelinear examplewhere p =1, these effectsexactly cancel and thereisno overall changein either
the overall matching rate, o.(s), or equilibrium work effort (see Figure 2).

A greater money growth rate lowers work effort for a given shopping effort, shifting the LL locus
downward inthe (s|l) plane. Thisisthe negative wealth effect of the inflation tax. For vy sufficiently large,
equilibria occrs where the SS locus is steeper LL and the decline in work effort lowers the marginal
incentives to invest in shopping effort (see Figure 3B illustrates the case where 6 = 0 for convenience).
Notice that from (23) composite consumption D* falls, and, since U, /U, is a constant, (21) implies an
increaseinreal wagesasthe marginal product of labor rises. Intuitively, if the preferencefor variety issmall,

and hence search frictions are not important, inflation decreases investment in shopping time, employment,

BHigher money growth with 6 > 0 will create a positive wealth effects to househol ds; however, this
isan artifact of the feature that households are not required to hold cash across periods. Since such
wealth effects are likely to be small in practice, we interpret 0 sufficiently small as amore “natural”
specification of the model.

18



and economic activity.

However, for y sufficiently small, steady state occurs where the LL locus will be steeper than SS
and the decline in work effort creates a substitution towards shopping effort. Consequently, the resulting
increase in the matching rate increases the marginal benefits of wage income and the incentive to increase
labor supply. Itisprecisely this positive feedback which can lead to an overall increase in work effort and
employment (see Figure 3A for the casewhere © = 0). Intuitively, if the preference for variety islarge, and
hence search frictions are important, then inflation can increase shopping time, employment, and economic
activity. Inthiscaseanincreaseinthe money growth rateincreases composite consumption, D*, and lowers
thereal wagerate. Thisresultisin stark contrast to the model which simply assumes a fixed matching rate.
Proposition 5. (Multiple Equilibria) For O < p < 1, multiple (non-degenerate) steady states may emerge,
under which
(i) equilibria can be ranked by a monotone increasing relationship between |* and s*;

(i) for O sufficiently small, sign{dl*/0u} = sign{ ds*/0u}, and therewill be at least one equilibriawith

ol*/op. > 0and ds*/dp > 0.

Proof: Thispropositioncanbeverified graphically. Consider thecasewheretheL L locusisupward sloping
for ssmall and downward sloping for slarge. Sincethe SSlocusis upward sloping and al equilibria must
occur adongit, (i) isimmediate. Since SSislinear, if LL issteeper than SSat the origin, then thereiseither
auniqueequilibria[described by Proposition 3 or Proposition 4(ii)] or an odd number of steady states(Figure
4A). Since ahigher money growth rate shiftsthe entire LL locus downward, movement of equilibriaaong
the SSlocusimplies|* and s* must movein the samedirection and for 2n-1, n > 2, steady statesimpliesthat
n - 1 of those equilibriawill be characterize by ol*/0p >0 and ds*/0p > 0. If SSis steeper than LL close
totheorigin, thereis at least two steady states or, in general, an even number (Figure 4B). Again, ahigher
money growth rate shifts SS downward, implying that I* and s* must movetogether. Furthermore, for every

equilibriawhere 0l* /0. < 0 and ds*/0p < 0, there exists one where 0l* /0. >0 and ds*/0p > 0.
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The possibility of multiple equilibriaarisesfrom the complementarity between the optimal choices
of work and shopping effort. Intuitively, a greater matching rate enlarges consumption variety and
encourages work effort when goods and leisure are highly substitutable. On the other hand, the higher [abor
income generated from work effort encourages demand for variety and induces shopping time to increase.
When the elasticity of substitution between goods and leisure is moderately high and the preference for
consumption variety is sufficiently great, there exists nonlinear positive interactions between employment
and shopping time which generate a multiplicity of non-degenerate steady states.

Asanillustration of the existence of multiple equilibria, consider y =2, =0.4, p=0.8, $ =0.8,
0, =0, 0, =8, =0.99. Figure6 plotstheroots of (27) asafunction of |, where s has been substituted out
from (28). For p =0, it indicates that there is alow output equilibria, where| = 0.104 and s = 0.208 and a
high output equilibria, wherel = 0.313 and s= 0.626. Raisingtheinflation rateto . = 0.10 increases work
and shopping effort in the low output equilibriato 0.125 and 0.256 and reduces work and shopping effort
in the high output equilibriato 0.298 and 0.609.

Onemay now wonder in casesof multipleequilibriaif someare stableand somearenot. Obviously,
by the nature of the LL and SSloci, stability cannot be analyzed graphically sincethe evolution of quantities
(consumption and labor all ocation) and prices (contemporaneous goods prices, wages and the intertemporal
price) cannot be ssmply summarized in (s, I)-space. Moreover, even one may analyze those quantity and
price dynamics, the complete analysis cannot be done with including the change of values in the Bellman
equations. If one does so, then, by the nature of self-fulfilling expectations, there is aways a bubble-type
hyperinflationary transition path leading to the barter equilibrium. Thus, the only alternative remaining is
to apply the Samuel son Correspondence Principle to examine the ad hoc dynamics by Liaponov functions.
In this latter sense any (and indeed all) equilibria described in Proposition 5 may be stable. Thus, we have
proceeded with discussion of the comparative-static properties of each type of equilibria.

Notice that these results differ dramatically from those obtained in the case of exogenous shopping
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effort and matching. In particular, the introduction of endogenous shopping and matching (i) permits the
possibility of multipleequilibriaand (ii) generatesambiguity concerning the effect of money growth onwork
effort. Wealsowant to call thereader’ sattention that preference over variety isessential for the emergence
of multiple non-degenerate steady states. When differentiated goods are perfect substitutes (i.e., y -~ =), it
is clear from (26) that the positive feedback effect between work and shopping effort via matching ()
vanishes. In thiscase, the LL locus is always downward-sloping, regardiess of the degree of substitution
between goods and leisure. This, together with the positively sloped SS locus, results in a unique non-

degenerate steady-state equilibrium.

[11. Firm Entry and Trade Frictions

In this extension, we consider an alternative method of endogenizing the matching technology.
Previously, we have always normalized the measure of firmsto be unity; this section considers the issue of
optimal firmentry and how it’ sinteraction with the matching technol ogy affectsthe propertiesof steady state
equilibria. Toisolatethiseffect, wefix the shopping time allocation decision exogenously so that s=0. We
normalize the measure of householdsto unity and let N, € R, denote the measure of firms, where each firm
possesses production technology (4). The following assumption modifies the matching technology by
relating the measure of firms contacted by each household to the total measure of firms participating in the
market.
Assumption 4’: (Matching Technology) The measure of firmscontacted by aparticular household hisgiven
by a(N,), where o.’(N,) > 0 and o (0) = 0.

Themoney supply processisidentical to the previous section, with monetary transfer T,= 0X, given

to households and f"t: (1-0)X, is given to firms, implying f"t/Nt isthe transfer per firm. We will focus on

symmetric steady states where cash balances will beidentical across all firmsin each period. Without loss
of generality, a money supply process consistent with such a symmetric steady state is one where each
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entering firm recieves a cash transfer from the central bank in an amount which replicates the money
balances of the existing fims in the market. Thiswill allow entering firms to finance their wage payment.
Thetransfer can then berebated from these entrantsin thefollowing period. Thetransfer and rebate process
works analogously for exiting firms. Since households take the matching technology and money supply
process as given, the choice of {c(w),c(w"),l,,,M.,} maximizing (1) subject to (5) must continue to satisfy

the analoguous versions of (12) and (13):

O Tl Y S Il Y 29
f o, A A #)
w L
UADI) = UyDI) *a®)' (30)
t

The deviating firm chooses {¢ (0/),] (@’),p (w")s#,,,} to maximize (3) subject to (17),

a(N)

4

S ("] -

c(w) - (w20

X m, + a(N)p(wc (YN, - wi(w)) + (1-0)u/N,

mt+1 =

1+p

where nominal variables have once again been scal ed by the aggregate begi nning-of -period money stock M 2.
Notice that this alteration in the matching technology scales both the marginal benefits and costs of setting
aparticular deviating price by equal proportions so that the symmetric Nash optimal pricing rule continues
to be given by (18).

To close the model, firm entry is introduced by imposing a fixed per-period firm entry cost of K >
0 and allowing the measure of firms to vary subject to an ex-post zero profit condition givenby é(w') = k¥

or

22



a(N)
N,

t

i )] -

c(®) = x (31)

Labor and money market clearing implies that | /N, = ft and = 1/N,. Thus, asymmetric steady

state equilibrium with firm entry, with p = p’= p* and c = ¢’ = ¢* isgiven by {c*,I* ,N*,m*} and prices
{p*,w*} satisfying (29), (30), (18), (31), m* = I/N*, and w* = 1/I*. Substituting (29) and (18) into (30)
givesus an LL-locus indicating the optimal choice of | for a given measure of firms N:

ln" (1+Op)P(L+p)P = {a Ny ‘)(YYI)Bf’( )} {1 l’}l i 32)

Substituting (29) and (18) into (31) givesan EE-locusindicating the optimal firm entry condition for agiven

household choice of I:

1y 1y 1+0p y-1
f(N) Nf( )[31ll ” (33)

Thus, a steady state can be characterized as a pair { N*,1*} satisfying (32) and (33). We again adopt the
Cobb-Douglas form for the production technology and alinear matching technology where ct(N) = oN, o
< 1. Withthis, it isimmediate that the EE-locus is increasing and linear in the (N,I) space as (33) can be

written as:
1 1+ 1.\%
+ pa—
N - {—[1 - ¢B(—“)(Y—)]}“’ ! (34)
L3 I+p =y
The following proposition characterizes the LL-locus:
Lemma 2. (Characterization of LL Locus) The LL-locus possesses the following properties:

()  forp=0,dl/dNk, =0andI* = [1+(1-n)(1+Ou)m] %
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(i) forp =1, dl/dN |LL >0, I(N) - 0OasN - 0, and the LL-locus is strictly convex in the (N,I) space;
(i)  forO<p<1,d/dN |LL >0,I(N) - 0asN - 0, and I(N) ~ 1 asN becomes arbitrarily large.
Proof: See Appendix. ®
Lemma 2 implies that for the Cobb-Douglas case, where the ratio of the elasticity of substitution between
consumption and leisure is independent of the matching technology, steady state work effort 1* will be
constant and independent of N. For al 0 < p < 1, anincrease in the measure of firms increases the set of
firms househol ds are matched with and hence enhances product variety. Thisincreasesthe opportunity cost
of leisure to consumption and households substitute towards work effort. The following propositions now
characterize the properties of steady state equilibria.
Proposition 5. For p = 0, there exists a unique steady state equilibrium satisfying:
@) ol*Iou < 0;
(i)  ON*/ou > 0for O sufficiently small and ON*/op < 0 for O sufficiently large.
Proof: See Appendix. ®

The unigueness of the steady state is immediate since, from Lemma 2, the LL locus is horizontal
while the EE locusis upward sloping. Again, for 0 > 0, it is the positive wealth effect on households from
cash transferswhich lowers steady state work effort. Theinflation tax effect on work effort isabsent in the
Cobb-Douglas case where the ratio of the elasticity of substitution of leisure to consumption is constant.
This is immediate seen by noting that as 0 - 0, work effort becomes invariant to the money growthrate.
However, in the case where 0 is sufficiently small, a higher money growth rate raises the firm’s markup of
prices over marginal costs, encourages firm entry, and expands the steady state measure of firms.
Proposition 7. For p = 1, there exists a unique steady state where ol*/0u >0 and ON*/0u > 0.
Proof: See Appendix. ®

Existence of a unique steady state arises from the increasing and convex LL locus. The impact of

an increase in the money growth rateisillustrated in Figure 6. Just as in the Cobb-Douglas case, a higher
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money growth rate increases the monopolist mark-up and leads to firm entry, for a given choice of work
effort per household. Thisisrepresented by ashift of the EE locusto theright. Furthermore, money growth
now generates an inflation tax effect which discourages work effort and causes households to substitute
towardsleisure. ThisshiftstheLL locusto theright. Consequently, if leisure and composite consumption
arevery closesubstitutes, thefirmentry effect and it’ spositiveimpact on the matching technol ogy dominates
thisinflationtax effect. Thus, astradefrictionsarereduced, theresult isgreater steady statework effort and
firmentry. Whilelabor input per firm (I*/N*) diminishes, aggregate real activity increases as measured by
N*f(I*/N*) increases.
Proposition 8. Suppose0<p <1. Then
(1) for y > 1/(1-p) there exists a unique non-degenerate steady state where ol*/0l < 0, and for O
sufficiently large ON*/0p < 0O;
(i) for y < 1/(1-p) there existstwo steady states{I,",N,’} and{I,",N,}, withl,;”" <1,”andN," <N,", such
that dl,*/0p >0, ol,*/o <0, ON,*/op > 0, and for O sufficiently large ON,*/op < 0.
Proof: See Appendix. ®
The uniqueness of steady state requires that the preference for variety is small (y large), or
consumption and leisure are not very close substitutes (p small). In this case, the LL locus is strictly
concavein (N,I) spaceand the unique steady stateisillustratedin Figure 8. Anincreaseinthe money growth
rate leads households to substitute away from work effort and shifts the LL locus downward. The higher
monopolist mark-up leads firms to enter the market for a given per household choice of labor supply, and
shiftsthe EE-locus downward. Theoverall impact isadeclinein steady state work effort, but theimpact on
steady state firm entry depends upon the share of the monetary transfer going to firms. If this shareis
sufficiently small (O large), then the wealth effect on households reinforces the negative impact on work
effort and leads to an overall decline in the measure of firms.

However, if thereisasufficient preferencefor variety (Y > 1 small) or consumption and leisure are
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highly substitutablein household utility (p <1 sufficiently large), thentherewill bemultiple(two) equilibria.
AsshowninFigure?, theseequilibriacan beranked by real activity, sincealong the EE |ocus, labor per firm
is constant. Intuitively, preferences for variety and the importance of trade frictions are necessary in
generating multiple equilibria. All else being equal, higher inflation again causes households to substitute
towards leisure, shifting the LL locus downward, and encourages firm entry, shifting EE downward. The
overall impact on the steady statewill thusdiffer acrossequilibria. For thelow activity equilibria, both work
effort and the measure of firmsincreases while for the high activity equilibria, work effort declines and if
thereisasufficiently large wealth effect to householdsfromthe cash transfer, firm entry will declineaswell.

We can a so analyze the impact of adirect reduction in search frictions, captured by increasing the
fraction of firms contacted per household, o, on real activity. Notice from (32) that an increase in 0
increases the work effort choice and shiftsthe LL locus upwards. In the unique steady state case where 'y
> 1/(1-p), we have dlI*/dc >0 and ON*/do > 0. For 'y < 1/(1-p), dl,*/do <0, dl,*/do >0, ON,*/do <O,
and ON,*/do > 0. This suggests that for the multiple equilibrium case the impact of an increase in the
productivity of the matching technology depends upon the level of real activity. If the number of firms
matched to each household is sufficiently large, asin the low activity equilibria, then a substitution effect
dominates and househol ds shift towards work effort and market activity. Noticewheny < 1/(1-p) and 0 <
p < 1, the properties of each of the two steady states correspond to the unique steady state cases analyzes
previoudly. Inparticular, the propertiesof thelow activity equilibriaareanal ogousto the unique steady state
casewhen p =1. Also, the propertiesof the high activity equilibriaare anal ogousto the unique steady which
ariseswithy > 1/(1-p) and0<p < 1.

An overall examination of the cases of endogenous shopping effort and endogenous firm entry
indicates that the main findings are qualitatively similar. In either case, multiple equilibria may emerge,
whilemonetary growth may have positive effectson work effort. However, the endogenous entry model has

an advantage in terms of welfare analysis. Specifically, by free entry, firms always reach zero profit in
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equilibrium and as a concequence, welfare evauation only depends on consumer’s lifetime utility.
Staighforward mani pul ations show that consumer’ swelfare may be hump-shaped. When the money growth
rate islow, the positive endogenous entry effect dominates the standard negative purchasing power effect
viaconsumption reduction. Thus, an increase in the money growth rate (or anticipated inflation rate) leads
to an improvement in welfare. When the money growth rate is high, the negative purchasing power effect
becomes the dominant factor and a negative relationship between money growth and welfare is therefore
anticipated. This Laffer-curve shaped welfare schedule with respect to changes in money growth suggests
that in the presence of trade frictions and endogenous firm entry, there may be a positive rate of optimal

inflation and the Friedman rule need not hold up in general.

V. Conclusion

This paper has investigated implications of a multiple matching model of money for the effects of
monetary growth and inflation on economic activity. Theuseof amultiple matching technique, wheresearch
frictionsare captured by limited consumption variety, allowsthe model to generalizes various aspects of the
traditional money-search literature, including pricedetermination and thedivisibility and storability of goods
and money. Wefind that in both the basic framework with endogenous shopping effort and in an alternative
specification wherefrimentry isendogeni zed, tradefrictionsare animportant el ement in generating multiple
steady states and providing achannel by which monetary growth positively influencesreal activity. These
features exist in the absence of increasing returns of the matching technology or search externalities.

This finding is also complementary to some earlier work by Li (1994, 1995) evaluating the
consequences of inflation in search-theoretic models of money. Inafixed priceindivisible search model of
money of Kiyotaki and Wright (1993), these papers concluded that a tax on money balances can indeed

positively influence search activity, stimulate the accumulation of inventories, and increase welfare. Our
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paper suggests that these conclusions may not have been just an artifact of the indivisible nature of fiat
money and inventory restrictions assumed by these models and are robust to generalizations to the search
environment.

The possibility of multiple steady states suggests that the lack of strong empirical evidence
supporting a positive or negative impact of steady inflation in industrialized countries may be the result of
an economy in transition across multiple equilibria. However, our steady state analysis cannot address the
stability of these steady states and the transitional dynamic response to changesin the money growth rate.
Given our results, this undertaking appearsto be a fruitful avenue for future work.

This paper demonstrates that search theoretic models of money with multiple matching can be
extended and applied to a wide variety of issues in monetary economics. For example, a saving and
investment decision can be incorporated into the model by the inclusion of productive capital. Such a
framework can then begin to addresstheissue of how monetary growth impactsthe capital stock and whether
thereexistsaMundell-Tobin effect. Also, themodel can be useful in analyzing the extent by whichinflation
distortsrelative prices across markets with varying degrees of search frictions. Finally, an incorporation of
acredit market will allow the model to study the transmission of monetary policy, whether such amodel can
capture the liquidity effects of monetary shocks, and their implications for the cyclical behavior of real

variables.
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APPENDIX

Firm's First Order Conditions

Letting A bethe multiplier associated with (17") and assuming the constraints are strictly binding, the firm’s
first order conditions for 7, and p,’ can be written as:

BV, (i m)[ (@ + Ct(ﬁj/)p q - dc(w)
1+ ap op

£l @h) = (L) (":”) v A dw,

and where, from (12), dc,'/op,” = -y¢,'Ip,’. The envelope condition is given by

. BV, (. ) &
Vi) = Tutl * A,

Proofs to Propositions

Lemma 1.

(i)

Notice that the left hand side of (27) isindependent of | and s. The right hand side of (27) can be
written as

p

-1 1-1-9'"° 33
RHS,; = {YTM)} (gt s)Y" i - ¢pS) -1

Thus, theright hand sideisstrictly decreasingin| [d(RHS, | )/dI<0]. Differentiating thisexpression
with respect to s gives

dRHS o _
IL _ Y- lﬁd) l‘bP 1(1 I- S)l p(a +o S)Y 1[ p 1 _ 1 P ] (Al)
ds Y y-1la,+o,s 1-1-s

For p =0, this expression is strictly negative, implying dI/ds| .. <0, andfor p =1, this expression
isstrictly positive, implying dI/ds| L >0. Wealso seethat (i) if (Al) ispositiveat s= 0, then there
existsaunique s < 1-1, such that (A1) is positive for s< s, implying di/ds| ,, > 0 and negative for
s> s, implying dI/ds| o <0, and (ii) if (Al)isnegativeat s= 0, whichistruefor p > 0 sufficiently
small, then (A1) isnegative for all s> 0, implying dI/ds| L <O.
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(i) From (28), asufficient condition for dl/ds| s> Oisgiven by a”(s) < 0. Thisis certainly satisfied
with our linear matching technology, which impliesan increasing and linear SSlocus. =

Proposition 3.
Consider the limiting case where p = 0, the Cobb-Douglas case. Equations (27) and (28) can be written as

1-n 1-1-5
0 (1+0u) ] (A2

((X0+(X1S) ‘Y—l

o, y(1+0p)

l =

(A3)

Sincethe (LL) locusin (A2) is downward sloping while the (SS) locusin (A3) in upward sloping inthe (s,1)
plane, there exists a unique steady state {I*,s*}. From Proposition 4, LL isalso strictly downward sloping
for p > 0 sufficiently small which aso guarantees uniqueness.

For p =0, (A3) indicates that an increase in o, increases | and shifts SS upwards. As aresult,0s*/do, < O,
dl*/da, > 0. For p sufficiently small, the LL locus will shift right, re-inforcing the positive impact on I*
while mitigating the negative impact on s*. From (28), the overall matching rate ¢« increases.

To analyze the effect of an increase in money growth i, when p = 0, substituting (A3) into (A2) gives

1-n _ a1 - S)“ll Y 1

n o, + als\y—l 1+0p

(A4)

For 0 > 0, sincetheright hand side of (A4) isincreasingin L and decreasingiss, 0s*/0j. > 0 and from (A2),
ol*/op < 0. For 0 =0, I* and s* are invariant with respect to .. Now consider the case where p > 0 but
small. ds*/op will generally be ambiguous but negative for 6 sufficiently small.

Proposition 4. Consider the limiting case where p = 1, the linear specification. Equations (27) can be
written as

1- - -1
—Na+p) = a@" I B0 (A5)
n Y
and (28) isgiven by (A3). Sincetheright hand side of (A5) isstrictly increasing in s and decreasing in |,

both the SSand LL locusare upward sloping inthe (s,1) plane. By substituting (A3) into (A5) we can verify
aunique steady state given by

s* = {EQ+p)A+0p)* Wa, - aya, (A6)

1,1
Y ~a,(1+6p)

I* = {EQ+p)1+0p)*-1pv Y (A7)
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where E = [(2-n)m][y/(y-D]*[Bde, " and ¥ = (v-1)/[1-(y-1)(1-$)]-
0] It isimmediate that 0s*/do, = -1/ot; < 0 and ol*/dot, = 0.

(i) Consider the case where § < 0, which is guaranteed for asufficiently large (y-1) > 1/(1-¢). From
(A6) itisclear that ds*/0u < 0. From (28) it isimmediate that dl*/0p < 0.

(iii) Next, consider the case where { > 0, which is guaranteed for a sufficiently small (y-1) < 1/(1-).
From (A6) it isclear that ds*/dpu > 0. To analyze theimpact on work effort, notice from (A7) that
asufficient condition for ol*/0 > 0 for al O isgiven by dI*/op > 0 for 6 = 1. Take the limiting
case where 0 = 1, the exponential on (1+.) becomes Y¢ - 1, which is positive for (y-1) > 1,
implying ol*/dp. > 0, and negative for (‘y-1) < 1, implying dl*/0p < 0.m

Lemma 2.

(i) For p =0, (32) can bewritten as (1-1)(1+u)/n = (1-1)/l and the LL-locus can bewritten as| = [1+(1-
n)(L+0p)/m]™.

(i) For p =1, (32) can be written as

1 gy-1 l
(1) = o) B
Y N
1 1 1 Y/ -D-¢
= [ = Y(1+|.L)0 v ¥ 1oy 1
Y-1¢p

Thus, 1(0) =0, dN/dl > 0 and since [y/(y-1)-$]/(1-¢) > 1, d®N/dl > 0and the LL-locusisincreasing
and strictly convex in the (N,I) space.

(iii) ForO<p<1,(32) impliesthat for f"<0and &’ >0, dI/dN > 0. Also, sincef’~ 0asl/N » c and f'~
o as|/N - 0, itisclear that the LL locus passes through the originin the (N,|) spaceand| -~ 1 asN

- oo, A

Proposition 6. From Proposition 8, |* = [1+(1-1)(1+0)/m]?, and it isimmediate that 6l* /0l < 0 for 6 >
0. Substituting thisinto (34) gives the unique steady state value for N*,

1
N*::{ln—¢ﬁljll+e“*¢
K Yy 1+p

-1
1+l—_7](1 +Gp)}
n

For 6 -~ 1 we have ON*/0p < 0 and for 6 ~ 0 we have IN*/0p. > 0. ®

Proposition 7. From Proposition 8, uniqueness of the steady state is gauranteed by convexity of the LL-
locusin (N,I) space. For p =1, (32) becomes
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Y 1
1—'!] = NY -1 ¢l¢ 1Y~ I(Y 1)¢B

n Yy 1l+p
Substituting in (34) and simplifying gives

1

1nvk"’_ Y116H¢1+1 =
(—X —1\34) 1-¢p o ¥ (A +p) (lo)Y (A8)

where §r = y/¢(y-1) - 1. Noticethat for O = 1, the right-hand side of (A8) isstrictly decreasingin L. while
increasingin|. Hencedl*/op > 0. A sufficient condition for thisto betruefor al 0 € [0,1] isfor theright-
hand side of (A8) to bedecreasingin L at 0 = 0. To verify this, notice that the RHS of (A8) is proportional
to [1-z/X]¥/x, where x = 1+ and z= ¢B(y-1)/y. Differentiating thisw.r.t. x gives that d(RHS)/dp < 0 iff
Pz/x(1-zx)*>1or B < 1+u. Thisconditionistrue by suppositionthat |1 >3 - 1. Therefore dl* /0 > 0 for
al 0. From (34) itisimmediate that ON*/op > 0. m

Proposition 8. TheLL locusin (32) can be written as

b ot L P
CDP+0) ' - {17’}1 p{NH d’l‘*"lo*'1(‘(7‘1)%}

Substituting in (32) gives

- 1 P
{17’}1 T o (Lp)P(1+0p)!- "{ [1- ¢B<Y L 11+9“)]} {oy-lw”T‘l} (1‘7") (A9)

where §r = y/¢p(y-1) - 1. Notice that if p/(y-1) - (1-p) <0, or y > 1/(1-p), the LHS of (A9) is strictly
decreasingin| whiletheRHSisaconstant. Thisverifiesthe uniquenessof the steady statefor 'y sufficiently
small or p sufficiently large. If Y < 1/(1-p), then it can be verified that the LHS of (A9) is parabolic, zero
when | =0, and attains a unique maximum at [p/(y-1) - (1-p)] [p/(y-1)]™* < 1. Thus, for y < 1/(1-p), there
exists two steady states {I,*,1,*} wherel* <I,*.

To evaluate the impact of money growth, notice that a sufficient condition for the RHS of (A9) to be
increasingin p for al © € [0,1] isd(RHS)/dp > 0 for 6 = 0. Setting 0 = 0, notice that RHS is proportional
to x(1-z/x)", where x =1+u and z= ¢P(y-1)/y. From the proof to Proposition 10, this expression is
increasing in  for B < 1+, and this condition is true by supposition. Therefore, for y > 1/(1-p) where
thereisaunique steady state, ol* /0. < 0 and, form (34), dI* /0N < Ofor O sufficiently large. Fory < 1/(1-p)
where there are two steady states, ol,*/0p. >0, dl,*/0p <0, and from (32) dN,*/0p > 0, and ON,* /0. < 0
for O sufficiently large. ®
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FIGURE 1A - Steady State for p > O sufficiently small

and Effect of an Increasein ¢,
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FIGURE 1B - Steady State for p > 0 sufficiently small
and Effect of an Increasein
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Steady Statefor p =1
and Effect of an Increasein ¢,
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FIGURE 3A - Steady State for p = 1, y-1 < 1/(1-¢)
and Effect of an Increasein
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FIGURE 3B - Increasein . for p = 1, y-1 > 1/(1-¢)




FIGURE 4A - Multiple Equilibria (Odd Number)
and Effect of an Increasein
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FIGURE 4B - Multiple Equilibria (Even Number)
and Effect of an Increasein
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FIGURE 5 - Existence of Multiple Steady States with
v=2,n=0.4, p=0.8, 0,=0, ¢:,=8 and 3=0.99.
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FIGURE 6 - Steady State with Firm Entry for p=1
and Effect of Increasein .
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FIGURE 7 - Steady State with Frim Entry for 0 <p <1,
and y > 1/(1-p). Effect of Increasein .
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FIGURE 8 - Multiple Steady States with Firm Entry for O<p <1
and y < 1/(1-p). Effect of Increasein .
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