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Figure 3: Median (thick line) and 25% and 75% quantiles (thin lines) of the max-
imum likelihood estimators of the 100 data series
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To test for this convergence property, we estimate the linear relationship be-
tween the logs of the mean squared deviations from the true values and the number
of observations. In order to isolate effects of the optimization heuristic, we group
the data by the number of the algorithm’s iterations, I, and then estimate the pa-
rameters of the model

In (MSDFRAT) — ! - bg! - In(T). (13)

for each data seriesd =1...100.

Table 2 summarizes the aggregate results and some statistics. As has been
stated in section 2.3 (and will be confirmed by our empirical results in section
4.2.2), the optimization algorithm will produce more reliable results when it is
allowed a higher number of iterations. Hence, the main focus should be on the
results for | = 100000; however, it is safe to say that if the algorithm is conceded
at least 5000 iterations, the conclusions are virtually the same.®

On average, the mean rate of convergence of MSDER’O"T’I as a function of T
is found to be approximately of the order of %,7 and it is even faster for y; and
w3. The relationship is also supported by the high average R?’s. However, the rel-
atively large standard deviations of the parameters b%" indicate that their values
(and thus the convergence rates) can differ substantially between different real-
izations of the data generating process. We found two main reasons for this. As

5The joint effects of the number of iterations and the number of observations will be discussed
in section 4.2.3.

"This corresponds to the usual rate of convergence of \iﬁ for the parameters.
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Values for bl averaged over d

|| MSD™/(yg) MSD™!(y1) MSD™R!(yp) MSD™!(ys)
1000 -0.921 -1.171 -0.394 -0.936
5000 -0.969 -1.950 -1.143 -1.725
10000 -0.969 -1.985 -1.159 -1.716
25000 -0.967 -1.949 -1.157 -1.690
50000 -0.965 -1.912 -1.160 -1.669
100000 -0.962 -1.890 -1.159 -1.643
I Standard deviation of the reported values b%"
1000 0.647 0.641 0.404 0.409
5000 0.724 0.824 0.664 0.663
10000 0.728 0.804 0.698 0.742
25000 0.730 0.815 0.723 0.788
50000 0.734 0.821 0.726 0.796
100000 0.737 0.830 0.731 0.789
I Fraction of values for b?," significantly different from 0 (5%)
1000 0.31 0.50 0.26 0.63
5000 0.26 0.60 0.43 0.62
10000 0.26 0.58 0.44 0.58
25000 0.26 0.53 0.42 0.57
50000 0.26 0.51 0.42 0.58
100000 0.26 0.53 0.42 0.58
I Corresponding values for R?, averaged over d
1000 0.429 0.599 0.397 0.677
5000 0.429 0.646 0.583 0.671
10000 0.428 0.640 0.576 0.652
25000 0.429 0.624 0.567 0.639
50000 0.429 0.617 0.569 0.639
100000 0.428 0.615 0.567 0.639

Table 2: The influence of the number of observations, T, when the maximum

number of iterations, I, is fixed
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mentioned above, when the data series is extended and the additional observations
contain outliers, this might increase the gap between yM- and y™R; a further in-
crease in the number of observations, however, will eventually outbalance this
effect. However, the convergence rate is also low when there are hardly any out-
liers within the whole of the data series; in this case, y™M" is already close to y™®
for small T —and will remain small when T is increased. In these cases, the influ-
ence of T on MSD™R will vanish and b%" will not be significantly different from
0.

On the other hand, if the extreme values of a data series are concentrated in
the first observations, then for short T, wMb will differ substantially from y™R,
Adding further observations are then likely to quickly drive the optimal parame-
ters yML towards w ™R, and the convergence rate will be substantially above av-
erage. Thus, according to our interpretation of the simulation results, the high
standard deviation is mainly due to small sample effects.

4.2.2 Convergenceof Threshold Acceptance

When analyzing the convergence of yML, a crucial question is how reliable the
optimal (i.e., maximum likelihood) parameters are identified in the first place.
When using threshold accepting for the optimization, the central influencing factor
on the reliability is the number of iterations per run: the more iterations, the more
time the algorithm is conceded to find the optimum. Under the assumption of a
linear relationship between the logs of the MSDML and the number of iterations,
I, a model of the type

In (MSD-4T4) = a4 63T - In(1) (14)

can be estimated for each data series d and fixed length T. Table 3 summarizes the
mean values for bg and some statistics. The results confirm the previous consid-
erations: in particular for long data series, the number of iterations has a negative
influence on MSDML. Overall, the mean rate of convergence of MSDMLT as a
function of | is found to be of the order ll or faster. Though the convergence rate
differs between data series, these differences diminish the longer the time series
become, as can be seen from the standard deviations for the reported values of
b%’T. Also, in many (or, for large T, virtually all) cases, this relationship is sta-
tistically significant. The high average R?’s indicate that | is the main contributor
to the deviation between the reported and the Maximum likelihood parameters for
the GARCH model.
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Values for b},, averaged over d

T | MDMUT(yg) MSDMUT(yr) MSDMUT(yp) MSDMUT (ys)
50 -0.958 -1.196 -1.328 -1.094
100 -1.257 -1.829 -1.669 -1.734
200 -1.527 -2.561 -2.207 -2.520
400 -1.510 -2.841 -2.518 -2.794
1000 -1.514 -3.026 -2.826 -3.005
2000 -1.366 -3.107 -2.948 -3.099

T Standard deviation of the reported values b%’T

50 0.896 1.140 1.005 1.044
100 0.809 1.265 1.001 1.173
200 0.533 0.962 0.757 0.916
400 0.389 0.762 0.570 0.712
1000 0.300 0.362 0.245 0.324
2000 0.250 0.228 0.166 0.202

T Fraction of values for b%’T significantly different from 0 (5%)

50 0.65 0.66 0.52 0.69
100 0.79 0.84 0.73 0.80
200 0.97 0.95 0.95 0.96
400 1.00 0.98 0.99 0.98
1000 1.00 1.00 1.00 1.00
2000 0.99 1.00 1.00 1.00

T Corresponding values for R?, averaged over d

50 0.714 0.731 0.682 0.745
100 0.821 0.781 0.769 0.773
200 0.896 0.857 0.857 0.853
400 0.913 0.901 0.891 0.897
1000 0.905 0.946 0.935 0.944
2000 0.895 0.970 0.961 0.968

Table 3: The influence of the maximum number of iterations, I, when the number
of observations, T, is fixed
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4.2.3 Joint Convergence

The empirical results on the convergence of the maximum likelihood estimator
(subsection 4.2.1), in particular the estimated rate of convergence (Table 2)) con-
firm the asymptotic theory. Furthermore, when I is chosen at least proportional to
T, the threshold accepting approximation of this estimator (subsection 4.2.2) will
converge at the same rate to the maximum likelihood estimator. As discussed in
Subsection 2.4, the following joint convergence property results: There exists a
constant A; such that if | is chosen to be A, T, the threshold accepting approxima-
tion w5 """ to R satisfies the convergence condition (5) for any given probabil-
ity 1 — & and any & > 0 when T grows at a rate proportional to 1/&2. Or, expressed
in other words, the threshold accepting based maximum likelihood estimator of
the GARCH-model parameters converges in probability to the parameters of the
data generating process at the same rate as the theoretical maximum likelihood
estimator.

Thus, the additional stochastic component introduced by the use of a stochas-
tic search heuristic does not destroy the convergence properties of the maximum
likelihood estimator. In fact, as a comparison with a standard approach will show
in the following subsection, the heuristic provides better and more robust results.

Figure 4 depicts the convergence of the maximum likelihood estimates to the
true parameters in dependence of the number of observations for the considered
specimen data series as well as the median and the 10% and 90% quantiles of
the results reported by the threshold accepting algorithm for different numbers of
iterations. The graphs for | = 1000 iterations (top row) exhibit the difficulties of
the algorithm to find the optimal results, i.e. the maximum likelihood estimates,
when [ is chosen too small. When considering the quantiles, it turns out that some
of these “bad” reported solutions are actually closer to the true parameters than to
the maximum likelihood estimates. However, this might be rather a special feature
of the data generating process considered in our paper than a general outcome.
Increasing | slightly (second and third row) results in high quality approximations
to the maximum likelihood estimator already for rather small sample sizes.

When the sample size is very short, the optimization problem might become
more demanding. Thus, the threshold accepting algorithm has a higher chance
of converging prematurely to — and eventually reporting a local optimum. In this
case, the quality of the results will benefit from an increase in the number of
iterations, but only to a limited extent: Once the algorithm has converged to a
local optimum, additional iterations will not always drive the search process away
from this solution. Therefore, the approach practiced in our application to use
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Figure 4: Convergence of maximum likelihood estimators (x) to the true param-
eters (horizontal dotted lines) and median (—o—) and 10% and 90% quantiles
(dashed lines) for I = 1000, 5000 and 25000 maximum iterations for one speci-
men data series
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several restarts R for a given number of iterations | instead of spending all CPU
time on a single run appears to be adequate, in particular for small sample sizes.®

4.3 Comparison to Standard Software

In addition to the threshold accepting approach, we also estimated the GARCH
parameters using the GARCH package for Matlab; Brooks et al. (2001) found this
package to be more reliable than several other standard econometric software pro-
grammes. This package uses a deterministic approach, repeated runs on the same
data series will therefore report equal results. For the 100 different realizations
each with six different values for T, 600 different parameter sets are estimated
with this package. Comparing the reported value of the loglikelihood function to
a ten digit precision, in 253 out of these 600 cases the threshold accepting ap-
proach finds better results, in 259 cases the differences of the reported results are
below precision, and in just 88 cases, the best of all solutions reported by threshold
accepting is inferior to Matlab’s. The advantage of the threshold accepting over
the deterministic approach becomes even more apparent when the magnitude of
the deviations is considered: defining the deviation A = L™ — | Matlab the “\yorst”
deviation for the threshold accepting is A = —0.000001. For the evaluations with
respect to the maximum likelihood estimator, these differences are negligible. The
”best” result for threshold accepting, however, comes with A = +9.45, corre-
sponding to a real desaster of the conventional algorithm.

5 Conclusions

For estimation tasks being slightly more complex than ordinary least squares re-
gression, deterministic algorithms will not always provide the theoretical estima-
tor. In this case, the use of optimization heuristics might be an adequate solu-
tion. However, the stochastic features of these algorithms introduce an additional
source of uncertainty to the estimator. In addition to the deviation of the theoret-
ical estimator from the parameters of the data generating process due to the finite
sample size, the approximation error of the search heuristic has to be taken into
account.

If the search heuristic converges to the theoretical estimator for the number of
iterations going to infinity, it is possible to derive a joint convergence result. We

8For a detailed analysis of the tradeoff between restarts and number of iterations for given
computational resources see Winker (2005).
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introduce such a convergence result for threshold accepting applied to maximum
likelihood estimation. Unfortunately, so far, no distributional results are avail-
able for the approximation by threshold accepting. Nevertheless, convergence in
probability is a strong result as compared to standard algorithms.

We apply the method to the maximum likelihood estimation of a GARCH-
model and find that the theoretical joint convergence result holds for the applica-
tion already when setting the number of iterations of the algorithm proportional to
the sample size. Thus, the threshold accepting based estimator has superior con-
vergence properties compared to standard approaches. Furthermore, it generates
better and more robust results already for small samples.

Overall we conclude that the use of stochastic optimization tools in economet-
rics is indicated whenever standard tools fail to generate reliable results. Further-
more, an application of these tools might provide benchmarks when the quality of
standard methods is unknown. Of course, our empirical results resting on a single
data generating process, further evidence is required to assess the robustness of
our findings. Furthermore, it would be highly interesting to derive the distribu-
tion of the results obtained by the optimization tool instead of a convergence in
probability result. These extensions are left for future research.
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