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Empirial Likelihood Methods for an AR(1) Proess withARCH(1) ErrorsCLAUDIA KL�UPPELBERGCenter for Mathematial Sienes, Munih University of Tehnology,D-85747 Garhing, Germanyklu�ma.tum.deLIANG PENGShool of Mathematis, Georgia Institute of Tehnology, Atlanta,GA 30332-0160, U.S.A.peng�math.gateh.eduSummaryFor an AR(1) proess with ARCH(1) errors, we propose empirial likelihood tests for testingwhether the sequene is stritly stationary but has in�nite variane, or the sequene is an ARCH(1)sequene or the sequene is an iid sequene. Moreover, an empirial likelihood based on�deneinterval for the parameter in the AR part is proposed. All of these results do not require morethan a �nite seond moment of the innovations. This inludes the ase of t-innovations for anydegree of freedom larger than 2, whih serves as a prominent model for real data.Some key words: ARCH model, Empirial likelihood, Stationary, Weighted least squares1. IntrodutionConsider the following autoregressive model with ARCH(1) errors:Xt = �Xt�1 + (� + �X2t�1)1=2�t; t 2 N ; (1)where � 2 R; � > 0; � � 0, f�t : t 2 Ng are independent and identially distributed (iid)random variables with mean zero and variane one, and X0 is independent of f�t : t 2Ng. Borkove & Kl�uppelberg (2001) show the existene and uniqueness of a stationarydistribution under some regularity onditions, and prove that the stationary distributionis heavy-tailed. Asymptoti normality of the quasi maximum likelihood estimator for theparameter vetor (�; �; �) is derived in Ling (2004) under the assumption that E(�4t ) <1.Chan & Peng (2005) study the weighted least absolute deviations estimator and derive itsasymptoti normality only assuming that E(�2t ) <1.Another important issue in eonomi and �nanial study is to test the stationarity of a1



model. It follows from Borkove & Kl�uppelberg (2001) that fXtg is geometrially ergodiand has a unique stationary distribution if the following regularity onditions hold:Condition 1. The noise �t has a symmetri, positive and ontinuous Lebesgue density in(�1;1).Condition 2. The parameter spae is� = f� = (�; �; �)T : E(log j� + �1=2�tj) < 0;�1 < � <1; � > 0; � � 0g :It is lear that fXtg is neither stritly nor weakly stationary when (�; �) = (�1; 0). Ling(2004) employs the Lagrange multiplier test to test the null hypothesis (�; �) = (�1; 0)against the alternative hypothesis (�; �) 6= (�1; 0). However, one an not laim that fXtg isstationary when the above null hypothesis is rejeted. On the other hand, Kl�uppelberg et al.(2002) employ a pseudo-likelihood ratio test to test the null hypothesis � = 0; � > 0; � = 0against the alternative hypothesis � > 0; � � 0; (�; �) 6= (0; 0). Note that both tests requirethat E(�4t ) <1.As shown in Remark 5 of Borkove & Kl�uppelberg (2001) the stritly stationary distri-bution has �nite seond moment if and only if �2 + �E�2 < 1. Consequently, for � = 1 theproess fXtg is stritly but not weakly stationary as the seond moment does not exist.De�ne �1 = f(�; �; �)T : � = 1g \ �; �2 = f(�; �; �)T : � = 0g \ � and �3 =f(�; �; �)T : � = 0; � = 0g \�: In this paper, we propose to apply the empirial likelihoodmethod to test the following three di�erent tests:H(i)0 : � 2 �i against H(i)1 : � 2 � n�ifor i = 1; 2; 3: We remark that H(1)0 ; H(2)0 and H(3)0 imply that fXtg is stritly stationarybut not weakly stationary, is an ARCH(1) sequene and is an iid sequene, respetively.The empirial likelihood method as a non-parametri robus statistial method has manyadvantages in omparison to parametri likelihood methods, see Owen (2001). Reently,Chuang & Chan (2002) applied the empirial likelihood method to unit root AR modelswith �nite variane errors, and Chan et al. (2005) apply the empirial likelihood methodto near-integrated AR models with in�nite variane errors.We organize this paper as follows. In setion 2, the empirial likelihood tests are pro-posed. Moreover, an empirial likelihood based on�dene interval for � is given. A simu-lation study supports our theory in setion 3. All proofs are postponed to the appendix.
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2. Empirial Likelihood MethodThroughout we assume that the median of �2t is m, whih is unknown. Rewrite model(1) as (Xt � �Xt�1)2 � (�m+ �mX2t�1) = (�m+ �mX2t�1)( �2tm � 1): (2)When m is assumed to be known and equal to one, Chan & Peng (2005) propose thefollowing weighted least absolute deviations estimator for �� = (��; ��; ��)T = (2�; �m; �2��m)T, whih is de�ned as�̂� = (�̂�; �̂�; �̂�)T = arg min(��;��;��) nXt=1 11 +X2t�1 jX2t � ��XtXt�1 � �� + ��X2t�1j: (3)Here we propose to employ the empirial likelihood method to the above weighted leastabsolute deviations with unknown m as follows.Let p = (p1; : : : ; pn) be a probability vetor, i.e.,Pni=1 pi = 1 and pi � 0 for i = 1; : : : ; n.Put Yt(��) = X2t � ��XtXt�1 � �� + ��X2t�1 and Zt = (�XtXt�11+X2t�1 ;� 11+X2t�1 ; X2t�11+X2t�1 )T fort = 1; : : : ; n. Then the empirial likelihood is de�ned asL(��) = sup( nYt=1 pt : nXt=1 pt = 1; pt � 0; nXt=1 ptZtsgn(Yt(��)) = 0) ;where sgn(x) equals 1 if x � 0, and �1 if x < 0. By the method of Lagrange multipliers,we have pt = 1nf1 + TZtsgn(Yt(��))g�1; t = 1; : : : ; n; (4)where  = (1; 2; 3)T satis�esg() = 1n nXt=1 Ztsgn(Yt(��))1 + TZtsgn(Yt(��)) = 0: (5)The empirial likelihood ratio is de�ned asl(��) = 2 nXt=1 logf1 + TZtsgn(Yt(��))g:Our main results are as follows.Theorem 1. Suppose model (1) holds with Conditions 1 and 2. Thenlp(�0) = arg min��=(2�0 ;��;��)T l(��)� argmin�� l(��) d! �2(1);where �0 denotes the true value of �. Therefore, an asymptoti on�dene interval for �0with signi�ane level 100a% is Ia = f� : lp(�) � uag;3



where ua denotes the 100a%-level quantile of �2(1).Theorem 2. Suppose model (1) holds with Conditions 1 and 2. Then,(i) under H(1)0 , we haveT1 = arg min��=(2;��;��)T l(��)� argmin�� l(��) d! �2(1);(ii) under H(2)0 , we haveT2 = arg min��=(0;��;��)T l(��)� argmin�� l(��) d! �2(1);(iii) under H(3)0 , we haveT3 = arg min��=(0;��;0)T l(��)� argmin�� l(��) d! �2(2):Remark 1. Kl�uppelberg et al. (2002) employ the pseudo likelihood ratio test to test H(3)0 ,but obtained a di�erent limiting distribution from that given in ase (iii) of Theorem 2. Thereason is that �� = (0; ��; 0)T is not at the boundary of the parameter set of �� although� = (0; �; 0)T is indeed at the boundary of the parameter set of �. Moreover, the limit inKl�uppelberg et al. (2002) involves the fourth moment of �t.3. Numerial StudiesWe investigate the �nite sample behaviors of our tests by fousing on testing H(3)0against H(3)1 for the ase, where the fourth moment of the innovations is in�nite. Sineother methods like the pseudo likelihood ratio test in Kl�uppelberg et al. (2002) and theLagrange multiplier test in Ling (2004) require �nite fourth moment, we onentrate onnoise variables with in�nite fourth moment.We draw 1 000 random samples with size n = 300 and 1 000 from model (1) with� = Æ=n, � = Æ=n, � = 1 for di�erent Æ, and �t having a standardized t(3) or t(4) distributionsuh that E(�2t ) = 1. For the signi�ane level 0.05, we ompute the empirial sizes andpowers for testing H(3)0 based on our empirial likelihood method, see Table 1. We onludefrom Table 1 that the sizes of the empirial likelihood method are reasonably lose to thenominal level 0.05 and the powers show that this test is powerful. For the ase n = 1 000,the test for t(4) is more powerful than that for t(3).
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n = 300Æ 0 1 10 50 100 500t(3) 0.043 0.054 0.070 0.429 0.958 1.000t(4) 0.039 0.051 0.055 0.428 0.982 1.000n = 1 000Æ 0 1 10 50 100 500t(3) 0.041 0.039 0.043 0.161 0.565 1.000t(4) 0.044 0.034 0.051 0.163 0.609 1.000Table 1: Empirial sizes and powers of the empirial likelihood method for testing H(3)0against H(3)1 at the signi�ane level 0.05.AknowledgementPeng's researh was supported by NSF grant DMS-04-03443 and a Humboldt ResearhFellowship.
Appendix: ProofsProof of Theorem 1.De�ne v = (v1; v2; v3)T, v1 = n1=2(�� � ��0); v2 = n1=2(�� � ��0), and v3 = n1=2(�� � ��0),where ��0 = (��0; ��0 ; ��0)T denotes the true value of ��. Our �rst step is to prove thatjjjj = Op(n�1=2) loally uniformly in v; (6)where jj � jj denotes the Eulidean norm. Write  = �0, where � � 0 and jj0jj = 1. By (4),we have 1 + TZtsgn(Yt(��)) > 0;i.e.,(1 + TZtsgn(Yt(��)))�1 = (1 + �T0 Ztsgn(Yt(��)))�1 � f1 + � max1�t�n jjZtsgn(Yt(��))jjg�1:
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Hene0 = jjg()jj = jjg(�0)jj� jT0 g(�0)j= 1n �����T0 f nXt=1 Ztsgn(Yt(��))� � nXt=1 Ztsgn(Yt(��))T0 Ztsgn(Yt(��))1 + �T0 Ztsgn(Yt(��)) g������ �nT0 nXt=1 ZtZTt1 + �T0 Ztsgn(Yt(��))0 � 1n �����T0 nXt=1 Ztsgn(Yt(��))������ �nf1 + � max1�t�n jjZtsgn(Yt(��))jjg�1T0 nXt=1 ZtZTt 0 � 1n �����T0 nXt=1 Ztsgn(Yt(��))����� :That is,��1nT0Xnt=1ZtZTt 0 � (max1�t�n jjZtsgn(Yt(��))jj) 1n ���Xnt=1T0 Ztsgn(Yt(��))����� 1n ���Xnt=1T0 Ztsgn(Yt(��))��� : (7)Reall that v1 = n1=2(�� � ��0) and de�ne �t�1 = �0 + �0X2t�1. ThenYt(��) = ��1=2t�1�t � v1Xt�12n1=2 �2 � �m� �mX2t�1;and, denoting by m0 the true median, we havesgn(Yt(��))� sgn(Yt(��0))= 2fI(Yt(��0) < 0)� I(Yt(��) < 0)g= 2nI(�pm0 < �t < pm0)�I��(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 < �t< (�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �o:Let F denote the distribution funtion of �t and putSt�1 = 1 +X2t�1 and h(; d) = Ef�tI( < �t < d)g:
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Then we an write1pn nXt=1 XtXt�1St�1 nsgn(Yt(��))� sgn(Yt(��0))o= 2pn nXt=1 �0X2t�1St�1 nI(�pm0 < �t < pm0)� F (pm0) + F (�pm0)o� 2pn nXt=1 �0X2t�1St�1 nI��(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 < �t< (�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 ��F�(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �+F��(�m + �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �o+ 2pn nXt=1 Xt�1�1=2t�1St�1 n�tI(�pm0 < �t < pm0�� h(�pm0;pm0)o� 2pn nXt=1 Xt�1�1=2t�1St�1 n�tI��(�m + �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 < �t< (�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 ��h��(�m + �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 ;(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �o+ 2pn nXt=1 �0X2t�1St�1 nF (pm0)� F (�pm0)�F�(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �+F��(�m + �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �o+ 2pn nXt=1 Xt�1�1=2t�1St�1 nh(�pm0;pm0)�h��(�m + �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 ;(�m+ �mX2t�1)1=2 + 2�1n�1=2v1Xt�1�1=2t�1 �o= I1 + � � �+ I6: 7



By Corollary 3.1 of Hall & Heyde (1980), we an show thatjI1 + I2j = op(1) and jI3 + I4j = op(1) (8)loally uniformly in v. Hene it follows from (8), Condition 1, and the ergodiity result inBorkove & Kl�uppelberg (1998) that1pn nXt=1 XtXt�1St�1 fsgn(Yt(��))� sgn(Yt(��0))g= f�2�20f(pm0)E( X41S1�1 )� 2f(pm0)pm0E(X21S1 )gv1 (9)�2�0f(pm0)E( X21S1�1 )v2 + 2�0f(pm0)E( X41S1�1 )v3 + op(1)loally uniformly in v. Similarly,1pn nXt=1 1St�1 fsgn(Yt(��))� sgn(Yt(��0))g= �2�0f(pm0)E( X21S1�1 )v1 � 2f(pm0)E( 1S1�1 )v2 (10)+2f(pm0)E( X21S1�1 )v3 + op(1)and 1pn nXt=1 X2t�1St�1 fsgn(Yt(��))� sgn(Yt(��0))g= �2�0f(pm0)E( X41S1�1 )v1 � 2f(pm0)E( X21S1�1 )v2 (11)+2f(pm0)E( X41S1�1 )v3 + op(1)loally uniformly in v. Thus, by (9) - (11),1pn nXt=1 Ztfsgn(Yt(��))� sgn(Yt(��0))g = �1v + op(1) (12)loally uniformly in v, where�1 = 2f(pm0)0BBB� �20E( X41S1�1 ) +pm0E(X21S1 ) �0E( X21S1�1 ) ��0E( X41S1�1 )�0E( X21S1�1 ) E( 1S1�1 ) �E( X21S1�1 )��0E( X41S1�1 ) �E( X21S1�1 ) E( X41S1�1 )
1CCCA :
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Then it follows from (12) and the proof of Theorem 1 in Chan & Peng (2005) thatjj 1n nXt=1 Ztsgn(Yt(��))jj = Op(n�1=2) loally uniformly in v (13)and 1nT0 nXt=1 ZtZTt 0 p! T0 �20; (14)where�2 = 0B� �20E(X41=S21) + �0E(X21=S21) + �0E(X41=S21) �0E(X21=S21) ��0E(X41=S21)�0E(X21=S21) E(1=S21) �E(X21=S21)��0E(X41=S21) �E(X21=S21) E(X41=S21) 1CA :On the other hand, it is straightforward to hek thatmax1�t�n jjZtsgn(Yt(��))jj = Op(1) loally uniformly in v: (15)Hene, (6) follows from (7) - (15). Furthermore = n 1n nXt=1 ZtZTt o�1 1n nXt=1 Ztsgn(Yt(��)) + op(n�1=2)andl(��) = nn 1n nXt=1 Ztsgn(Yt(��))oTn 1n nXt=1 ZtZTt o�1n 1n nXt=1 Ztsgn(Yt(��))o+ op(1) (16)loally uniformly in v. Similarly we an show thatl(��0) = nn 1n nXt=1 Ztsgn(Yt(��0))oTn 1n nXt=1 ZtZTt o�1n 1n nXt=1 Ztsgn(Yt(��0))o+ op(1) (17)loally uniformly in v. Using (12), (14), (16) and (17), we havel(��)� l(��0) = vT�T1 ��12 �1v + 2vT�T1��12 n 1pn nXt=1 Ztsgn(Yt(��0))o + op(1) (18)loally uniformly in v. By minimizing the above equation with respet to v, we obtainl(��0)� argmin�� l(��)= n 1pnXnt=1Ztsgn(Yt(��0))oT��12 n 1pnXnt=1Ztsgn(Yt(��0))o+ op(1): (19)
9



Set �Zt = (� 11+X2t�1 ; X2t�11+X2t�1 )T for t = 1; : : : ; n. Using the same arguments as in proving (12)and (18), we an show that1pn nXt=1 �Ztfsgn(Yt((��0; ��; �)T))� sgn(Yt(��0))g = �3(v2; v3)T + op(1)and l((��0; ��; �)T)� l(��0)= (v2; v3) �T3 ��14 �3 (v2; v3)T + 2(v2; v3) �T3 ��14 n 1pnXnt=1 �Ztsgn(Y (��0))o+ op(1)loally uniformly in v2 and v3, where�3 = 2f(pm0)0� E( 1S1�1 ) �E( X21S1�1 )�E( X21S1�1 ) E( X41S1�1 ) 1Aand �4 = 0� E(1=S21) �E(X21=S21)�E(X21=S21) E(X41=S21) 1A :By minimizing the above equation with respet to v2 and v3, we obtainl(��0)� argmin��=(��0 ;��;�)T l(��)= n 1pnXnt=1 �Ztsgn(Yt(��0))oT��14 n 1pnXnt=1 �Ztsgn(Yt(��0))o+ op(1): (20)Hene, the thoerem follows from (14), (19) and (20).Proof of Theorem 2. Cases (i) and (ii) follow from Theorem 1 immediately, and ase(iii) an be shown in a way similar to Theorem 1.ReferenesBorkove, M. & Kl�uppelberg, C. (2001). The tail of the stationary distribution ofan autoregressive proess with ARCH(1) errors. Ann. Appl. Prob. 11, 1220 { 41.Chan, N.G. & Peng, L. (2005). Weighted least absolute deviations estimation for anAR(1) proess with ARCH(1) errors. Biometrika 92, 477 - 487.Chan, N.G., Peng, L. & Qi, Y. (2005). Quantile inferene for near-integrated autore-gressive time series with in�nite variane. Statistia Sinia, to appear.Chuang, C. & Chan, N.H. (2002). Empirial likelihood for autoregressive models, withappliations to unstable time series. Statist. Sinia 12, 387{407.10
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