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Abstract

Based on the psychological interpretation of conditional non-additive probabil-
ity measures arising in Choquet expected utility theory we introduce a behavioral
model of asset price fluctuations. In this model naive agents are prone to a confir-
matory bias in the interpretation of new information about economic fundamen-
tals. As a conceptual advantage over rational expectations asset pricing models
our formal approach gives rise to model-endogenous concepts of “overpricing” and
“underpricing”. As another interesting feature our model generates equilibrium
price patterns that reflect underreaction of asset prices with respect to one period
good news as well as overreaction with respect to several periods of good news.
These empirical phenomena have received significant attention in the behavioral
finance literature. In contrast to our approach, however, previous formal explana-
tions have not been derived from decision-theoretic first principles but were rather
ad hoc.
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1 Introduction

1.1 Motivation

Rational asset pricing models derive prices from the portfolio optimization problems of
agents who fully understand the behavior of other economic agents as well as the stochas-
tic processes that drive the economic fundamentals. The common theme of rational
models is the efficient market hypothesis (=EMH) which implies that price fluctuations
should only reflect changes in the agents’ information about economic fundamentals.
Several empirical price patterns,suggest, however, that asset price dynamics cannot be
satisfactorily explained by rational models alone. For example, the persistent empirical
phenomenon that prices tend to underreact to one period of good news whereas they
tend to overreact to several periods of good news is difficult to reconcile with the EMH.

As a formal attempt to describe the occurrence of price fluctuations that are not
based on economic fundamentals, we develop in this paper an asset pricing model based
on sound decision-theoretic foundations. Our approach makes thereby two behavioral
assumptions. Firstly, we assume that the agents’ belief generation process is governed by
a confirmatory bias heuristic according to which the interpretation of new information
depends on the asset’s past performance in terms of dividend payments. Secondly, we
assume that the agents are naive in the sense that they do not fully understand this
biased belief generation process. As a specific feature of our approach, we formalize these
behavioral assumptions within the axiomatic framework of Choquet expected utility
(CEU) theory. In contrast to standard expected utility theory, the beliefs of CEU agents
are described by non-additive rather than additive probability measures (cf. Schmeidler
1986, 1989; Gilboa 1987). In order to focus our analysis, we further restrict attention
to neo-additive capacities in the sense of Chateauneuf, Eichberger and Grant (2007)
according to which an agent’s non-additive belief about the likelihood of an event is a
weighted average of an ambiguous part and an additive part.

Our formal concept of a confirmatory bias heuristic exploits the fact that there
exist several perceivable Bayesian update rules for non-additive probability measures

expressing different psychological attitudes towards the interpretation of new informa-



tion (Gilboa and Schmeidler 1993; Sarin and Wakker 1998).! In particular, we consider
the so-called optimistic and pessimistic (Gilboa and Schmeidler 1993; Sarin and Wakker
1998) as well as the full Bayesian update rule (Pires 2002; Eichberger, Grant, and
Kelsey 2006; Siniscalchi 2006). Depending on the agent’s information about the as-
set’s past performance in terms of dividend payments, three corresponding asset pricing
regimes—the optimistic, the pessimistic, as well as the default pricing scheme—emerge.
Our formal approach thus captures the intuitive notion that good news result in an
optimistic whereas bad news result in a pessimistic bias in the agent’s belief about the
asset’s future prospects. These according biases then give rise to natural definitions of
over- and underpricing, respectively, in our model of asset-price equilibrium.

Whenever the beliefs of our approach reduce to additive probability measures, these
three different pricing regimes collapse into the familiar asset pricing model of expected
utility theory with additively time-separable preferences. However, whenever the non-
additive beliefs of our model express ambiguity attitudes, the existence of the three
different pricing schemes results in a higher fluctuation of equilibrium prices than in
the standard expected utility model. We further illustrate the explanatory power of
our behavioral model of asset-price fluctuations by demonstrating that our equilibrium
price process quite naturally generates the so-called phenomena of “underreaction” and

“overreaction”.

1.2 Underreaction and overreaction

There is by now a rich literature in behavioral finance that addresses the empirical
phenomena of underreaction and overreaction. On the one hand, stock prices tend to
underreact in the short run in the sense that one period of goods news is not fully
reflected in the asset’s price. On the other hand, however, stock prices tend to overreact
if there is a prolonged sequence of good news. Recent empirical evidence on over- and
underreaction is presented, e.g., in Chan (2003) and Antweiler and Frank (2006).

For the purpose of this paper we adapt the formal definitions of underreaction and

L As explained below, this “indeterminacy” of update rules is a direct consequence of the violation

of Savage’s (1954) sure thing principle as elicited in paradoxes of the Ellsberg (1961) type.



overreaction of Barberis et al. (1998). Consider the adapted process of equilibrium

returns for a given asset (R;),., such that

:ﬁ+K
Di_q

R, forallt>1 (1)

whereby p; denotes period t’s ex-dividend equilibrium price and Y; period ¢’s dividend
payment, respectively. Furthermore, let Gy, respectively B;, denote the event that there

is “good”, respectively “bad”, news in period ¢.

Definitions.
(i) Underreaction to one period of good news:
E Ry, m (- | Gi)] 2 E[Ryg,w (- | By)]- (2)
(ii) Overreaction to a sequence of good news: For some j > 2,

E[Rysjym (- | Giy ooty Gy j1)] < B[Ry, m (- | Biy ooy Bryj-1)] - (3)

The interpretation of these definitions is straightforward. In the case of one period
good news the asset is—compared to the case of one-period bad news—underpriced in
period t whereas this underpricing is corrected later-on in period t + 1. A rather low
price p; and a rather high price p;,; imply then a rather high return in the case of good
news in period t + 1 as formally expressed by (2). In the case of a sequence of j > 2
periods of good news the opposite effect happens in that the price of the good-news asset
in period ¢ +j — 1, pj,, 1, is rather too high whereas the corrected-rather low-price in
period ¢ + j, pi,;, implies then a rather low return in period ¢ + j as formally expressed
by (3).

To explain these phenomena, three different scenarios with respect to the nature and
reception of information about a company’s earnings have been considered in the litera-

ture. Daniel et al. (1998) differentiate between public and private information whereby



they make the behavioral assumption that investors believe too strongly in their own
information and discount public signals. Consequently, there is underreaction to public
information but overreaction to private information. Hong and Stein (1999) base their
theory on the assumption that there exist heterogenous groups of investors which differ in
their reactions to public news. In particular, one of these groups ignores news but reacts
to prices only. As a consequence, there is initial underreaction followed by subsequent
overreaction. Finally, Barberis et al. (1998) consider a representative investor—so that
public and private information coincide—who believes that either one of two—actually
incorrect regimes—correctly describes the firm’s earning process. Barberis et al. pro-
ceed to assume that, firstly, the investor changes his beliefs about the likelihood of either
regime in the light of new information about past dividend payments and, secondly, that
one regime is mean-reverting whereas the other regimes follows a trend. Under these
assumptions, Barberis et. al can generate over-, respectively underreaction whenever
the dividend payment process follows a random walk.

As in Barberis et al. (1998) our approach generates underreaction and overreaction
within a representative agent economy. In contrast to Barberis et al., however, our
model of asset-pricing has been developed from decision-theoretic first principles without
explicitly aiming at any ad hoc explanation of the under- and overreaction phenomena.
We thereby address an important self-criticism of Barberis et al. (1998) who remark:
“The idea that the investor believes that the world is governed by one of the two incorrect
models is a crude way of capturing the psychological phenomena of the previous section.”
(p. 318). The fact that agents may not learn the correct earnings process in the long
run results in our model as a formal consequence of our description of agents’ beliefs
by non-additive probability measures arising in CEU theory whereas Barberis et al.
introduce it by assumption. As a consequence, our approach is therefore not prone to the
standard criticism against the relevance of incorrect beliefs stating that additive beliefs
will converge in the long run to correct probabilities in standard models of Bayesian
learning (cf. Zimper (2009) and Zimper and Ludwig (2009)).

The remainder of our analysis is structured as follows. Section 2 presents the decision



theoretic framework on which our model is based. In section 3 we then describe our
behavioral assumptions, namely that agents are prone to confirmatory biases and naive
in the sense that they ignore these biases. Next, section 4 merges our assumptions on
expectations and behavior with a standard Lucas (1978) type asset pricing model and
thereby describes the equilibrium price processes emanating from our model. Based on
these insights, section 5 describes and illustrates how our model gives rice to mispricing
relative to the EMH hypothesis and consequently overpricing, respectively underpricing,
of assets. That our model gives rise to over- and underreaction in correspondence to the
formal definitions given above is shown in section 6. Finally, section 7 concludes. All

proofs are relegated to the appendix.

2 Decision-theoretic preliminaries

The formalism of our behavioral model is not ad hoc but rather based on Choquet
decision theory which we review in this section. In the first subsection we recall basic
elements of CEU (=Choquet expected utility) theory and we introduce neo-additive
capacities as a specific class of non-additive probability measures. In the second subsec-
tion we present different Bayesian update rules for non-additive probability measures
and their psychological interpretation whereby we demonstrate that the existence of
different Bayesian update rules is an immediate consequence of the failure of Savage’s
sure thing principle as demonstrated by experiments of the Ellsberg-type. (The reader
who is familiar with Choquet decision theory may wish to skip this section and proceed

directly to our behavioral model.)

2.1 Choquet decision theory and neo-additive capacities

CEU (=Choquet expected utility) theory was first axiomatized by Schmeidler (1986,
1989) within the Anscombe and Aumann (1963) framework, which assumes preferences
over objective probability distributions. Subsequently, Gilboa (1987) as well as Sarin
and Wakker (1992) have presented CEU axiomizations within the Savage (1954) frame-

work, assuming a purely subjective notion of likelihood. When restricted to the domain



of gains, CEU theory is formally equivalent to cumulative prospect theory (Tversky and
Kahneman, 1992; Wakker and Tversky, 1993) which generalizes the celebrated prospect
theory of Kahneman and Tversky (1979). Moreover, as a representation of preferences
over lotteries, CEU theory coincides with rank dependent utility theory as introduced by
Quiggin (1981, 1982). Within the context of CEU theory, properties of such capacities
are used in the literature for formal definitions of, e.g., ambiguity and uncertainty atti-
tudes (Schmeidler 1989; Epstein 1999; Ghirardato and Marinacchi 2002), pessimism and
optimism (Eichberger and Kelsey 1999; Wakker 2001), as well as sensitivity to changes
in likelihood (Wakker 2004).

Let us consider a measurable space (2, F) with F denoting a o-algebra on the state
space €2 and a non-additive probability measure (=capacity) v : F — [0, 1] satisfying

i)v@)=0,v(Q)=1

(i) AcB=v(A) <v(B)foral A, B e F.

The Choquet integral of a bounded function f : 2 — R with respect to capacity v
is defined as the following Riemann integral extended to domain €2 (Schmeidler 1986):

0

(V({wGQIf(w)Zz})—l)dZ+/0 T (we Q] fw) 2 =) d:
(4)

whereby we will simply write E [f, v] for E [f, v (dw)]. For example, assume that f takes

Blf.v o) = |

—0o0

on m different values such that Ay, ..., A,, is the unique partition of 2 with f (w;) >
. > f(wp) for w; € A;. Then the Choquet expectation (4) becomes

E[fv] = Zf (W) - [V (AU UA) —v (A U . UA)]. (5)

Our own approach focuses on non-additive beliefs that are defined as neo-additive

capacities in the sense of Chateauneuf, Eichberger and Grant (2007).

Definition. For a given measurable space (£, F) the neo-additive capacity, v, is de-
fined, for some 6 € (0,1),\ € [0,1] by

v(A)=0-A+(1—0) -7 (A) (6)

7



for all A € F such that A ¢ {0,Q} whereby 7 is some additive probability measure
on (Q,F).

Neo-additive capacities can thus be interpreted as non-additive beliefs that stand
in for deviations from additive beliefs such that a parameter § (degree of ambiguity)
measures the lack of confidence the decision maker has in some subjective additive
probability distribution m. The following proposition extends a result (Lemma 3.1)
of Chateauneuf, Eichberger and Grant (2007) for finite random variables to the more

general case of random variables with a closed and bounded range.

Observation 1. Let f be real-valued function with closed and bounded range. The
Choquet expected value (4) of f with respect to a neo-additive capacity (6) is given
by

Blfv] =0 (A (@) + (L= Nwinf @) + (= Bl (0

According to observation 1, the Choquet expected value of a random variable f with
respect to a neo-additive capacity is a convex combination of the expected value of f
with respect to some additive probability measure m and an ambiguity part. If there is
no ambiguity, i.e., = 0, then the Choquet expected value (7) reduces to the standard
expected value of a random variable with respect to an additive probability measure.
In case there is some ambiguity, however, the second parameter A measures how much
weight the decision maker puts on the best possible outcome of f when resolving his
ambiguity. Conversely, (1 — \) is the weight he puts on the worst possible outcome of f.
As a consequence, we interpret \ as an “optimism under ambiguity” parameter whereby
A =1, resp. A = 0, corresponds to extreme optimism, resp. extreme pessimism, with

respect to resolving ambiguity in the decision maker’s belief.



2.2 Bayesian updating of neo-additive capacities

CEU theory has been developed in order to accommodate paradoxes of the Ellsberg
type which show that real-life decision-makers violate Savage’s sure-thing principle ac-
cording to which preferences over acts shall be unaffected by consequences in states in
which the two acts have the same outcome. In this section we demonstrate that aban-
doning the sure-thing principle bears two important implications for conditional CEU
preferences over Savage-acts. First, in contrast to Bayesian updating of additive prob-
ability measures, there exist several perceivable Bayesian update rules for non-additive
probability measures (cf. Gilboa and Schmeidler 1993, Sarin and Wakker 1998, Pires
2002, Eichberger, Grant and Kelsey 2006, Siniscalchi 2006). Second, any preferences
that (strictly) violate the sure-thing principle cannot be updated in a dynamically con-
sistent way. That is, there does not exist any updating rule for capacities such that
ex-ante CEU preferences that (strictly) violate the sure-thing principle are updated in
a dynamically consistent manner to ex-post CEU preferences.
To see this define the Savage-act fgh : {2 — X such that

) flw) forweB
foh (@) _{ h(w) forwe B

where B is some non-empty event. That is, the act fgh gives the same consequences as
the act f in all states belonging to event B and it gives the same consequences as the
act h in all states outside of event B. Recall that Savage’s sure-thing principle states
that, for all acts f, g, h, h’ and all events B € F,

feh = ggh implies fgh’ = ggh'. (8)

That is, preferences over Savage-acts f and g should be unaffected by any states in which
these acts give the same consequences. Let us now interpret event B as new information
received by the agent. The sure-thing principle then implies a straightforward way for
deriving ex-post preferences > g, conditional on the new information B, from the agent’s

original preferences > over Savage-acts. Namely, we have

f =5 g if and only if fgh = ggh for any h, 9)



so that an agent’s ex-post preferences over two acts in light of new information B are
given as the agent’s ex-ante preferences over these acts whenever both acts give arbitrary
but identical consequences in states of the world that do not belong to B (i.e., in states
that will be declared impossible by the new information B). Equation (9) implies for a

subjective EU decision-maker
frpge Elu(f), (| B)]=Elu(g) «(-|B)

where u : X — R is a von Neumann-Morgenstern utility function and 7 (- | B) is a
conditional additive probability measure defined, for all A, B € F such that = (B) > 0,

by
(AN B)

™ (B)

In case the sure-thing principle does not hold, the specification of act h in (9) is

m(A|B) =

no longer arbitrary. For CEU preferences there therefore exist several possibilities of
deriving ex post preferences from ex ante preferences. That is, in a CEU framework

there exist several perceivable ways of defining a conditional capacity v (- | B) such that
frpge Elu(f),v(|B)] = Elulg),v(-|B).

Let us at first consider so-called h-Bayesian update rules for preferences = over Savage
acts as introduced by Gilboa and Schmeidler (1993). That is, we consider some collection

of conditional preference orderings,{tfg} for all events B, such that for all acts f, g

f =" gif and only if fgh > ggh (10)

where
h=(z*, E;x,,~F), (11)

with x* denoting the best and x, denoting the worst consequence possible and E € F.
For the so-called optimistic update rule h is the constant act where £ = (). That is,
under the optimistic update rule the null-event, =B, becomes associated with the worst
consequence possible. Gilboa and Schmeidler (1993) offer the following psychological

motivation for this update rule:

10



“[...] when comparing two actions given a certain event B, the decision maker implicitly
assumes that had B not occurred, the worst possible outcome [...] would have
resulted. In other words, the behavior given B [...] exhibits ‘happiness’ that B
has occurred; the decisions are made as if we are always in ‘the best of all possible

worlds’.”

As corresponding optimistic Bayesian update rule for conditional beliefs of CEU

decision makers we obtain

v(ANB)

o (A1 B) = =2

(12)

Observation 2. An application of the optimistic update rule (12) to a neo-additive

capacity (6) results in the conditional neo-additive capacity
Vopt (A | B) = dopt (B) + (1 = Gopt (B)) - 7 (A | B) (13)

with
O\

6opt<B):5,A+<]_—6)'7T(B).

For the pessimistic (or Dempster-Shafer) update rule h is the constant act where £ =
2, associating with the null-event,— B, the best consequence possible. The psychological
interpretation for this update rule according to Gilboa and Schmeidler (1993) is as

follows:

“[...] we consider a ‘pessimistic’ decision maker, whose choices reveal the hidden as-

sumption that all the impossible worlds are the best conceivable ones.”

The corresponding pessimistic Bayesian update rule for CEU decision makers is

v(AU-B) —v(-B)

e (4| B) = LS

(14)

11



Observation 3. An application of the pessimistic update rule (14) to a neo-additive

capacity (6) results in the conditional neo-additive capacity
Vpess (A | B) = (1 = Opess (B)) - m (A | B) (15)
with

5 (1- )
S (I-N+(1=0)-7(B)

Opess (B) =

In addition to the two h-Bayesian update rules described above, we also consider

conditional CEU preferences satisfying, for all acts f, g,
f =g gif and only if fgh > ggh

where h is the so-called conditional certainty equivalent of g, i.e., given information B
the agent is indifferent between the act g and the act h that gives in every state of B
the same consequence. The corresponding Bayesian update rule for the non-additive
beliefs of a CEU decision maker is the so-called full Bayesian update rule which is given
by (Eichberger, Grant, and Kelsey 2006)

v(ANB)
(ANB)+1—v(AU-B)’

VrB (A ‘ B) = D (16)

where B (A | B) denotes the conditional capacity for event A € F given information
BeF.

Observation 4. An application of the full Bayesian update rule (16) to a neo-additive

capacity (6) results in the conditional neo-additive capacity
vig (A | B) =0pp (B)- A+ (1 —0pp(B)) -7 (A| B) (17)

whereby
)

5+(1-0) -7 (B) (18)

5FB (B) =

12



3 The behavioral model

Our behavioral model is based on two main assumptions. Firstly, the agents’ belief
generation process is prone to a confirmatory bias heuristic in case the asset’s per-
formance in terms of dividend-payments, i.e., underlying profits, is regarded as good,
respectively bad. The according heuristic of a performance-driven confirmatory bias
will be introduced in subsection 3.2. Secondly, the agents do not fully understand this
biased belief generation process in the sense that they do not correctly anticipate the
beliefs of their future selves. The agent’s naive beliefs will be introduced in subsection
3.3. As a consequence of these behavioral assumptions, our model violates the rational
beliefs paradigm in two different ways. On the one hand, the agents of our model have
an incorrect world view because-due to their confirmatory bias-their subjective beliefs
about economic fundamentals do not coincide with the objective distribution of these
fundamentals regardless of how much information the agents receive. On the other hand,
while solving their portfolio optimization problem the agents incorrectly assume that

their future selves interpret new information in the same way a they do.

3.1 Information structure

Let (Y;),>, denote a sequence of random variables whereby the range of Y; is given
by some finite set Y; C R, containing at least two elements. We interpret Y; as the
asset’s random period t dividend payments which we identify—by convention—with the
underlying firm’s period ¢ profits. For our purpose it is convenient to consider Y; as

coordinate variable on the state space
0= x2,Y,, (19)
ie., forallt >0, Y, :Q — Y, such that
Y (w) =y for w = (yo,v1,--.) - (20)
As period t’s agent information partition we define
P = {{(yo, oY)} X (x?‘;tHYt)}(y()’.._’yt)EXg:OYj ) (21)

13



Observe that the agents’ information partitions are getting finer with increasing ¢, im-
plying that the period ¢ agent can observe any realized stream of past dividend payments
Yo, ---, Y- Further denote by F; the Borel o-algebra generated by P;; that is, F; contains
all sets

Ax (x2,,Y,) (22)

in Q such that A is any subset of x‘_,Y,. As in standard asset pricing models we
thus assume perfect memory since the o-algebras F; generated by the P; constitute a
filtration, ie., F; C Fo C ... € F whereby F denotes the standard product algebra
generated by Fi, Fo, ....

3.2 Performance-driven confirmatory bias heuristic

Given a measurable space (2, F) we now describe the agents’ belief generation process by
some conditional neo-additive probability measure v (- | -). Recall that the information
received by a period t agent is given as the stream of realizations of past profits yo, ..., y;.

Let us formally define this information as the following event in JF;

[t = (y07 ...,yt) X (Xgit+1YS)

whereby we will henceforth speak of “agent I,” whenever a period ¢t agent has received
information I;.

The key to our behavioral approach is a heuristic assumption according to which the
period ¢ agent might have an optimistic, respectively pessimistic, confirmatory bias in
the evaluation of an asset’s future performance which results from the agent’s observa-
tion of the asset’s past “performance”. As a simplifying but plausible assumption we
suppose that an agent evaluates the asset’s performance in terms of profits, respectively
dividend payments. The following assumptions on the conditional neo-additive proba-
bility measure v (- | -) naturally link our heuristic concept of “good” versus “bad” asset
performance to the optimistic versus pessimistic Bayesian update rules for neo-additive

beliefs of subsection 2.2.

14



Confirmatory bias heuristic. Fix some number n > 1 and let

]t - <y07 cey Yt—nm, "')yt) X (XEO:H_le) S »F

Then v (- | ) must satisfy the following conditions.

Q) If yeon < ... <y, then agent I, is optimistically biased in the sense that, for
all A e F,

v (A1) = vop (A ] 1) (23)
with Ve (A | Iy) given by (13).
(ii) If yi—n > ... > i, then agent I, is pessimistically biased in the sense that, for
all A € F,
V(A L) = Vpess (A | ) (24)
With Vpess (A | It) given by (15).

(iii) If neither yi_p < ... < Yy NOT Yp_p > ... > Yz, then, for all A € F,
v(A| L) =vrp (Al L) (25)

with vpp (A | It) given by (17).

In words: If the period t agent has observed strictly increasing past profits y;_,, ..., 4
for a fixed number n of periods, he interprets the prospect of future profits in an opti-
mistic way. If, in contrast, he has observed strictly decreasing past profits y;_,, ..., ¥,
he interprets the prospect of future profits in a rather pessimistic way.

These heuristic assumptions on v (- | -) conclude the construction of (v (- |-), 2, F)
as the conditional neo-additive probability space that henceforth governs the agents’

“true” belief process about dividend payments.

3.3 Naive agents

Whereas (v (- | -), 2, F) describes—by definition-the belief generation process for every

agent I; about next period’s profits Y., the agents themselves will have an incorrect

15



view on this belief generation process. More precisely, we assume that every agent
I, is convinced that his and his future-selves’ beliefs are governed by some process
(v (- ]+),9Q,F) whereby v (- | I) and v" (- | I,) coincide whenever s = ¢ but not on
future periods s > t (cf. the remark at the end of this subsection). That is, our agents
are “naive” in the sense that they do not correctly anticipate that their future selves’
beliefs are governed by v (- | ) rather than by v (- | -).

In what follows we impose formal properties on v’ (- | -) whereby we slightly misuse

notation and simply write y,,; for the event
(Yer1 = Yst1) € Fopn
and yp, ..., ys for the event

(Yb - ?Jo,--->Ys - ys) € Fs~

Agent I;’s “naive” belief v’ (- | ).

(1) Suppose that I, is optimistically biased. Then, for all ys11 € Fsy1 and all
Yo, -9 Ys < Fs wlth S Z t)

ch;t)t <y5+1 | Yo, "'7y5) = 5(5;215 + (1 - 55;)1&) " (ys+1 | Yo, s ys)

whereby
s — d-A

SN+ (1 =6) -7 (L)

(ii) Suppose that I, is pessimistically biased. Then, for all ysi1 € Fsy1 and all
Yo, ---» Ys € Fs with s > t,

Vp{éss (ys—i-l | Yo, --+s ys) = (1 - 5]{288) " (ys—l—l ‘ Yo, -"7y8) (26)

whereby
d-(1—=X)
L. _
Opess = b-(1=XN)+(1—-0) -7(L)
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(iii) Suppose that I, is neither optimistically nor pessimistically biased. Then, for

all ysi1 € Fsy1 and all yo, ..., ys € Fs with s > 1,

V#B (ys—H | Yo, "‘7ys) = 5?3 A + (1 - 5?‘3) tT (ys-i—l | Yo, "'7y5) (27)

whereby 5

S+ (1—0) n(l)

Iy
5FB -

Remark. Since the naive agents of our model are not aware of the true nature
of their confirmatory bias, they are not sophisticated in the sense of Strotz (1956) and
Pollak (1968) nor behavioral consistent in the sense of Karni and Safra (1990) nor se-
quentially rational in the sense of Kreps and Wilson (1982). To see this consider, e.g.,

two optimistically biased agents I; and I such that s > ¢t. Then

VI (Ysr [ Y0y s Ys) = Ooby + (1= 000) = 7 (Yss1 | Y05 o5 Ys)
£ 0b A+ (1=0%) 7 (yssr | Yo, s Us)
VIS (y8+1 ‘ Yo, "'7ys)

v (ys+1 | Is)

since

s 5.\
S A+ (1=6) -7 (L)
§-A
7 §- A+ (1—0) (L)
= &

opt

6opt (-Zs)

because of 7 (I;) > 7 (I). That is, agent [;’s belief about dividend payments in period
s + 1 conditional on the dividend payments yq, ..., ys does not coincide with the belief
of agent I, who has actually observed dividend payments vy, ..., ys. It is in this specific
sense that the agents of our model hold incorrect opinions about the beliefs of their

future-selves.
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4 The equilibrium price process

In the previous section we have developed our behavioral model according to which
agents are prone to a confirmatory bias if they have observed a good, respectively
bad, asset performance in terms of the stochastic dividend payment process (Y3),5,. In
this section we derive the corresponding equilibrium prices of an representative agent
economy as an adapted stochastic process (pj),-

Consider the decision situation of a representative agent I; who maximizes his Cho-
quet expected utility from an infinite consumption stream with respect to his belief
v (- | -) by deciding about his period ¢, + 1, ... asset holdings. In line with most of the
literature we assume that the agent’s vNM utility of an infinite consumption stream is
additively time-separable. The agent’s maximization problem is then given as

[e.o]

max u(¢)+ E Z B (es) v (-] )

24,241,
(#,2e51,-) s=t+1

subject to

Cs = €5+ Yszs + ps (25 — 2541) for all s > t.

p € (0,1) denotes the time-discount factor, v : R — R is a strictly concave, differentiable
function, e, € R stands for the agent’s additional income in period s, and p, denotes
the period s asset price. We further assume z, € Z, s > 1, for some open, bounded and
convex Z C R, with {1} € Z whereby we set for the initial asset endowment zy = 1. In
our representative agent economy it must hold for any period ¢ equilibrium allocation

that z; = 1. We further assume that the Choquet expected utility

B[N g tule) v ()
s=t+1

is finite for all (2, 241, ...). Define for s > t the following random variable (the so-called

stochastic discount factor)
' (cs)
' (cr)

For the corresponding equilibrium price process of our model, (pf),-, we have to consider

Mt,s = ﬁs_t :

three different pricing schemes reflecting the three possibilities that agent I; either has
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an optimistic, or a pessimistic or no confirmatory bias. That is, for a fixed n > 1, we

have, for all t,

pPt iy, <<y
P =19 P iy, > >y
pI'P  else.

The following propositions establish for all three pricing regimes the existence of unique

period t equilibrium prices p”*, pf***, and p'® conditional on received information I;.

Proposition 1 “Optimistically biased pricing regime”. Suppose that agent I; is
optimistically biased. Then there exists a unique period t equilibrium asset price

such that

PP = 8, Z min My, -max Y, + (1 — 6%,) - E Z Mg Y, (Ys | Yoo, s Ys—1)
s=t+1 s=t+1

such that

5It . 5 * A
PGS N+ (1=6) - w (1)
whenever the transversality condition

lim (M- p?*) =0

S§—00

holds.

Proposition 2 “Pessimistically biased pricing regime”. Suppose that agent I; is
pessimistically biased. Then there exists a unique period t equilibrium asset price

such that

oo
prest = ol . g max M ; - min Y

pess
s=t+1

+ (1 B 5}5235) B Z Mt,S ’ Y;a m (strl ‘ Yo, -+, ysfl)
s=t+1
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such that
6115 ( )‘)

o = AN+ (= 6] 7 (1)

whenever the transversality condition

lim (M, - pP°) =

§—00

holds.

Proposition 3 “Default pricing regime”. Suppose that agent I, is neither opti-
mastically nor pessimistically biased. Then there exists a unique period t equilib-

rium asset price such that

pr = 51{33- ()\ Z min M, ;- max Y + (1 — A Z max M, - mmY)

s=t+1 s=t+1

+ (1 _5{53) Ly

Z Mt,s . }/suﬂ- (ys—l—l | Yo, '-7y8—1)]

s=t+1

such that
)

S+ (1-0)-7(L)

whenever the transversality condition

L _
6FB_

lim (M, -pl") =0

S§—00

holds.

Remark 1. Key to the formal proofs of the above propositions (relegated to the
appendix) is the fact that our assumptions allow us to transform the Choquet expected
utility optimization problems into equivalent expected utility optimization problems for
which standard arguments such as sufficient characterization of global optima by first

order conditions as well as the law of iterated expectations go through. The reader
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should be aware, however, that this formal equivalence would break down if we had
considered a portfolio choice problem with several assets that do not have a comonotonic
payoff-structure. Formally, the corresponding portfolio optimization problem would then
exhibit kinks so that first order conditions are no longer sufficient criteria for global

optima.

Remark 2. While the assumption of naive agents has—in our opinion—a lot of re-
alistic appeal, it is also technically very convenient. By this assumption, we can solve
for equilibrium prices as a standard single-agent problem with fixed additive proba-
It It

T

opts Tpess and w{%B, respectively, to the effect that the law of iterated

bility measures
expectations can be used. In the case of sequentially rational agents who are able to
correctly anticipate their future agents beliefs we would instead have to solve for equi-
librium prices by attaching modified additive probability measures to every future agent
whereby these changing measures would be determined by the dynamics of the belief
generation process v (- | -). As a consequence, the law of iterated expectations, being
formulated for a unique additive probability measure on (€2, F), were not be applicable

to sequentially rational agents.

5 Underpricing and overpricing

5.1 Definitions

Let us interpret the additive part m of the neo-additive capacity v as the “true” prob-
ability measure that governs the objective dividend-payment process. In that case, we

can define the resulting expected utility price of the asset, i.e.,

PV =E |3 My Yor (| 1), (28)

s=t+1

as the “correct” price which properly takes into account the stochastic process of eco-
nomic fundamentals as well as the representative agent’s “tastes” for intertemporal

consumption as expressed by the stochastic discount factor. Consequently, the different
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pricing regimes of our model’s equilibrium price process (p;),», can thus be expressed

as follows
oo
s=t+1
o0
pfess _ 5[{255 Z max Mt,s . mmYS + (1 — 5;255) EU
s=t+1
7 = (43 w0 5 b i)
s=t+1 s=ttl

+ (1= d5ip) -0

Observe that all different pricing schemes collapse into the correct pricing scheme (28)
whenever the neo-additive beliefs reduce to additive probability measures since § = 0
implies

ol = 8l =8k, =0,

opt — “pess

However, if there is some ambiguity in the agents’ beliefs, i.e., § > 0, prices in our model
are given as a convex combination between the asset’s correct price and “something
else” whereby this something else depends on the respective pricing regime. Our formal
approach gives therefore rise to the following natural definitions of underpricing and

overpricing.

Definition. We say that the equilibrium price process (pf),~ overprices, respectively

underprices the asset, iff p; > pFY, respectively iff p; < pFU.

For almost risk-neutral agents, whose stochastic discount factor, M, ,, is approxi-

mately given by the time-discount factor 57, we readily obtain the following result.

Observation 5. Consider (almost) risk-neutral agents.

(1) The optimistic pricing regime always overprices the asset.
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(ii) The pessimistic pricing regime always underprices the asset.
(iii) The default pricing regime overprices the asset iff

o0 oo

Z B (Amax Y, + (1 — A) -minY;) > Z Bt B (Y, 7 (29)

s=t+1 s=t+1

According to our behavioral model, overpricing occurs if and only if y;_, < ... < Y4
for a fixed n. On the one hand, this determination of price deviations from economic
fundamentals in terms of previous performance offers a straightforward link between
the movement of economic fundamentals and price movements via the agent’s belief
generation process. On the other hand, however, the question whether this model-
specific link is sensible or not, is ultimately an empirical question and beyond the scope

of the present paper’s highly stylized analysis.

5.2 An illustrative example

We now consider a calibrated version of our model in order to illustrate the emergence
of overpricing and underpricing. As the model is highly stylized, our exercise is for

illustrative purposes only and we do not attempt to provide a realistic parametrization.

Calibration

We consider a situation with i.i.d. dividends that are distributed as normal with
mean EY and variance o2, whereby we take discrete realizations of the dividend pro-
cess by drawing from a normal distribution with Gaussian quadrature methods. We
set Y = 1.5, oy = 0.1, and take m = 5 discrete realizations (nodes). Notice that oy is
only a scaling parameter. Table 1 shows the respective probabilities and nodes for our
discretization.

By thei.i.d. assumption the equilibrium price under rational expectations is constant

and given by

7U = gy = gy 30
pt S§1 /3 1 . 6 ( )
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Table 1: Dividends: Probabilities and Nodes

T Y;
0.0113 1.2143
0.2221 1.3644
0.5333 1.5
0.2221 1.6356
0.0113 1.7857

Consequently, the expected return under rational expectations is also constant and given

by

pfﬁ + Y 1
Y B

We interpret the frequency of our model as annual and therefore consider as a realistic

ERS =1+ Erfl=F (31)

value for the real return on the risky asset under rational expectations ETtE—&-Ul = 0.075.

With this target value, the implied value for the annual discount factor is

1
B=—— =0.93023
EREY

and we therefore have that

EU ﬁ
=——FY
pt 1 _ /8

By the i.i.d. assumption asset prices in the three pricing regimes are history (or

EY = 20.

Bl
state) dependent and given by

0 B
ptpt — 5Zpt . m -max Y + (1 — (5Zpt) .pFU

with
s 6+ A
opt t ’
§-A+ (1=0) TTegm(ys)
as well as 3
A 5;;@35 . 15 -minY + (1 - 5It)ess) -
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with

. 5 (1=
ST (L= A) + (1= 0) - TT'g m(vs)
and
piP =6ky- 1€5 S(A-max ¥ + (1= A)-minY) + (1 - 0%p) - pr”
with

Sp = J
s (1-0) - Ty m(ys)

As I\ _, 7(ys) — 0, for t — oo, the limiting asset prices where §7% = §o¢t = §7ess = 1

in the three regimes are given by

o B

P = 1-3 -max Y

ess __ ﬂ :
Pt = - min Y
pr:%-()\-maxY+(l—)\)-minY).

As we shall see below, convergence of our model to this limiting case is fast—even for our
chosen extremely low degree of initial ambiguity of § = 1.0E~'°—so that these limits
play a crucial role in our analysis.

We determine the value of A such that in all periods ¢ the price under rational expec-
tations is the same as in the full Bayesian pricing regime. This means that we rule out
overpricing, respectively underpricing, in the default pricing regime, cf. observation 5.
We accordingly solve

g
pi " =0

FET g (min(Y) + A(max(Y) — min(Y))) + (1 — 6 7)p™" = py™"

for X\ which, given that the distribution of dividends is symmetric, cf. table 1, results in
A =0.5.

Finally, we choose the parameter that determines a switch of pricing regimes accord-
ing to our heuristic as described in subsection 3.2 to be n = 3. We take the simulation
period to be T" = 100 years. All calibration parameters of our model are summarized in
table 2.
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Table 2: Calibration

Expected value of dividends, FY 1.5
Standard Deviation of dividends, oy 0.1
Number of nodes, m )
Expected rate of return, ErfY 0.075
Discount factor, 8 0.93023
Degree of pessimism, A 0.5
Degree of ambiguity, § 1.0E — 10
Sequence of good (bad) news, n 3
Time Periods, T 100

Results

Figure 1 summarizes the results of our simulation for T=100 model periods. Panel (a)
shows a random time path of dividends drawn from the distribution displayed in table 1.
Panel (c) of the figure displays the degree of ambiguity for this simulation. Even when
the initial degree of ambiguity is as low as in our case, cf. table 2, convergence to the

6FB = 6P = 5P = 1 occurs within less than 20 model periods.

limiting case where
Convergence of the corresponding equilibrium prices in the three pricing regimes is
shown in panel (d). Given the choice of variance for the dividend process, 02 = 0.01, the
resulting equilibrium prices in the optimistic (pessimistic) pricing regime are about 20%
above (below) the respective level of 20. Recall that this is the equilibrium price under
rational expectations as well as, by our choice of A, under the full Bayesian pricing
regime. Finally, panel (b) of the figure shows the resulting equilibrium path of prices.
The rational expectations equilibrium is the constant line at an equilibrium price of 20.
The actual equilibrium prices emanating in our model are shown as the dashed blue
line. For the simulation period we observe 6 events of underpricing, i.e., switches to the
pessimistic pricing regime, and 4 event of overpricing, i.e., switches to the optimistic

pricing regime.
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6 Underreaction and overreaction revisited

We demonstrate in this section that our model naturally generates a pattern of asset
prices that have been discussed in the literature as underreaction and overreaction.
To be more specific let us assume that—as in the previous section—the additive part
7 of the agents’ neo-additive beliefs governs the objective dividend-payment process.
Interpreting “good news in period t” as the event of a dividend-payment increase y;_; <
y; and “bad news in period ¢t” as a dividend-payment decrease y;—1 > v, we can then
re-formulate the formal (and empirically tested) definitions of underreaction (2) and

overreaction (3) by Barberis et al. (1998) for our model as follows.

Definitions.
(i) Underreaction to one period of good news:
ElRp1, 7 (| g1 <ye)] = B[R, m (| g1 > )] - (32)
(ii) Overreaction to a sequence of good news: For some j > 2,

ElRej,m (| ye-1 < oo <tajm1)] S E[Roqyy m (| g1 > 0 > 1))
(33)

The following proposition—which is proved in detail in the appendix—establishes
sufficient conditions under which our behavioral model of asset-pricing generates under-

reaction and overreaction as defined above.

Proposition 4. Consider a dividend-payment process (Yt)tzo such that the Y; €
{minY, ..., max Y} are i.i.d. and assume that the agents are (almost) risk-neutral.

Then we have for the equilibrium return process (R;‘)tZO of our behavioral model:

(i) Condition (32), i.e., underreaction to one period of good news, is always sat-

isfied.
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(ii) Condition (33), i.e., overreaction to a sequence of good news, is satisfied for
sufficiently large t whereby our model determines j > n + 1 with n denoting

the parameter of our confirmatory bias heuristic.

Sketch of the proof of proposition 4(i). The proof of proposition 4 proceeds
by reformulating the inequalities (32) and (33) in terms of equilibrium prices. Under
our confirmatory bias heuristic and the independence assumption (32) is satisfied if the

sufficient condition

Epi.m( vy <wy)] = E [P m (| yeer > we)]

holds, i.e., if average future prices are greater for good than for bad news. A sim-
ple stochastic dominance argument—again based on our confirmatory bias heuristic and
independence—gives readily the desired result of underreaction to one period good news.
Intuitively, average future returns are higher for good than for bad news in our model
because good news tend to induce an optimistic pricing regime whereas bad news tend

to induce a pessimistic pricing regime.

Sketch of the proof of proposition 4(ii). The formal argument in the case of
overreaction is more difficult and a long-run argument is required. At first notice that
(33) is satisfied if the sufficient condition

E [p:-i-j)ﬂ-(' | Y1 < ... < yt+j—1)] E [pfﬂ,ﬂ(' | Yoo > o> yt+j—1)]
opt S eSS (34)

Piyj—1 t+j—1

holds. To see this let j > n + 1 so that, by our confirmatory bias heuristic, the price
Piyj_1 following a sequence of n good news is ptofj_l whereas it is p{" | for a sequence of
n bad news. Combined with the independence assumption we thus obtain the following

period t 4+ j — 1 expectations of period ¢t + j returns:

E[Rpsjym (- | 1 < oo < Yrgj)]

E [pfﬂ,ﬂ(' | g1 < .. < yt+j—1):| + E [Yiyj, ]
opt
Dy
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and

B[Ry m (| ye—1 > oo > Yerj1)]
E [p;gkﬂ';ﬂ(' | Y1 > o> th+j—1)} + E Yy, 7]
Piij1

Since pﬁg_l > pyiq, (33) is thus satisfied whenever (34) holds.

On the one hand, we have that the return following a sequence of good news is

discounted by a higher price, i.e., pfﬁtjfl, than under bad news, i.e., p/i; ;. On the

other hand, however, expected future prices that follow a sequence of good news are

higher than after a sequence of bad news , i.e.,

E [p:+j,7T(' | Y1 < ... < yt-i-j—l)} > F [p;_j,ﬁ(' | Y1 > ... > ytﬂ-_l)} . (35)

The non-trivial part in establishing overreaction is therefore to demonstrate that (34)
holds in spite of (35). We conclude this section by illustrating the corresponding formal

argument by a simple example.

Example. Consider an economy with (almost) risk-neutral agents and i.i.d. dividend-
payment process such that any value of Y} is equally likely, i.e.,

1
W(E:y):EforallyEY

with m = #Y. By independence of dividend payments, the correct period t price is

constant over all states of the world, i.e.,

P = E|Y B Yar (| L)
s=t+1
B Yy
- 1-8 ;{m'

Observe that for all I, 7 (I;) = = so that—within a given particular pricing regime—
period t equilibrium prices are constant over all states of the world. In particular, we

have

. s

30



with

s O+ A
P A+ (1=0)- L
as well as
ptpeSS:(S;ess'%-minY‘l“(1—5;&;5)‘ptEU

with

o §-(1=N)

pess 5,(1_)\)4_(1—5).#7
and

pr=5me'165'(>\~maxY+(1—)\)‘minY)+(1—5%3)‘ptEU

with
)

oty = .
g+ (1-0)- 4

Since the prices are constant within each pricing scheme, we obtain as average period

t + j equilibrium prices for the respective pricing schemes

Ep®,r()] = p2, (36)
Eprym (1] = o5y (37)
EpfZx(1] = pif (38)

Observe now that the sufficient condition for overreaction (34) holds if

E [pff;,ﬂ(' | )] T (Yejo1 < Yiqj) + F [pﬂ?m(- | )] T (Yegj—1 = Yigj)

opt
DPiyj—1
- Epdm (1)) 7 W1 > Yig) + E o5, m (1)) 7 (Y1 < Yigy)
- Pl

which is, after substituting the expected values (36)—(38), equivalent to

v i
opt - — pess] © T (ytJrjfl < Y;/Jrj) (39)
Pivj—1 Prrj—1

FB FB FB

< tf}s Ditj v Diyj Ditj — Y.(40

= ess  _opt " (ytJrj*l > t+j) =+ ess opt - (yt+j71 = t+(74 )
t+j—1  Prrj-1 t+i—1  Pirj—1
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Now observe that

R

oo pfﬁ, L P ]-F;—l a

i i _ ArmaxY + (1 —X) -minY -
t—00 ti‘;‘il min Y -
lim i _ A-maxY + (1 —A) -minY <
t—o00 pgfj_ . max Y -

so that, by continuity, there exist sufficiently large ¢ such that the lhs (39) is smaller
equal zero and the rhs (40) is greater equal zero. This establishes overreaction in the

sense of (3) in the long run for this economy.[]

7 Concluding remarks and outlook

We introduce a behavioral model of asset price fluctuations. In this model naive agents
are prone to a confirmatory bias in the interpretation of new information about eco-
nomic fundamentals. Our formal approach gives rise to model-endogenous concepts of
“overpricing”, “underpricing” These pricing scenarios are induced by different pricing
regimes—an optimistic, a pessimistic, and an “in between” default pricing regime—and
endogenous switches between there regimes. As another interesting feature our model
generates equilibrium price patterns that reflect underreaction of asset prices with re-
spect to one period good news as well as overreaction with respect to several periods
of good news. These empirical phenomena have received substantial attention in the
behavioral finance literature. In contrast to our approach, however, previous formal
explanations for these phenomena were rather ad hoc and have not been derived from
decision-theoretic first principles.

The key message of this paper is to illustrate how such pricing phenomena emerge
from a non-standard dynamic Bayesian learning model with a sound decision theoretic
basis. On purpose, we develop a parsimonious model and keep the analysis extremely
stylized. Our current work extends this framework to develop a joint model for asset

pricing anomalies such as the equity premium and excess volatility puzzles (Mehra and
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Prescott 1985; Shiller 1981). As such, our current research focuses on a joint theory for
normal times, i.e., periods with standard asset price fluctuations, and exceptional times,

i.e., periods with significant deviations from asset pricing according to fundamentals.
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Appendix

Proof of propositions 1-3.

Observe at first that—independent of the specific choice of (2, z¢11, ...)~the maximal,
respectively minimal, economic outcome occurs for every portfolio-choice in the same
state (maxY), maxYs,...) € Q resp. (minY);, minYs,...) € . Because of this fact and
because of our assumption that every agent I; assumes that vt (- | -) governs the beliefs
of his future-selves, we can transform the neo-additive Choquet expected utility maxi-
mization problem into an equivalent (standard) expected utility maximization problem

It ﬂ.It

Iy
opts Tpess and 7z, More

for conveniently constructed additive probability measures 7
specifically, we obtain the following equivalent maximization problems for the respective
pricing regimes.

Optimistic pricing regime:

max u(¢)+ F Z Bt (e) v (- | )]

2L ZEd -
(2t,2t41,--) Pl

= max U (Ct> + E Z 5871‘/,“ (Cs) 77Tgtpt <y5+1 | Yo, -+, ys)]

Zt,Zt41yeee
(2zt,2t415--) Ls—tt1

such that

55;,: + (1 — 55;,5) T (Ysg1 | Yo, -, ¥s)  for yoy1 = max Yy

I .
T (y8+1 | Yo, '~7ys) -
8 { (1 o 55&) T (Ysr1 | Yoy -5 Us) for ys11 < max Y,y

Pessimistic pricing regime:

max u(c¢)+ FE Z B u(es) v (- | )]

24,244 e
(#2e41,0-) ls=t+1

o)
= max u(g)+FE Z B u () ,WIIJZSS (Ys+1 | Yo, -, ys)]

(Zt72t+1,.--) Ls—t+1
such that

(5[255 + 1 — 51285 T (y8+1 | yO, ooy ys) lf ys+1 = Hlil'l }/;+1
71}gtess (ys+1 | Yo, -+ ys) = p [( D ) | i
(1 — 5ptess) - T (ys—I—l ‘ Yo, -+, ys) if Ysi1 > min Y;_H
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Default pricing regime:

max u(¢)+ F Z Bt (eg) v (- | )]

2ty 2t 41
(2t:26+1) Ls=t+1

= max u(g)+FE Z B85 (c) , mhn (Ysr1 | Yo, - ys)]

2ty 2t 41 yeee
(zt:2t+150) Ls=t+1

such that

ﬂ{;B (ys+1 ’ Yo, "7ys>

5{;3 - A + (1 - 5?3) - (ys+1 ’ Yo, "7ys) if Ys+1 = mMax szJrl
= (1 — 5;33) T (Yst1 | Yo, -, Ys) if minY, 1 < 9541 < max Y,

St (1—X) + (1 - 51153) T (Yse1 | Yo, -, Ys) 1 Ysr1 = minYy g
Given this transformation of the CEU into an EU maximization problem the above
results follow readily from standard arguments. For the sake of completeness we demon-
strate this for the optimistically biased pricing regime. Consider an optimistically biased

agent so that

E|> " g (), v (| -)]
s=t+1
= 5£;t : glea;f Bt (cs) + (1 - 5£ztnt
s=t+1

)£

Z BSitu (CS>77T(yS+1 ’ y07"7y5>] .

s=t+1

The corresponding period s first order conditions, evaluated at the equilibrium allocation
zf =1 for all ¢, imply

u' (€511 + max Vi)

u' (es + Ys)

uw (est1+ Y1)
1—6%) - E|B-
_I_ ( 0pt> /8 ul (es + ys)

I . X
= 50}1& ~min M 41 - (max Y1 + ps+1)

+(1=00) B [Mygir- (Yor1 +051) 7 Wsir | Yoo -0 ¥s)]

P, = 6(1)—;)t B - (max Yyy1 + plyy)

) (Y;‘H +p:+1) y T (ys—i-l | Yo, -'ays):|

for all s > ¢. Notice that
' (esy1 + max Vi)
u (es + yS)

min M, 411 =3 -
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follows from the concavity of u. As a consequence, any period ¢ equilibrium asset price

p?P" is characterized by the following system of equations
pgpt = E [Ms,s—i—l : (Y:s—‘rl +png1) 77Tc€;)t (ys+1 | Yo, - ys>]

= E¥ Mg (Yorr +025)]

for all s > ¢ with W(f;,t (Ys+1 | Yo, -, ys) defined above. Substitute

piﬁﬁ = Efﬂ [mt+1,t+2 : (Yt+2 +pﬁt2)}

in
opt EOpt [Mt 1 (Y;Jrl + p?f-tl)}

and observe that

" = B My (Yo + BT [Micrirs - (Yeez + 9775)])]

= B [Mygi1 - Yira] + B [Mygir - ER [Migagse - (Yerz + 0705 ]
= B [Mygi - Y] + B (B [Migsr - Mygege - (Yoo + p7s) ]
P [Mypgr - Y] + B (B [Meo - (Yoo + p(5) ]

P [Mypgr - Yerr] + B [Myyn - Yoo + B [Myeio - p%5) -

The third line thereby results from the fact that the random variable M,y is a con-
stant with respect to any given Etftl and the fifth line is implied by the law of iter-
ative expectations for additive probability measures. Applying the same reasoning to

P, pit, ...gives the desired result whenever the transversality condition is satisfied.[]

Proof of proposition 4(i).
Observe at first that

Py T Y
B t+1—*t+1’ﬂ(. |y < )
yz
_ E [Pf+1>7(‘ | ye1 < yt)} + B [Yirr, 7 ([ g1 < yr)]
P
> E [pf+1,7r(~ | ye1 < Z/t)} + B [Yie, 7 ([ g1 < y1)]
. pi?
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since g, < y; implies either p* = pI"? or pf = p*

Now observe that

o Py T Yin

o (| -1 < ye)
_FE [PIH;W (| Y1 > yt)} + E Y1, 7 (- | Y1 > yr)]
N P}
< E[pim (1 > v) ] + E Y, 7 (- | yem1 > )]
- 7

since y;_1 > y; implies either p; = pI'? or p; = pl***.
Consequently,

ElRu,m (- | y1 <w)] = E[Rig1, 7 (- | ys—1 > ut)]

is satisfied if
E [p:HﬂT(' | Y1 < yt)] >k [pi‘+1,7r(~ | yeo1 > yt)} . (41)

In accordance with our confirmatory bias heuristic, for good news pj, ,is given either by

the optimistic or the default pricing scheme, implying

opt

E [p;:k+1a7r (- |y < yt)] = kb [pt+17 ( | Yti—(n—-1) < ... < yt)] - (ytf(nfl) <. < yt)
+E [pt+1a7T ( | Yi—(n—-1) < ... < yt)] : [1 -m (yt—(n—l) <. < yt)}

For bad news, pf,, follows either the pessimistic or the default pricing scheme, implying

E [p;_l,w(- | Y1 > ytﬂ = b [ tffaﬂ ( | Yt—(n—1) > - > yt)] - (ytf(nfl) > > yt)
+E [pfiﬁaﬂ ( | Yt—(n—1) > - > yt)] . [1 -7 (yt—(n—1) > > ?Jt)}

Furthermore, by independence

[pt+1> yt+1 }
[ Diy1> T ( | Yi—(n—1) > > ytﬂ
[pt+1> yt+1 }

E [pﬁtp ( | Yt—(n—-1) < ... < yt)] =
E [pt+177T ( | Y1) < .- < yt)] =

Djbjtijtij

E [ tj—slsvﬂ- ( | Yt—(n—1) = o > yt)] = [ j-17 yt+1 }



whereby risk-neutrality implies, by observation 5,

E [pf, 7 (yes1)] = E i, m (yes)] = B [PV 7 (yea1)] -

As a consequence the lhs in (41) first-order stochastically dominates the lhs in (41) so
that we obtain the desired result.[]

Proof of proposition 4(ii).
Let j > n + 1 so that pj,; ,, conditional on y; 1 < ... < ypyj1, is given as pfﬁtj_l

whereas it becomes, conditional on y;—1 > ... > 911, p{y; ;- By independence,

EYiy,m( [y <o <y = By, m (g1 > o > Yegj1)]
= E[K+j77T]7

implying

B[R, m (| g1 < oo < Yerjo1)]
E [pfﬂﬂT(' | Y1 < ... < yt—i—j—l)} + B [Yiy, 7]

opt
Piyj—1

and

B[R, (| Y1 > oo > Yerjo1)]
E[piym (-l yem1 > oo > ajo1)] + E [Yigy, 7]
Pty

As a consequence, our model generates overreaction (3) whenever the sufficient condition

E[prm (| -1 < oo < Yegjm1)] < E[pim (| yem1 > oo > Yegjo1)]
opt — pp€8§
Py t+j—1

holds. In accordance with our confirmatory bias heuristic, p;, ; is given for good news

(42)

either by the optimistic or the default pricing scheme, implying

E [P;jﬂr(' | -1 < ... < yt+j—1)] < K [pfﬁaﬂ(' | Y—1 < oo < Ypyjor1 < yt+j)]

-Tr (yt+j—1 < }/t"rj)
SB[ (s < e < g 2 i)

T (Y j—1 > Yirj)
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Accordingly, pj,; results for bad news either from the pessimistic or from the default

pricing scheme, implying

€SS

5 [prﬂ’ﬂ(' | Yoy > > ytﬂ;l)] > E[ g ,7T(- ] Y1 > oo > Ypypj-1 > ytﬂﬂ
T (yt+j—1 > }/;H‘])
+E [p5m (|l yer > oo > Yerjo1 < Yory)]

T (Y1 < Yiryg)

Substituting in inequality (42) and rearranging gives

E [pfitjaﬂ(‘ | Y1 < oo < Yppjor < Z/tﬂﬂ E [Pfﬁaﬂ(' | Y1 > oo > Y1 < ytﬂﬂ 3
opt o ppes§
DPtyj— t+j—1

)
T (Yerj—1 < Yirj) (44)
< (E [ tj_S]»S?W(' | Yp—1 > ... > Yttji—1 > ytﬂ-)} B E [pf_g,ﬂ'( | Y1 < ... < Ytti—1 < yt+j) )
= ess opt

)

t+j—1 Dyj—
T (Yerj—1 > Yirj) (45
n (E [pﬂ?m(- | o1 > o > Yy = yt-i—j)} _ E [Pﬁﬁﬂ(' | o1 < oo < Ypyjor = ytﬂﬂ)
ptpisj'il pﬁtj—1
T (Yerj—1 = Yitj) (46)

Observe that, by our iid assumption, lim; ., 7 (I;) = 0 for all I;, which implies

. . . T
lim 6% = lim 6% = lim 6%, = 1.
t—o00 opt t—oo PE58 t—o0 FB

As a consequence, the respective equilibrium prices of a given regime converge to some

constant, i.e.,

: opt 5 X
tllglo Py = 13 3 max Y,
lim pl**® = s minY
t—o0 t 1 — ﬁ ’
i B _ i (- —\) - mi
tlglogpt = 1.3 (A-maxY + (1 —A)-minY).
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By continuity, the expected prices in (43) must therefore approximately satisfy

Eptm1)] = oo
E [pigﬂT(' | )} = pﬁ’?_l
By ([0 = i

for sufficiently large t. Substituting in (43) gives, for sufficiently large ¢,

P pFE_
b Ppes]s T (Yrrg-1 < Yers) < | 1 - opt] T (Yerj—1 > Yetj)

t+j—1 Piyj—1
FB FB
n (pt+j—1 _ Pty

eSS Opt
t+i—1  Pirj-1

) " (Z/t+j—1 = Z/t+j) )

which is always satisfied because the lhs is negative and the rhs is positive because of

opt B ess
Pitj—1 = Prij-1 = pfﬂﬂﬂm
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Supplementary appendix

Proof of observation 1: By an argument in Schmeidler (1986), it suffices to restrict

attention to a non-negative valued random variable f so that

+o0
E[f,qu/O v ({we Q| fw) > 2} de.

which is equivalent to
max f
Blfvl= [ v(weR| i)z
min f
since the range of f is closed and bounded. We consider a partition P,, n = 1,2, ..., of

) with members
Aﬁ ={weQla, < f(w) <bg,} fork=1,..2"

such that

(k—1)

o + min f

agn = [max f— min f]-
: k :
bpn = [maxf— min f]- o + min f.
Define the step functions a,, : © — R and b, : © — R such that, forw € A¥ k=1,...,2",

an (W) = agp
bn ((U) = bk:,n~
Obviously,
Elan,v] < E[f,v] < Elb,,V]
for all n and

lim E [b,,v| — Ela,,v] =0.

n—oo

That is, F [an,v] and F [b,,v] converge to E [f,v] for n — oo. Furthermore, observe
that

mina, = min f for all n, and

maxb, = max f for all n.
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Since lim,,_,, min b, = lim,,_,,, mina,, and E [b,, 7] is continuous in n, we have

lim Eby,v] = 0 (A lim maxb, + (1 — A) lim minbn> +(1-0) lim E by, 7]

n—o0 n—o0 n—oo n—oo

= 0(Amaxf+ (1 =X min f) + (1 =9) E[f,7].
In order to prove proposition 3, it therefore remains to be shown that, for all n,
E by, v] =0 (Amaxb, + (1 — A)minb,) + (1 — ) E [b,, 7] .

Since b, is a step function, the Choquet expectation of b, with respect to v becomes

Elb,,v] = Z v (A,QL" U...u AZ) T
Akep,
— Z ak,n' |:V (AELHUUAZ)_V(A%”UUAZ—I)],
Akep,

implying for a neo-additive capacity

2m—1

E[b,,v] = maxb, [6A+ (1 —0)m (AZ)] + Z W (1= 6) 7 (AL)

+min b, 1—5)\—(1—5)Z7T(A’;)

2n
k=2

2TL
= dAmaxb, + (1 — ) Z . (AL) + minb, [§ — 07|

k=1

= 0 (Amaxb, + (1 — X\)minb,) + (1 —9) E [b,, 7]

Proof of observation 2: An application of the full Bayesian update rule to a

neo-additive capacity gives
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5-A+(1—0)-7(ANB)

VP (A B) = §-A+(1—0)-7(ANB)+1—(0-A+ (1—0d) -7 (AU-B))

§-A+(1-6)-7(ANB)
1+ (1-0)- (r(ANB) -7 (AU-B))
§-A+(1-0)-7(ANB)
L+ (1=0)- (m(ANB) =7 (4) =7 (=B) + 7 (AN =B))
d-A+(1—-0)-7(ANB)
1+ (1 =9)- (=7 (=B))
§A+(1—46) -7(ANB)
04 (L—=0) -7 (B)
5\ (1-96) 7(B)
5+(1—06)-7(B) o6+(1—0) n(B)"
= 05PN+ (1-05F) -7 (A| B)

(A B)

with 652 given by (18).00
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