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Multivariate Tail Copula: Modeling and EstimationBy CLAUDIA KL�UPPELBERG1, GABRIEL KUHNCenter for Mathematial Sienes, Munih University of Tehnology, D-85747 Garhing,Germany.klu�ma.tum.de gabriel�ma.tum.deand LIANG PENGShool of Mathematis, Georgia Institute of Tehnology, Atlanta, GA 30332-0160, USA.peng�math.gateh.eduSummaryIn general, risk of an extreme outome in �nanial markets an be expressed as afuntion of the tail opula of a high-dimensional vetor after standardizing marginals.Hene it is of importane to model and estimate tail opulas. Even for moderate dimension,nonparametrially estimating a tail opula is very ineÆient and �tting a parametrimodel to tail opulas is not robust. In this paper we propose a semi-parametri modelfor tail opulas via an elliptial opula. Based on this model assumption, we propose anovel estimator for the tail opula, whih proves favourable ompared to the empirialtail opula, both theoretially and empirially.Keywords: Asymptoti normality, Dependene modeling, Elliptial opula, Elliptial distribu-tion, Multivariate modeling, Regular variation, Tail opula.
1 IntrodutionRisk management is a disipline for living with the possibility that future events may auseadverse e�ets. An important issue for risk managers is how to quantify di�erent types ofrisk suh as market risk, redit risk, operational risk, et. Due to the multivariate natureof risk, i.e., risk depending on high dimensional vetors of some underlying risk fators, apartiular onern for a risk manager is how to model the dependene between extremeoutomes although those extreme outomes our rarely. A mathematial formulation ofthis question is as follows.1Author for orrespondene.



Let X = (X1; : : : ; Xd)T be a random vetor with distribution funtion F and ontin-uous marginals F1; : : : ; Fd. Then the dependene is ompletely determined by the opulaC of X given by Sklar's representation (f. Nelsen (1998) or Joe (1997))F (x) = C(F1(x1); : : : ; Fd(xd)) ; x = (x1; � � � ; xd)T 2 Rd :Moreover, the opula alone allows us to desribe dependene on extreme outomes. As C isa multivariate uniform distribution on [0; 1℄d, extreme values are near the boundaries andextreme dependene happens around the points (0; : : : ; 0) and (1; : : : ; 1). This motivatesthe de�nition of the tail opula of X as�X(x1; : : : ; xd) = limt!0 t�1P (1� F1(X1) � tx1; : : : ; 1� Fd(Xd) � txd) ; (1.1)where x1; : : : ; xd � 0: The bivariate ase, when d = 2, has been thoroughly investigatedand �X(1; 1) is alled the upper tail dependene oeÆient of X1 and X2, see Joe (1997).It models dependene along the 45 degree line, where the bivariate dependene e�etsare mostly onentrated. For x; y 2 [0; 1℄2 the funtion x + y � �X(x; y) is alled the taildependene funtion of X1 and X2 by Huang (1992); suh notions go bak to Gumbel(1960), Pikands (1981) and Galambos (1987), and they represent the full dependenestruture of the model.The approah via a dependene funtion yields that the risk of an extreme outomein �nanial markets an be expressed as a funtion of the tail opula �X(x1; : : : ; xd) afterstandardizing marginals. When d = 2, the tail opula �X(x; y) or the tail dependenefuntion x+ y��X(x; y) an be estimated nonparametrially via bivariate extreme valuetheory; see Einmahl, de Haan and Piterbarg (2001) and referenes therein. Also paramet-ri models for the tail dependene funtion have been suggested and estimated, see Tawn(1988), Ledford and Tawn (1997) and Coles (2001) for examples and further referenes.The appliation of both, nonparametri and parametri estimation of tail dependenefuntions has almost only been investigated for the ase d = 2 although theoretiallyboth methods are appliable to the ase d > 2. For an approah to nonparametri esti-mation of tail dependene in higher dimensions see Hsing, Kl�uppelberg and Kuhn (2004).Reently, He�ernan and Tawn (2004) proposes a onditional approah to model multi-variate extremes via investigating the limits of normalized onditional distributions. Ob-viously, nonparametri estimation severely su�ers from the urse of dimensionality, whend beomes large, and �tting parametri models for large d is not robust in general.In this paper, we onentrate on the dependene struture only, whih means we workin the tradition of estimating a dependene funtion. However, we neither work with purelynonparametri estimates nor do we speify a parametri model. Instead we propose tomodel the tail opula via an elliptial opula, a novel approah, whih may be viewed2



as a semi-parametri approah. For the appliations of opulas and elliptial opulas torisk management, we refer to Frey, MNeil and Nyfeler (2001) and Embrehts, Lindskogand MNeil (2003). Reently, Demarta and MNeil (2005) study some parameterizedelliptial opulas. One of the advantages in employing elliptial opulas is the simpliityof simulating multivariate extremes.Reall that the random vetor Z = (Z1; : : : ; Zd)T has an elliptial distribution,Z d= GAU; (1.2)where G > 0 is a random variable, A is a deterministi d � d matrix with AAT := � =(�ij)1�i;j�d and rank(�) = d, U is a d-dimensional random vetor uniformly distributedon the unit hyper-sphere Sd := fz 2 Rd : zT z = 1g, and U is independent of G. Repre-sentation (1.2) implies that the elliptial distribution is uniquely de�ned by the matrix �and the random variable G. For a detailed disription of elliptial distributions, we referto Fang, Kotz and Ng (1987). Then, an elliptial opula is de�ned as the opula of anelliptial distribution.De�ne the linear orrelation between Zi and Zj as �ij = �ij=p�ii�jj and denote byR := (�ij)1�i;j�d the orrelation matrix. Note that �ij exists for any elliptial distribution;if �nite seond moments exist it oinides with the usual orrelation. Hult and Lindskog(2002) showed in their Theorem 4.3 under weak regularity onditions that regular vari-ation of P (G > � ) with index � > 0 (notation: P (G > � ) 2 RV��) is equivalent tomultivariate regular variation of Z with the same index �. We refer to Resnik (1987) forthe de�nition and properties of multivariate regular variation. This implies, in partiular,that the orrelation matrix and the index � of regular variation are opula parameters.Further, we denote the upper tail dependene oeÆient between Zi and Zj as�Zij(1; 1) =  Z �=2(�=2�arsin �ij)=2(os�)� d�! = Z �=20 (os�)� d�! (1.3)when P (G > � ) 2 RV��; in this ase it is positive (f. Hult and Lindskog (2002), Theo-rem 4.3).For illustration of our methodology, we fous on the ase d = 2 from now on and theextension to d > 2 is given in setion 5. Kl�uppelberg, Kuhn and Peng (2005) studied twoestimators for estimating the tail opula �X(x; y) as de�ned in (1.1), when observationshave an elliptial distribution; i.e., X d= Z with Z de�ned in (1.2) and P (G > �) 2 RV��for some � > 0. One estimator is based on extreme value theory, another one on an
3



extended version of (1.3); i.e., denoting �Z12 = �Z and �12 = �,�Z(x; y) =  Z �=2g((x=y)1=�) x(os�)� d�+ Z g((x=y)1=�)� arsin � y (sin(�+ arsin �))� d�!�  Z �=2��=2(os�)� d�!�1 := �(�; x; y; �); (1.4)where g(t) := artan�(t� �)=p1� �2� 2 [� arsin �; �=2℄ for t > 0. Note that in thissetup � an be estimated from observations.Here we propose to model only the opula C (not the full distribution) of X by theopula of Z with P (G > � ) 2 RV��, i.e.,P (F1(X1) � x; F2(X2) � y) = P �FZ1 (Z1) � x; FZ2 (Z2) � y� ; (1.5)where FZ1 and FZ2 denote the marginal distributions of Z.In our approah, the opula C is not ompletely determined, sine we only workwith the tail information (the regular variation) of G. Without doubt, how to test theabove model assumptions is important, and will be investigated in a separate paper. Inthe present paper, we fous on the estimation issue, i.e., seeking a way to improve theempirial tail opula estimator. For iid dataXi = (Xi1; Xi2) for i = 1; : : : ; n, with unknowndistribution funtion F and tail opula as in (1.1) the empirial tail opula estimator isde�ned as b�emp(x; y; k) = 1k nXi=1 I �1� bF1(Xi1) � knx; 1� bF2(Xi2) � kny� ; (1.6)where bFj denotes the empirial distribution funtion of fXijgni=1 for j = 1; 2 and weonsider k = k(n)!1 and k=n! 0 as n!1.A natural way to improve the empirial tail opula estimator is to employ (1.4) likeKl�uppelberg, Kuhn and Peng (2005). However, � an not be estimated diretly fromthe observations under the model assumptions. Hene, we propose to estimate � �rst byusing (1.4) with the empirial tail opula and an estimator for �. Then we estimate thetail opula � by plugging in the estimators for � and �; see setion 2 for details. Sometheoretial omparisons are provided in setion 3. We present a simulation study in setion4. The generalization to higher dimension is disussed in setion 5. Finally, all proofs aresummarized in setion 6.2 Methodologies and Main ResultsThroughout this setion we assume that d = 2. Beause of (1.5), we an estimate �Z(x; y)by b�emp(x; y; k). It follows from Lindskog, MNeil and Shmok (2003) that ondition4



j�j < 1 implies � = 2� arsin �, where � is Kendall's tau, i.e.� = P ((X11 �X21) (X12 �X22) > 0)� P ((X11 �X21) (X12 �X22) < 0) :Hene we an estimate � by b� = sin ��2b�� ; whereb� = 2n(n� 1) X1�i<j�n sign ((Xi1 �Xj1)(Xi2 �Xj2)) : (2.7)In order to estimate � via (1.4), we need to solve this equation as a funtion of �.Theorem 2.1. For any �xed x; y > 0 and j�j < 1, de�ne �� := jln(x=y)= ln(� _ 0)j. Then�(�; x; y; �) is stritly dereasing in � for all � > ��.Based on the above theorem, we are able to de�ne an estimator for � as follows.Let � ( � ; x; y; �) denote the inverse of �(�; x; y; �) with respet to �, if it exists. ByTheorem 2.1, we know that � ( � ; 1; 1; �) exists for all � > 0. Hene, an obvious estimatorfor � is e�(1; 1; k) := � (b�emp(1; 1; k); 1; 1; b�) for any estimator b� of �. Sine this estimatoronly employs information at x = y = 1, it may not be eÆient.Next we de�ne an estimator whih takes also b�emp(x; y; k) for other values (x; y) 2 R2+into aount. Based on Theorem 2.1 we de�ne orresponding ranges for y=x = tan �. Toensure that (x; y) = (1; 1) is taken into aount, we look at (x; y) = (p2 os �;p2 sin �)for di�erent angles �. Note that b�emp(x; y; k) = b�emp(p2 os �;p2 sin �; k�) for � =artan(y=x) and some k�, hene it is suÆient not to onsider all (x; y) 2 R2+ but only(x; y) = (p2 os �;p2 sin �). De�nebQ := n� 2 �0; �2� : b�emp(p2 os �;p2 sin �; k) << ������ ln(tan �)ln(b� _ 0)���� ; p2 os �;p2 sin �; b��� ;bQ� := n� 2 �0; �2� : jln(tan �)j < e�(1; 1; k) �1� k�1=4� jln(b� _ 0)jo andQ� := n� 2 �0; �2� : jln(tan �)j < � jln(� _ 0)jo :It follows from Theorem 1 that there exists a unique �1 > jln(tan �)= ln(b� _ 0)j suh that�(�1;p2 os �;p2 sin �; b�) = b�emp(p2 os �;p2 sin �; k) ; � 2 bQ :Therefore, for � 2 bQ we an de�ne the inverse funtion of �( � ;p2 os �;p2 sin �; b�) givinge�(p2 os �;p2 sin �; k) = � �b�emp(p2 os �;p2 sin �; k);p2 os �;p2 sin �; b�� : (2.8)Next we have to ensure onsisteny of this estimator. This an be done by further requiring� 2 bQ�, whih implies that the true value of � is larger than j ln(tan �)= ln(b� _ 0)j with5



probability tending to one. Thus, our estimator for � is de�ned as a smoothed version ofe�. That is, for an arbitrary nonnegative weight funtion w we de�neb�(k; w) = 1W � bQ \ bQ�� Z�2 bQ\ bQ� e�(p2 os �;p2 sin �; k)W (d�) ; (2.9)where W is the measure de�ned by w.Before we give the asymptoti normality of b�, we list the following regularity ondi-tions:(C1) X satis�es relation (1.5) and Z has tail dependene funtion (1.4) and P (G > � ) 2RV�� for some � > 0 and j�j < 1.(C2) There exists A(t)! 0 suh thatlimt!0 t�1P (1� F1(X1) � tx; 1� F2(X2) � ty)� �X(x; y)A(t) = b(C2)(x; y)uniformly on S2, where b(C2)(x; y) is not a multiple of �X(x; y).(C3) k = k(n)!1, k=n! 0 and pkA(k=n)! b(C3) 2 (�1;1) as n!1.The following theorem gives the asymptoti normality of b�.Theorem 2.2. Suppose that (C1)-(C3) hold, and that w is a positive weight funtionsatisfying sup�2Q� w(�) <1: Then, denoting by W the measure de�ned by w, as n!1,pk (b�(k; w)� �)d�! 1W (Q�) Z�2Q� b(C3)b(C2)(p2 os �;p2 sin �) + eB(p2 os �;p2 sin �)�0 ��;p2 os �;p2 sin �; �� W (d�);where �0(�; x; y; �) := ����(�; x; y; �),eB(x; y) = B(x; y)�B(x; 0)�1� ��x�(x; y)�� B(0; y)�1� ��y�(x; y)�and B(x; y) is a Brownian motion with zero mean and ovariane strutureE (B(x1; y1)B(x2; y2)) = x1 ^ x2 + y1 ^ y2 � �(x1 ^ x2; y1)� �(x1 ^ x2; y2)��(x1; y1 ^ y2)� �(x2; y1 ^ y2) + �(x1; y2) + �(x2; y1) + �(x1 ^ x2; y1 ^ y2):Next, like in Kl�uppelberg, Kuhn and Peng (2005), we estimate b� via the identity� = 2� arsin � and the estimator (2.7) and obtain an estimator for �(x; y) byb�(x; y; k; w) = � (b�(k; w); x; y; b�) : (2.10)We derive the asymptoti normality of this new estimator b�(x; y; k; w) as follows.6



Theorem 2.3. Suppose that the onditions of Theorem 2.2 hold. Then, for T > 0, wehave as n!1,sup0�x;y�T ���pk �b�(x; y; k; w)� �X(x; y)� � �0(�; x; y; �) 1W (Q�)� Z�2Q� b(C3)b(C2)(p2 os �;p2 sin �) + eB(p2 os �;p2 sin �; t)�0(�;p2 os �;p2 sin �; �) W (d�)����� = op(1):3 Theoretial ComparisonsThe following orollary gives the optimal hoie of the sample fration k for b� in termsof the asymptoti mean squared error. First, denoteabias�(w) = 1W (Q�) Z�2Q� b(C2)(p2 os �;p2 sin �)�0(�;p2 os �;p2 sin �; �)W (d�)andavar�(w) = 1(W (Q�))2�Z�12Q� Z�22Q� E � eB(p2 os �1;p2 sin �1) eB(p2 os �2;p2 sin �2)��0(�;p2 os �1;p2 sin �1; �)�0(�;p2 os �2;p2 sin �2; �)W (d�2)W (d�1):Corollary 3.1. Assume that (C1)-(C3) hold and A(t) � t� as t ! 0 for some  6= 0and � > 0. Then the asymptoti mean squared error of b�(k; w) isamse�(k; w) = 2(k=n)2� (abias�(w))2 + k�1avar�(w):By minimizing the above asymptoti mean squared error, we obtain the optimal hoie ofk as k0(w) = � avar�(w)2�2(abias�(w))2�1=(2�+1) n2�=(2�+1):Hene the optimal asymptoti mean squared error of b� isamse�(k0(w); w) =  �avar�(w)n �� abias�(w)p2�!2=(2�+2) �1 + 12�� :Firstly, we ompare b�(k; w) with e�(1; 1; k). As a �rst weight funtion we hoose w0(�)equal to one if � = �=4, and equal to zero otherwise. Sine e�(1; 1; k) = b�(k; w0), theasymptoti variane and optimal asymptoti mean squared error of e�(1; 1; k) areavar�(w0) = k�1avar�(w0) and amse�(w0) = amse�(k0(w0); w0) :7



For simpliity, we only ompare b�(k; w0) and b�(k; w1) with the weight funtionw1(�) = 1� � ��=4 � 1�2 ; 0 � � � �2 : (3.11)In Figure 1, we plot the ratio ratiovar;� = avar�(w1)=avar�(w0) against � for � 2 f0:3; 0:7g,whih shows that b�(k; w1) has a smaller variane than e�(1; 1; k) in many ases, espeiallywhen � is large or � is small. Hene b�(k; w1) is better than e�(1; 1; k) in terms of asymptotivariane. Without doubt, the weight funtion w1 is not an optimal one. Seeking an optimalweight funtion is important, but diÆult.Seondly, we ompare b�(x; y; k; w) with b�emp(x; y; k). It follows from Theorem 2.3 thatthe asymptoti variane and the asymptoti mean squared error of b�(x; y; k; w) are(�0(�; x; y; �))2 avar�(k; w) and (�0(�; x; y; �))2 amse�(k; w);respetively. As before, we obtain the optimal asymptoti mean squared error of b�(x; y; k; w)as (�0(�; x; y; �))2 amse�(k0(w); w). Putkemp = � E(B2(x; y))2�2(b(C2)(x; y))2�1=(2�+1) n2�=(2�+1) andamseemp(k) = 2(k=n)2�(b(C2)(x; y))2 + k�1E(B2(x; y)):Then the asymptoti variane and the optimal asymptoti mean squared error of b�emp(x; y; k)are avar�emp(k; w) = k�1(E eB(x; y))2 and amse�emp(k; w) = amseemp(kemp) :In Figure 2, we plot the ratio of the varianes of b�(x; y;w1) and b�emp(x; y; k) given byratiovar;� = E(B2(x; y))(�0(�; x; y; �))2 avar�(w1) ;for (x; y) = (p2 os �;p2 sin�) against � 2 (0; �=2) for di�erent pairs (�; �) 2 f1; 5g �f0:3; 0:7g, whih shows that the new estimator for �X(x; y) has a smaller variane thanthe empirial estimator b�emp(x; y; k).4 Simulation StudyIn this setion we ondut a simulation study to ompare b�(k; w1) with b�(k; w0) =e�(1; 1; k), and to ompare b�(x; y; k; w1) with b�emp(x; y; k) by drawing 1000 random sam-ples with sample size n = 3000 from an elliptial opula with P (G > x) = expf�x��g,x > 0. 8



For omparison of b�(k; w1) and e�(1; 1; k), we plot the averages of e�(1; 1; k), b�(k; w1)and orresponding mean squared errors in Figures 3 and 4. We observe that b�(k; w1) hasa smaller mean squared error than e�(1; 1; k) in most ases. Further, we plot e�(1; 1; k)and b�(k; w1) based on a partiular sample in Figure 7, whih shows that b�(k; w1) ismuh smoother than e�(1; 1; k) with respet to k. This is beause b�(k; w1) employs moreb�emp(x; y; k)0s and e�(1; 1; k) only uses b�emp(1; 1; k). In summary, one may prefer b�(k; w1)to e�(1; 1; k).Next we ompare the empirial estimator b�emp(x; y; k) with the new b�(x; y; k; w1). Weplot the averages of b�emp(1; 1; k), b�(1; 1; k; w1) and orresponding mean squared errorsin Figures 5 and 6. We also plot estimators b�emp(1; 1; k) and b�(1; 1; k; w1) based on apartiular sample in Figure 8. Like the omparisons for estimators of �, we observe thatb�(1; 1; k; w1) has a slightly smaller mean squared error than b�emp(1; 1; k), but b�(1; 1; k; w1)is muh smoother than b�emp(1; 1; k) with respet to k. More improvement of b�(x; y; k; w1)over b�emp(x; y; k; w0) are found when x=y is away from one; see Figures 9 and 10.Finally, we ompare b�(x; y; 50; w1) and b�emp(x; y; 50; w0) for di�erent x and y. It fol-lows from Figure 5 that k = 50 is a reasonable hoie. Again, we plot the averages ofb�(p2 os�;p2 sin�; 50; w1), b�emp(p2 os �;p2 sin�; 50) for 0 � � � �=2 and orrespond-ing mean squared errors in Figures 11 and 12. Based on a partiular sample, we alsoplot estimators b�(p2 os�;p2 sin�; 50; w1) and b�emp(p2 os�;p2 sin�; 50) in Figure 13.From these �gures, we observe that, when � is away from �=4, b�(p2 os �;p2 sin�; 50; w1)beomes muh better than b�emp(p2 os �;p2 sin�; 50).In onlusion, with the help of an elliptial opula, we are able to estimate the taildependene funtion more eÆiently.5 Elliptial Copula of Arbitrary DimensionIn this setion we generalize our results in setion 2 to the ase, where the dimensiond � 2 is arbitrary.Theorem 5.1. Assume that X = (X1; : : : ; Xd)T has the same opula as the elliptial ve-tor Z = (Z1; : : : ; Zd)T , whose distribution is given in (1.2). W.l.o.g. assume that AAT = Ris the orrelation matrix of Z. Let Ai � denote the i-th row of A and and let FU denote theuniform distribution on Sd. Then the tail opula of X is given by�X(x1; : : : ; xd) := limt!0 t�1P (1� F1(X1) < tx1; : : : ; 1� Fd(Xd) < txd)= Zu2Sd;A1 � u>0;:::;Ad � u>0 d̂i=1 xi(Ai �u)� dFU(u) � Zu2Sd;A1 � u>0 (A1 �u)� dFU(u)��1: (5.12)9



Remark 5.2. (a) For d = 2 representation (5.12) oinides with (1.4). To see thiswrite u 2 S2 as u = (os�; sin�)T for some � 2 (��; �), A1 � = (1; 0) and A2 � =(�;p1� �2). Then, Au = (os�; � os� +p1� �2 sin�)T = (os �; sin(� + arsin �))T ,giving the equivalene of (5.12) and (1.4).(b) For d � 3 one an also use multivariate polar oordinates and obtain analogousrepresentations. The expression, however, beomes muh more ompliated.The estimation proedure in d dimensions is a simple extension of the two-dimensionalase. Assume iid observations Xi = (Xi1; : : : ; Xid)T , i = 1; : : : ; n, with an elliptial opula.Then we an estimate �pq via Kendall's � and �pq based on bivariate subvetors (Xip; Xiq)for 1 � p; q � d. Denote these estimators by b�pq and (for any positive weight funtion w)b�pq(k; w), respetively. Then we estimate � and R byb�(k; w) = 1d(d� 1)Xp6=q b�pq(k; w) and bR = (b�pq)1�p;q�d:For any deomposition bA bAT = bR, we obtain an estimator for A. This yields an estimatorfor �(x1; : : : ; xd) by replaing � and Ai � in (5.12) by b�(k; w) and bAi � , respetively. Theasymptoti normality of this new estimator an be derived similarly as in Theorems 2.2and 2.3.In Figure 14 we give a three-dimensional example. We simulate a sample of lengthn = 3 000 from an elliptial opula with P (G > x) = expf�x��g, x > 0, and parame-ters �12 = 0:3, �13 = 0:5, �23 = 0:7 and � = 5. In the upper row we plot the true tailopula �X �p3 os�1;p3 sin�1 os�2;p3 sin�1 sin�2�, �1; �2 2 (0; �=2), and eah ol-umn orresponds to perspetive, ontour and grey-sale image plot of a �X , respetively.In the middle and lower row, we plot the orresponding estimators b�(: : : ; 100; w1) andb�emp(: : : ; 100), respetively. From this �gure, we also observe that b� beomes muh betterthan b�emp in the three-dimensional ase.Next we apply our estimators to a three-dimensional real data set whih onsists ofn = 4 903 daily log returns of urreny exhange rates of GBP, USD and CHF with respetto EURO between May 1985 and June 2004. As in Figure 14, we plot the perspetive,ontour and grey-sale image of b� �p3 os�1;p3 sin�1 os�2;p3 sin�1 sin�2; k; w1� andb�emp(: : : ; k); see Figures 15, 16 and 17 for k = 100, k = 150 and k = 200, respetively.Comparing the ontour plots (middle olumns) of b� and b�emp, one may onlude that theassumption of an elliptial tail opula ist not an unrealisti restrition.
10



6 ProofsProof of Theorem 2.1. De�ne0 = Z �=2��=2(os�)� d�; 1 = Z �=2��=2(os�)� ln(os �) d�;D(�; z) = 0 Z �=2z (os�)� ln(os�) d�� 1 Z �=2z (os�)� d� andC(�; z) = D(�; z) + ��+p1� �2 tan z���D(�;�z + aros �):Then, by variable transformation, we obtain�(�; x; y; �) = �10  x Z �=2g((x=y)1=�)(os�)� d�+ y Z �=2g((x=y)�1=�)(os�)� d�!and�0(�; x; y; �) := ����(�; x; y; �) = �20 �xD ��; g �(x=y)1=���+ yD ��; g �(x=y)�1=����= �20 xC ��; g �(x=y)1=��� :Sine D0;1(�; z) := ��zD(�; z) = (os z)� (1 � 0 ln(os z)) ;we an show that there exists 0 < z0 < �=2 suh that8>>>>>><>>>>>>:
D0;1(�; z) > 0; if z 2 (��=2;�z0);D0;1(�; z) = 0; if z = �z0;D0;1(�; z) < 0; if z 2 (�z0; z0);D0;1(�; z) = 0; if z = z0;D0;1(�; z) > 0; if z 2 (z0; �=2):Note that z0 depends on �. Sine D(�; 0) = limz!��=2D(�; z) = 0, we have( D(�; z) > 0; if z 2 (��=2; 0);D(�; z) < 0; if z 2 (0; �=2):Hene, if x=y 2 �(� _ 0)�� ; (� _ 0)���� for some �� 2 (0;1), then C ��; g �(x=y)1=���� < 0for all � > ��. Sine also x=y 2 [(� _ 0)�; (� _ 0)��℄ holds for all � > ��, we haveC ��; g �(x=y)1=��� < 0 for all � > ��. Hene the theorem follows by hoosing �� =jln(x=y)= ln(� _ 0)j. 11



Proof of Theorem 2.2. Using the same arguments as in Lemma 1 (Page 30) of Huang(1992) or Corollary 3.8 of Einmahl (1997), we an show thatsup0<x;y<T ���pk �b�emp(x; y)� �X(x; y)�� b(C3)b(C2)(x; y)� eB(x; y)��� = op(1) (6.13)as n!1. Note that the above equation an also be shown in a way similar to Shmidtand Stadtm�uller (2005) by taking the bias term into aount. Sine �(�; x; y; �) in (1.4) isa ontinuous funtion of �, by invoking the delta method, the theorem follows from (6.13),b� � � = op(1=pk) (see e.g. Hoe�ding (1948)), sup�2Q� j�0(�;p2 os �;p2 sin �; �)j < 1and a Taylor expansion.Proof of Theorem 2.3. It easily follows from (1.4) and Theorem 2.2.Proof of Theorem 5.1. Sine opulas are invariant under stritly inreasing transfor-mations, we an assume w.l.o.g that AAT = R is the orrelation matrix. Therefore, theZi d= RAi �U , 1 � i � d, have the same distribution, say FZ. HeneP (1� FZ(Z1) < tx1; : : : ; 1� FZ(Zd) < txd)= Zu2Sd;A1 � u>0;:::;Ad � u>0 P�G > d_i=1 F Z (1� txi)Ai �u � dFU(u); (6.14)where F Z denotes the inverse funtion of FZ . Sine P (G > � ) 2 RV�� implies that1� FZ 2 RV��, the inverse funtion F Z is regularly varying in 0 with index �1=� (e.g.Resnik (1987), Proposition 0.8(v)). This implieslimt!0 P (G > F Z (1� txi)=(Ai �u))P (G > F Z (1� t)) = xi(Ai �u)�; i = 1; : : : ; d:Now note that, for all i = 1; : : : ; d,t = P (Zi > F Z (1� t)) = P (GAi �U > F Z (1� t))= Zu2Sd;Ai � u>0 P �G > F Z (1� t)Ai �u � dFU(u);giving by means of Potter's bounds (e.g. see (1.20) in Geluk and de Haan (1987)),limt!0 tP (G > F Z (1� t)) = limt!0 Zu2Sd;Ai � u>0 P (G > F Z (1� t)=(Ai �u))P (G > F Z (1� t)) dFU(u)= Zu2Sd;Ai � u>0 (Ai �u)� dFU(u) 8i = 1; : : : ; d: (6.15)Applying the same method to (6.14) yields the proof.Aknowledgment. Liang Peng's researh was supported by NSF grant DMS-0403443and a Humboldt Researh Fellowship. 12



ReferenesColes, S.G. (2001). An Introdution to Statistial Modeling of Extreme Values. Springer,London.Demarta, S. and MNeil, A.J. (2005). The t opula and related opulas. InternationalStatistial Review. To appear.Einmahl, J.H.J. (1997). Poisson and Gaussian approximation of weighted loal empirialproesses. Stoh. Pro. Appl. 70, 31-58.Einmahl, J.H.J., Haan, L. de and Piterbarg, V.I. (2001). Nonparametri estimation of thespetral measure of an extreme value distribution. Ann. Statist. 29, 1401 - 1423.Embrehts, P., Lindskog, F. and MNeil, A.J. (2003). Modelling dependene with opulasand appliations to risk management. In: Handbook of Heavy Tailed Distributions inFinane, edited by Rahev S.T., Elsevier/North-Holland, Amsterdam.Fang, K.-T., Kotz, S. and Ng, K.-W. (1987). Symmetri Multivariate and Related Distri-butions. Chapman & Hall, London.Frey, R., MNeil, A.J. and Nyfeler, M. (2001). Copulas and redit models. RISK, Otober2001, 111-114.Galambos, J.(1987). The Asymptoti Theory of Extreme Order Statistis. 2nd Ed. KriegerPublishing Co., Malabar, Florida.Gumbel, E.J. (1960). Bivariate exponential distributions. J. Am. Statist. Asso. 55, 698-707.Geluk, J. and de Haan, L. (1987). Regular Variation, Extensions and Tauberian Theorems.CWI Trat 40.He�ernan, J.E. and Tawn, J.A. (2004). A onditional approah to modelling multivariateextreme values (with disussion). J. Roy. Statist. So., Ser. B 66, 497 - 547.Hoe�ding, W. (1948). A lass of statistis with asymptotially normal distribution. Ann.Math. Statist. 19, 293-325. 13



Hsing, T., Kl�uppelberg, C. and Kuhn, G. (2004). Dependene estimation and visualizationin multivariate extremes with appliation to �nanial data. Extremes 7(2), 99-121.Huang, X. (1992). Statistis of Bivariate Extreme Values. Ph.D. Thesis, Tinbergen Insti-tute Researh Series.Hult, H. and Lindskog, F. (2002). Multivariate extremes, aggregation and dependene inelliptial distributions. Adv. Appl. Prob. 34(3), 587 - 608.Joe, H. (1997).Multivariate Models and Dependene Conepts. Chapman & Hall, London.Kl�uppelberg, C., Kuhn, G. and Peng, L. (2005). Estimating the tail dependene of anelliptial distribution. Submitted for publiation.Ledford, A.W. and Tawn, J.A. (1997). Modelling dependene within joint tail regions. J.Roy. Statist. So. Ser. B 59, 475 - 499.Lindskog, F., MNeil, A. and Shmok, U. (2003). Kendall's tau for elliptial distribu-tions. In: Credit Risk - Measurement, Evaluation and Management, edited by Bol,Nakhaeizadeh, Rahev, Ridder and Vollmer. Physia-Verlag, Heidelberg.Nelsen, R.B. (1998).An Introdution to Copulas. Leture Notes in Statistis 139, Springer,New York.Resnik, S.I. (1987). Extreme Values, Regular Variation and Point Proesses. Springer-Verlag, New York.Pikands, J. (1981). Multivariate extreme value distributions. Bull. Int. Statisti. Inst.,859-878.Shmidt, R. and Stadtm�uller, U. (2005). Nonparametri estimation of tail dependene.Sand. J. Stat. To appear.Tawn, J.A. (1988). Bivariate extreme value theory: models and estimation. Biometrika75, 397 - 415.
14



PSfragreplaements

�

ratio var;�
� = 0:3� = 0:7

0:91:0
1:11:2
1:31:4

0 5 10 15Figure 1: Theoretial ratios, ratiovar;�, are plotted against � for � = 0:3 and 0.7.PSfragreplaements�ratiovar;��=0:3�=0:70:91:01:11:21:31:4051015

ratio var;�ratio var;�
ratio var;�ratio var;�

��

��

0:00:0

0:0 0:00:0 0:0

0:50:5

0:50:5
1:0

1:0
1:0

1:0

1:0
1:0

1:0

1:51:5

1:51:5

0:20:2

0:2

0:40:4

0:40:4

0:60:6

0:6

0:80:8

0:80:8 1:2� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7

Figure 2: Theoretial ratios, ratiovar;�, are plotted against � 2 (0; �=2) for (�; �) 2 f1; 5g �f0:3; 0:7g. 15



PSfragreplaements

��

��

kk

kk
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7e�(1; 1; k)e�(1; 1; k)

e�(1; 1; k)e�(1; 1; k)

b�(k; w1)b�(k; w1)

b�(k; w1)b�(k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300 1:01:0 1:21:2 1:41:4 1:61:6

4:4 4:85
:25:6 4:55:0 5:5

6:0
Figure 3: Averages of e�(1; 1; k) and b�(k;w1) are plotted against k = 10; 20; : : : ; 300. PSfragreplaements�k

�=1;�=0:3
�=1;�=0:7

�=5;�=0:3
�=5;�=0:7e�(1;1;k)b�(k;w1 )0501001502002503001:01:21:41:64:44:85:25:64:55:05:56:0

msemse

msemse

kk

kk
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7e�(1; 1; k)e�(1; 1; k)

e�(1; 1; k)e�(1; 1; k)

b�(k; w1)b�(k; w1)

b�(k; w1)b�(k; w1)

0 00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300 000:5 1:01:01:5 2:02:0 3:0

12 34 55 6 10 1520

Figure 4: Estimated mean squared errors of estimators in Figure 3.16



PSfragreplaements

�(1;1;�)�(1;1;�)
�(1;1;�)�(1;1;�)

kk

kk
� = 1; � = 0:3; � = 0:41 � = 1; � = 0:7; � = 0:61

� = 5; � = 0:3; � = 0:12 � = 5; � = 0:7; � = 0:34b�emp( � ; k)b�emp( � ; k)
b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)
b�( � ; k; w1)b�( � ; k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300
0:37

0:370:39
0:41

0:570:59
0:61

0:33 0:350:135 0:13
50:145

Figure 5: Averages of b�emp(1; 1; k) and b�(1; 1; k;w1) are plotted against k = 10; 20; : : : ; 300. PSfragreplaements�(1;1;�)k
�=1;�=0:3;�=0:41

�=1;�=0:7;�=0:61
�=5;�=0:3;�=0:12

�=5;�=0:7;�=0:34b� emp(�;k)b�(�;k;w1 )0501001502002503000:370:390:410:570:590:610:330:350:1350:1350:145

msemse

msemse

kk

kk
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7 b�emp( � ; k)b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300
0:0050:005
0:0050:005

0:01

0:010:01

0:015

0:0150:015
0:02

0:0010:003
0:007

Figure 6: Estimated mean squared errors of estimators in Figure 5.17



PSfragreplaements

��

��

kk

kk
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7e�(1; 1; k)e�(1; 1; k)

e�(1; 1; k)e�(1; 1; k)

b�(k; w1)b�(k; w1)

b�(k; w1)b�(k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300:8 1:01:01:4
1:8

0:51:
5 2:0

4 56
7

45
6

Figure 7: Estimators e�(1; 1; k) and b�(k;w1) based on a partiular sample are plotted againstk = 10; 11; : : : ; 300. PSfragreplaements�k
�=1;�=0:3

�=1;�=0:7
�=5;�=0:3

�=5;�=0:7e�(1;1;k)b�(k;w1 )050100150200250300:81:01:41:80:51:52:04567456

�(1;1;�)�(1;1;�)
�(1;1;�)�(1;1;�)

kk

kk
� = 1; � = 0:3; � = 0:41 � = 1; � = 0:7; � = 0:61

� = 5; � = 0:3; � = 0:12 � = 5; � = 0:7; � = 0:34b�emp( � ; k)
b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)
b�( � ; k; w1)

b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300
0:32

0:32
0:36

0:36
0:40

0:40 0:44 0:550:600:
650:70

0:060:10
0:14

0:28Figure 8: Estimators b�emp(1; 1; k) and b�(1; 1; k;w1) based on a partiular sample are plottedagainst k = 10; 11; : : : ; 300. 18



PSfragreplaements

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

kk

kk
� = 1; � = 0:3; � = 1:1 � = 1; � = 0:7; � = 1:1

� = 5; � = 0:3; � = 1:1 � = 5; � = 0:7; � = 1:1b�emp( � ; k)b�emp( � ; k)
b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)
b�( � ; k; w1)b�( � ; k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300
0:31

0:310:33
0:35

0:460:48
0:50

0:110:13
0:15

0:300
:32

Figure 9: Averages of b�emp(p2 os�;p2 sin�; k) and b�(p2 os�;p2 sin�; k;w1) with � = 1:1are plotted against k = 10; 20; : : : ; 300: PSfragreplaements
�( p2os�; p2sin�;�)k

�=1;�=0:3;�=1:1
�=1;�=0:7;�=1:1

�=5;�=0:3;�=1:1
�=5;�=0:7;�=1:1b� emp(�;k)b�(�;k;w1 )0501001502002503000:310:330:350:460:480:500:110:130:150:300:32

msemse

msemse

kk

kk
� = 1; � = 0:3; � = 1:1 � = 1; � = 0:7; � = 1:1

� = 5; � = 0:3; � = 1:1 � = 5; � = 0:7; � = 1:1b�emp( � ; k)b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

00

00

5050

5050

100100

100100

150150

150150

200200

200200

250250

250250

300300

300300 0:00:00:005

0:01

0:010:015

0:004
0:0040:0080
:012

0:0020:002 0:0060:006 0:014

Figure 10: Estimated mean squared errors of estimators in Figure 9.19



PSfragreplaements

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

��

��
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7
�( � ;�; �)�( � ;�; �)

�( � ;�; �)�( � ;�; �)

b�emp( � ; k)b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

0:00:0

0:00:0

0:50:5

0:5
0:50:5

1:01:0

1:01:0

1:51:5

1:51:5 0:10:10:2 0:30:30:4

0:040:08
0:12

0:05 0:15
0:250:35

Figure 11: Averages of b�emp(p2 os�;p2 sin�; 50) and b�(p2 os�;p2 sin�; 50; w1) are plottedagainst � 2 (0; �=2). PSfragreplaements
�( p2os�; p2sin�;�)�

�=1;�=0:3
�=1;�=0:7

�=5;�=0:3
�=5;�=0:7�(�;�;�)b� emp(�;k)b�(�;k;w1 )0:00:51:01:50:10:20:30:40:040:080:120:050:150:250:35

msemse

msemse

��

��
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7
b�emp( � ; k)b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

0:0 0:00:0 0:0

0:0 0:00:0 0:0

0:50:5

0:50:5

1:01:0

1:01:0

1:51:5

1:51:5
0:001

0:001
0:003

0:003

0:001
0:001

0:002
0:0025

Figure 12: Estimated mean squared errors of estimators in Figure 11.20



PSfragreplaements

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

�(p 2os�;p
2sin�;�)

��

��
� = 1; � = 0:3 � = 1; � = 0:7

� = 5; � = 0:3 � = 5; � = 0:7
�( � ;�; �)�( � ;�; �)

�( � ;�; �)�( � ;�; �)

b�emp( � ; k)b�emp( � ; k)

b�emp( � ; k)b�emp( � ; k)

b�( � ; k; w1)b�( � ; k; w1)

b�( � ; k; w1)b�( � ; k; w1)

0:00:0

0:00:0

0:50:5

0:5
0:50:5

1:01:0

1:01:0

1:51:5

1:51:5 0:10:10:2 0:30:30:4
0:040:080:12

0:05 0:15
0:250:35

0:020:06
0:100:14

Figure 13: Estimators b�emp(p2 os�;p2 sin�; 50) and b�(p2 os�;p2 sin�; 50; w1) based on apartiular sample are plotted against � 2 (0; �=2). PSfragreplaements
�( p2os�; p2sin�;�)�

�=1;�=0:3
�=1;�=0:7

�=5;�=0:3
�=5;�=0:7�(�;�;�)b� emp(�;k)b�(�;k;w1 )0:00:51:01:50:10:20:30:40:040:080:120:050:150:250:350:020:060:100:14�X

b �

b �emp
�1�1�1
�1�1�1
�1�1�1

� 2� 2�2

� 2� 2�2

� 2� 2�2

0:0 0:00:0 0:0

0:0 0:00:0 0:0

0:0 0:00:0 0:0

0:5 0:50:5 0:5

0:5 0:50:5 0:5

0:5 0:50:5 0:5

1:0
1:0

1:0
1:0

1:0
1:0

1:0
1:0

1:0
1:0

1:0
1:0

1:5
1:5

1:5
1:5

1:5
1:5

1:5
1:5

1:5
1:5

1:5
1:5

:2 :2

:2 :2

:2 :2

:6 :6

:6 :6

:6 :6

1 1

1 1

1 1

1:4 1:4

1:4 1:4

1:4 1:4

:02:02

:02:02

:02:02

:06:06:06
:06:06
:06:06

:08

:08

:1:1
:1
:1

:07

Figure 14: From left to right olumn: perspetive, ontour and grey-sale image plot of true�X �p3 os�1;p3 sin�1 os�2;p3 sin�1 sin�2� with parameters �12 = 0:3, �13 = 0:5, �23 = 0:7and � = 5 (�rst row) and orresponding estimators based on a partiular sample, b�(:::; 100; w1)(middle row) and b�emp(:::; 100) (lower row). 21



PSfragreplaements� Xb �

b �emp
�1�1�1
�1�1�1

� 2� 2�2

� 2� 2�2

0:0 0:00:0 0:0

0:0 0:00:0 0:0
0:5 0:50:5 0:5

0:5 0:50:5 0:5
1:0

1:0
1:0

1:0

1:0
1:0

1:0
1:0 1:5

1:5
1:5

1:5

1:5
1:5

1:5
1:5

:2 :2

:2 :2
:6 :6

:6 :6
1 1

1 1
1:4 1:4

1:4 1:4 :01
:01

:02
:02

:02
:04
:04
:06

:06
:08 :1:1 :12:12

:14

0

0
:04
:04

:08
:08

:12
:12 :07

Figure 15: From left to right olumn: perspetive, ontour and grey-sale image plot of estima-tors b�(:::; 100; w1) (upper row) and b�emp(:::; 100) (lower row) of urrenies (GBP, USD, CHF).PSfragreplaements� Xb �
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Figure 16: Same as Figure 15 but for k = 150. PSfragreplaements� Xb �
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Figure 17: Same as Figure 15 but for k = 200.22


