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ABSTRACT

A Note on Decompositions in Fixed Effects Models
in the Presence of Time-Invariant Characteristics

Though theoretically appealing and very popular amongst labour economists, the
interpretation of the unexplained part of the Oaxaca (1973) decomposition as discrimination
rather than an omitted variable problem in cross-section data has often been criticised. In this
note it is shown that this problem extends also to panel data and moreover that in a fixed
effects model including time invariant regressors omitted variables are a necessary and
deliberate consequence. Monte Carlo simulation is used to show the extent of the bias.
Special cases and practical implications are discussed.
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Introduction

Though theoretically appealing and very popular amongst labour economists, the
interpretation of the unexplained part of the Oaxaca (1973) decomposition as
discrimination rather than an omitted variable problem in cross-section data has often
been criticised. In this note it is shown that this problem extends also to panel data and
moreover that in a fixed effects model including time invariant regressors omitted
variables are a necessary and deliberate consequence. Monte Carlo simulation is used
to show the extent of the resulting bias. Furthermore, even in the absence of time
invariant characteristics the standard cross-sectional interpretation of the
decomposition results may differ in longitudinal data as often no overall constant term
Is estimated to begin with. Several special cases and practical implications are

discussed.

The Decomposition Context and the Fixed Effects Model

Suppose the model to be estimated is of the following well-known form:

Vi = Bo + X B+ 2y + 11, + ()
where i, = 2.7 +a, sothat E(y, | z,) =z,7 and «, =1, — E(, | z;) . Hence (1) can
be rewritten as

Vi = Bo + Xy B+2,0+a; +¢, 1)
where X, is an observed characteristic varying over individual i and time t; 5, is a
constant term; ¢,, is an iid error term; z; is an observed time invariant characteristic;
0 =(m+y);and ¢, the unobserved fixed effect; the orthogonality condition is

E(e, | X, 1) = 0. Fixed effects estimation is appropriate under the assumption that

E(x, | «;) # 0 and the usual within transformation of (1”) can be expressed as



(Y = ¥i) = (X _Yi)'ﬂ+(8it - &) ()

.
where e.g. ¥, :Zyit/T.
t=1

Predicted outcomes from estimating (2) will in general differ from the average sample
mean by a constant. Such term is of little interest within samples. However, when
applying decomposition techniques such as suggested by Oaxaca (1973) to study
differences in predicted conditional sample means it may well differ across groups
and contain important information about the relative position of each group. For
example, comparing male and female earnings, an overall constant term may contain
information about structural or institutional variations in the respective labour markets
such as the presence of gender anti-discrimination legislation." Unless one is only
interested in differences in within individual variation and there are no time-invariant
variables in the decomposition of the gender earnings gap this will yield biased
decomposition components.

Standard software packages such as Stata® 8.2 do often report an overall constant

N
term. Under the constrained Z“i =0 and in the presence of time-invariant variables,
i=1

p, can be recovered as cons = ,@0 +760=y- ?ﬁ by estimating (2) re-adding the
grand averages®. The main advantage of doing so is that by construction the sample

average of y, will equal E(y, | x,) 2 Also, fixed effects can be retrieved as

A N

U =a,+2,0=Y,-%S-f

! Clearly, it will also contain unobservable characteristics which has led to frequent criticism of the
usual interpretation of the unexplained part as being due to discrimination.

N T
2 For example, the grand average of the dependent variable is defined as Y = Z Z Yie /NT

i=1 t=1
® Furthermore, in two-way panel models with fixed group and time effects the above transformation is
necessary to estimate a symmetric model (Greene 2000, p 564).



N
As can easily be seen, unless > z; = 0 the fixed effects will contain z;6 and more
i=1

importantly the constant term will contain Z @ . In such a case the explained and

unexplained components are biased. The gap in predicted outcomes y, between two

groups is usually expressed as

V- = (K =X7) B X (B = B+ (B - By (5)
where j=1,2 indicates the group and the double bar represents the sample average. As

shown above, the constant terms contain Z @ . An appropriate decomposition

expression would therefore be

V' oY= (X=X B (T =27 0+ X (B - )+ 27 (0" -07)+ (B! - ") (6)
Three special cases can be distinguished: (a) z' = z° # 0, i.e. the explained
component will be unbiased while the unexplained component will still be biased; (b)

7' =7% =0, i.e. both the explained and unexplained component is unbiased; (c)

alternatively it becomes possible to retrieve @ from an auxiliary regression of u, on

z; enabling the decomposition of (6) directly.

Monte Carlo Results

Monte Carlo simulation is used to demonstrate the magnitude of the bias for three
different specifications of the form (1). Specification | employs the usual Oaxaca
decomposition to fixed effects results. Specification Il and 11l are equivalent to cases
(@) and (b).

Each of the two samples contains 1,000 observations and each individual is observed

over 20 time periods. The respective parameters are:



Ba=1p2=3p4"=14%=1.4,0"=03,0* = 2.5.* Furthermore, E(x, | ;) = 0.5 and
E(zi|;)=0 N

Table 1 reports the estimated decomposition components alongside their respective
MSE for 5,000 replications. The true values refer to equation (6), the expected values
are those expected from equation (5) and reported for comparison purposes only. The
Mean Square Error (MSE) refers to the average of differences between estimated and
true values for each repetition. All three models are constraint such as to derive
predictions equal to the sample mean as described above. Two different unexplained
components are reported, one including one excluding the constant term.

Clearly, the bias in the total gap estimate is very small and by construction equal in all
three specifications. However, as expected the bias is substantial in both the explained
and unexplained parts in model 1. The bias in the explained part virtually disappears in
case the group-means of the time-invariant variables are equal (model I1).
Furthermore, all components are estimated with much reduced bias if the group-
means in time-constant characteristics equal zero (model I11).

Are there ways to overcome the bias? The literature suggests at least four methods to
deal with time-invariant variables in panel models which are random effects, the
Hausman-Taylor (1981) instrument variable approach, pooled OLS ignoring
individual effects®, and an auxiliary regression to recover € as discussed in cases (c).
Column six reports the relative MSE between the easy-to-implement latter method

and the standard fixed effects approach. Clearly, the bias is significantly reduced.

* Other parameter values as well as different values for T and N have been tried without fundamentally
changing the main results.

® The exact means and standard deviations can be obtained from the author upon request.

® See Oaxaca and Geisler 2003 for a two stage GLS estimator which yields equivalent coefficients for
the time-invariant variables as the pooled OLS.



Note however that the remaining absolute bias can still be large particularly so if the

magnitude of the time-invariant variable or its parameters is relatively large.

Conclusion

Panel data is becoming ever more widely available and it is tempting to use methods
originally developed for cross-section data in a longitudinal environment such as the
popular Oaxaca (1973) decomposition. Yet, this note shows that the interpretation and
estimation of longitudinal decompositions is cumbersome when employing fixed
effects methods particularly so in the presence of time-invariant characteristics.
Unless the group-means for these variables obey certain properties decomposition or
time invariant variables are orthogonal to the fixed effects, results are subject to a
substantial bias. These results are very similar to the cross-section case with omitted
variables. However, the important distinction is that in the presence of time invariant

variables in panel data the omitted regressors are observable and knowingly omitted.
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Appendix: Tables

Table 1: Monte Carlo results

Component True Expected Estimated MSE Relative MSE
Model |

Total gap 4.1462 4.1462 4.1450 0.0020 1.0000
Explained part -1.5500 0.7000 0.7000 5.0627 0.0124
Unexplained excluding constant 3.7056 0.7982 0.7985 8.4600 0.0022
Unexplained including constant 5.7056 3.4462 3.4450 5.1126 0.0137
Constant 2.0000 2.6480 2.6465 0.4311 0.1062
Model Il

Total gap 6.3962 6.3962 6.3950 0.0020 1.0000
Explained part 0.7000 0.7000 0.7000 0.0003 1.0000
Unexplained excluding constant 3.7056 0.7982 0.7985 8.4600 0.0022
Unexplained including constant 5.7056 5.6962 5.6950 0.0023 1.0000
Constant 2.0000 4.8980 4.8965 8.4029 0.0025
Model 111

Total gap 3.0962 3.0962 3.0950 0.0020 -
Explained part 0.7000 0.7000 0.7000 0.0003 -
Unexplained excluding constant 0.4056 0.7982 0.7985 0.1630 -
Unexplained including constant 2.4056 2.3962 2.3950 0.0023 -
Constant 2.0000 1.5980 1.5965 0.1759 -

Note: Monte Carlo simulation 5,000 replications. Each sample has 1,000 observations and each individual is
observed over 20 time periods. The true value refers to equation (6) where all parameters can be estimated
including the time-invariant ones. In contrast, the expected value refers to a fixed effects estimation where time-
invariant variables are swiped out from the estimation and consequently are not part of the decomposition. The
Mean Square Error refers to the deviation from the true model. The relative MSE is 2 SLS MSE derived from an

auxiliary regression relative to the fixed effects MSE in column 5. For model specification see text.





