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Abstract 
In this paper, we explore a dynamical version of by Aoki and Yoshikawa model 
(AYM) for an economy driven by demand. We show that when an appropriate 
Markovian dynamics is taken into account, AYM has di¤erent equilibrium 
distributions depending on the form of transition probabilities. In the version of the 
dynamic AYM presented here, transition probabilities depend on a parameter c tuning 
the choice of a new sector for workers leaving their sector. The solution of Aoki and 
Yoshikawa is recovered only in the case c = 0. All the other possible cases give 
di¤erent equilibrium probability distributions, including the Bose-Einstein distribution. 
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I. INTRODUCTION

In their recent book Reconstructing Macroeconomics, Masanao Aoki and Hiroshi

Yoshikawa present a model used to derive the amount of production factor ni for the i-

th economic sector, based on an exogenously given demand D [1, 2] and given di¤erent

levels of productivity ai for each economic sector i. In the following, this model will be

called Aoki-Yoshikawa Model or AYM. More speci�cally, let us suppose that an economy is

made up of g sectors of size ni, where, as written before, ni is the amount of production

factor used in sector i. For the sake of simplicity, in the following, we shall interpret ni as

the number of workers active in sector i, therefore limiting the production factor to labour.

In AYM, the total endowment of production factor in the economy is exogenously given and

set to n:
gX
i=1

ni = n: (1)

Notice that Aoki and Yoshikawa claim that n is akin to population rather than workforce

as it includes people who are enjoying leisure or are active in household production. In any

case, the output of sector i is given by

Yi = aini; (2)

where ai is the productivity of sector i. It is further assumed that productivities di¤er across

sectors and can be ordered as follows:

a1 < a2 < : : : < ag: (3)

The total output of the economy is given by

Y =

gX
i=1

Yi =

gX
i=1

aini: (4)

This quantity is the Gross Domestic Product or GDP and it is assumed to be equal to an

exogenously given aggregate demand D:

Y = D; (5)

yielding
gX
i=1

aini = D: (6)
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Aoki and Yoshikawa are interested in �nding the probability distribution of production

factors across sectors, that is the distribution of the occupation vector

n = (n1; n2; : : : ; ng) (7)

when statistical equilibrium is reached.

The problem of AYM coincides with a well-known problem in Statistical Physics, namely

�nding the statistical equilibrium allocation of n particles into g energy levels "i so that the

number of particles is conserved X
i

ni = n (8)

and the total energy E is conserved X
i

"ini = E: (9)

One can immediately see that the levels of productivity ai correspond to energy levels,

whereas the demand D has the meaning of total energy E.

After a �rst attempt in 1868 [3], Ludwig Boltzmann solved this problem in 1877 us-

ing the most probable occupation vector, an approximate method [4]. One can introduce

con�gurations x = (x1; x2; : : : ; xn), with xi 2 f1; :::; gg, where xi = j means that the i-th

worker is active in sector j; then, the number of distinct con�gurations belonging to a given

occupation vector is W (xjn) :
W (xjn) = n!

�gi=1ni!

Boltzmann noticed that, when statistical equilibrium is reached, the probability �(n) of an

accessible occupation state is proportional to W (xjn); this means that

�(n) = CW (xjn) = C n!

�gi=1ni!
; (10)

therefore, occupation vectors that maximize �(n) must minimize �gi=1ni! subject to the two

constraints (8) and (9). For large systems, Stirling�s approximation can be used for the

factorial:

log [�gi=1ni!] '
gX
i=1

ni(log ni � 1); (11)

and the bounded extremum problem can be solved using Lagrange multipliers and �nding

the maximum of

L(n) = �
gX
i=1

ni(log ni � 1) + �
 

gX
i=1

ni �N
!
� �

 
gX
i=1

aini �D
!

(12)
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with respect to ni. This gives

0 =
@L

@ni
= � log ni + � � �ai (13)

or

n�i = e
�e��ai (14)

where � and � can be obtained from the constraints in equations (1) and (6). An approximate

evaluation of n�i is possible if ai = ia with i = 1; 2; : : : ; g. If g >> 1, the sums in (1) and (6)

can be accurately replaced by in�nite sums of the geometric series. In this case � and � can

be derived and replaced in (14) and one gets the most probable vector in terms of known

parameters:

n�i =
n

r � 1

�
r � 1
r

�i
; i = 1; 2; ::; (15)

where r = D=na is the aggregate demand per agent divided by the smallest productivity.

In the limit r >> 1, one gets

n�i '
n

r
e�i=r: (16)

Notice that equation (16) de�nes the occupation vectors that maximizes the probability

given in equation (10); they are events and not random variables. However, if the economy

is in the state n�; and if you select a worker at random, the probability of �nding her/him

in sector i is

P (ijn�) = n�i
n
' na

D
exp

�
�na
D
i
�
: (17)

Hence the marginal probability that a worker is in sector i, given n� follows the exponential

distribution.

All the previous results depend on the hypothesis for which Equation (10) holds true,

that is the equiprobability of all the con�gurations x compatible with the constraints (1)

and (6). This is typical in classical statistical mechanics, where the uniform x-distribution

is the only one compatible with the underlying deterministic dynamics (via Liouville�s the-

orem). For Boltzmann himself, this link was not enough, and the dynamical part of his

work (Boltzmann�s equation, as well as the related H-Theorem) was introduced in order

to prove that the most probable n� summarizing the equilibrium distribution is actually

achieved as a consequence of atomic/molecular collisions. Indeed, the equilibrium distribu-

tion (if it exists) depends on the detail of the dynamics with which workers change sector.

In Physics, Brillouin�s ideas and a generalized Ehrenfest urn model vindicate Boltzmann�s

4



attempt which can also encompass quantum statistics (see references [5�7] for the so-called

Ehrenfest-Brillouin Model or EBM, and the original paper by Paul and Tatiana Ehrenfest

for the Ehrenfest urn model [8]). One cannot say that Boltzmann would be satis�ed by this

approach, as it is intrinsically probabilistic. In fact, he devoted an unbelievable mass of me-

chanical calculations to obtain his fundamental results. In any case, the Ehrenfest-Brillouin

Model and its relationship with the AYM will be the subject of the next section.

II. MARKOVIAN DYNAMICS FOR AYM

We �rst introduce unary moves (or jumps). Let n denote the present state of the system,

de�ned in terms of the occupation vector:

n := (n1; : : : ; ng) (18)

where, as before, ni denotes the number of workers in the i-th sector with productivity ai;

then a unary move means that either ni increases by one (creation) or ni decreases by one

(destruction or annihilation). We write

nj := (n1; : : : ; nj + 1; : : : ; ng) (19)

for creation of one unit and

nj := (n1; : : : ; nj � 1; : : : ; ng) (20)

for annihilation of one unit. A unary move consists in an annihilation step followed by a

creation step. Thus it conserves the total number of workers, but does not ful�ll the demand

constraint, except for the trivial case j = i. The conservation of the number of workers is

achieved by unary moves where a worker leaves sector i to join sector j. To �x the ideas,

we assume i < j and we write

nji := (n1; : : : ; ni � 1; : : : ; nj + 1; : : : ; ng) (21)

to denote a unary move. However, as mentioned above, unary moves violate the demand

constraint, if all the sectors have di¤erent productivities. Let us denote the components of

the vector nji by (n
0
1; : : : ; n

0
g). If all the sectors have di¤erent productivities and

Pg
k=1 aknk =

D before the move, then, for sure, one has that
Pg

k=1 akn
0
k 6= D after the move. The
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di¤erence between the two sums is aj � ai 6= 0 as ai 6= aj. Under the hypothesis of di¤erent
sector productivities, in order to conserve demand, one should use binary moves at least,

consisting of a sequence of two annihilations and two creations so that the total production

level does not change. In a generic binary move, a worker leaves sector i to join sector l and

another worker leaves section j to join sector m. Let us denote the state after the binary

move by nmnij , where n
0
i = ni� 1, n0j = nj � 1, n0l = nl +1, and n0m = nm +1. The di¤erence

in total product becomes am + al � ai� aj. When sector productivities are all di¤erent and
incommensurable, this di¤erence vanishes only if the two workers come back to their sectors

(l = i and m = j) or if they mutually exchange their sectors (l = j and m = i). Indeed

one has to take into account that ai 2 R; 8i and that ni 2 N; 8i. In both cases, binary
moves do not change the total number of workers per sector and any initial distribution of

workers is conserved. The same applies to moves where r workers leave their sectors to join

other sectors. If all the sectors have di¤erent productivities, in order to ful�ll the demand

constraint, workers have to rearrange so that the nis do not vary.

A way to avoid this boring situation is to assume that ai = ia where, as usual, i 2
f1; :::; gg, that is productivities are multiples of the lowest productivity a1. In this case,
binary transitions can conserve demand, but only a subset of occupation vectors can be

reached from a given initial state ful�lling the demand constraint. In order to illustrate this

point, let us consider a case in which there are three sectors with respective productivities

a1 = a, a2 = 2a, and a3 = 3a and n = 3 workers. Suppose that the initial demand is set

at the following level D = 6a. For instance, this situation is ful�lled by an initial state

in which all the three workers are in sector 2. Therefore, the initial occupation vector is

n = (0; 3; 0). An allowed binary move leads to state n1322 = (1; 1; 1) where two workers leave

sector 2 to jump to sectors 1 and 3, respectively. This state ful�lls the demand constraint

as a1n1 + a2n2 + a3n3 = 6a.

After de�ning binary moves and proper constraints on accessible states, it is possible to

de�ne a dynamics on AYM using an appropriate transition probability. A possible choice is:

P (nlmij jn) = Almij (n)ninj(1 + cnl)(1 + cnm); (22)

where Almij (n) is a suitable normalization factor and c is a model parameter, whose meaning

will be explained in the following. This equation can be justi�ed by considering a binary

move as a sequence of two destructions and two creations. For the moment, let us forget

6



the demand constraint. When a worker leaves sector i, he/she does so with probability

P (nijn) =
ni
n

(23)

proportional to the number of workers in sector i before the move. When he/she joins sector

l, this happens with probability

P (nljn) = 1 + cnl
g + cn

: (24)

Remember that the probability of any creation or destruction is a function of the actual

occupation number, that is the occupation number seen by the moving agent. Therefore,

in general, the worker will not choose the arrival sector independently from its occupation

before the move, but he/she will be likely to join more populated sectors if c > 0 or he/she

will prefer to stay away from populated sectors if c < 0. Finally, he/she will be equally

likely to join any sector if c = 0. Further notice that, if c � 0, there is no restriction in the
number of workers who can occupy a sector, whereas for negative values of c, only situations

in which 1=jcj is integer are allowed and no more than 1=jcj workers can be allocated in each
sector [5, 6].

In principle, given equation (22), one can explicitly write the transition matrix and �nd

the stationary (or invariant) distribution by diagonalizing it (this method is described in

standard textbooks on Markov chain and summarized in [9]). However, when the number

g of sectors is large, the direct method becomes numerically cumbersome. In this case, the

master equation can be used. If P (n; t) denotes the probability that the economy is in state

n at step t, one has

P (n; t+ 1)� P (n; t) =
X
n0 6=n

[P (njn0)P (n0; t)� P (n0jn)P (n; t)]: (25)

If there is a probability distribution �(n) that satis�es the detailed balance condition, de�ned

as

P (njn0)�(n0) = P (n0jn)�(n) (26)

then if P (n; t) = �(n) one gets

P (n; t+ 1) = P (n; t) = �(n); (27)

that is �(n) is the invariant distribution of the chain, a.k.a. stationary distribution. This

is a formal property, and nothing assures that it will be achieved by the chain. A Markov
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chain with an invariant distribution satisfying detailed balance is said reversible with respect

to the distribution �(n). However, if a Markov chain is irreducible (i.e. all possible states

n sooner or later communicate) and it is aperiodic (all entries of the s�step matrix are
positive for all s > s0); then there exists a unique invariant distribution �(n) and

lim
t�>1

P (n;tjn0; 0) = �(n); (28)

independent of the initial state n0; this means that the invariant distribution coincides with

the equilibrium distribution.

Turning to the chain (22), in the absence of constraints, all possible states are sooner

or later reachable via binary moves. Notice that at the end of each move a worker can

go back to the starting sector; hence binary moves cover unary ones and no periodicity is

present. The presence of constraints reduces the set of accessible states, but these states can

be reached from any other state by means of (22) if productivities are of the form ai = ia.

In the general case, if binary moves were not enough to let all states compatible with the

constraint communicate, we could consider ternary moves or even n-ary moves until the

ergodic property were ful�lled. These moves are governed by a straightforward extension

of (22). Given that all m�move chains share the same equilibrium distribution, we can

assume that the binary chain is irreducible and aperiodic without loss of generality. Then

we can look for the invariant distribution of the binary chain, which will coincide with the

equilibrium distribution.

Let us now apply detailed balance to the transition probability given in equation (22).

The inverse transition move has probability

P (njnmnij ) = Almij (nlmij )(nl + 1)(nm + 1)(1 + c(ni � 1))(1 + c(nj � 1)): (29)

As a consequence of equations (23) and (24) and taking into account the demand constraint,

it is possible to show that Almij (n
lm
ij ) = Almij (n) [6]. Then, the detailed balance condition

becomes
�(nlmij )

�(n)
=

ninj(1 + cnl)(1 + cnm)

(nl + 1)(nm + 1)(1 + c(ni � 1))(1 + c(nj � 1))
: (30)

From equation (30), one can see what happens for some remarkable values of c. If c = 1

then one gets �(nlmij )=�(n) = 1, meaning that �(n) is uniform on the set of accessible states.

If c = �1 then one has again �(nlmij )=�(n) = 1 but only if ni = nj = 1 and nl = nm = 0;
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all the states satisfying an exclusion principle and the demand constraint have the same

probability. If c = 0, the ratio in equation (30) becomes

�(nlmij )

�(n)
=

ninj
(nl + 1)(nm + 1)

; (31)

yielding an equilibrium distribution given by

�(n) / 1

�gi=1ni!
; (32)

The general solution of (30) is

�(n) / �gi=1
cni (1=c)[ni]

ni!
(33)

where x[m] = x(x + 1):::(x +m� 1) is the Pochhammer symbol. The distribution (33) is a
generalized Polya distribution (whose prize can be positive, negative or null) whose domain is

just �all the states n compatible with the constraints�or, equally, �all the states n reachable

from n0 by (22)�. The values c = 0;�1 are the only ones appearing in the applications of
(22) to particles in Physics. Outside the physical realm, there is no reason to be restricted to

these three possibilities and there is room for the application of the so-called parastatistics.

Notice that equation (32) means that workers�con�gurations are uniformly distributed. As

mentioned above, this is the only case considered in the book by Aoki and Yoshikawa [2].

Notice further that for all the other values of c no equilibrium probability distribution is

uniform either for sector occupations (as in the cases c = �1) or for con�gurations (as in
the aforementioned case c = 0).

Finally, one can further show that the general solution of the conditional maximum

problem for �(n) is:

n�i =
1

e��e�ai � c (34)

which coincides with (14) in the case c = 0: The Bose-Einstein distribution is obtained for

c = 1:

III. DISCUSSION AND CONCLUSIONS

In summary, we have shown that when Markovian dynamics is taken into account, AYM

has di¤erent equilibrium distributions depending on the formula for transition probabili-

ties. In our version of the dynamic AYM, transition probabilities depend on a parameter
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c tuning the choice of a new sector for workers leaving their sector. The solution of Aoki

and Yoshikawa is recovered only in the case c = 0. All the other possible cases give di¤er-

ent equilibrium probability distributions, including the so-called Bose-Einstein distribution

for c = 1. This shows that AYM is compatible with an in�nite set of possible statistical

equilibria.

In the case c = 0; the exponential distribution (17) is the continuous limit of the geomet-

rical (15) distribution - the equilibrium distribution when D is not large. In Physics, the

so-called Maxwell-Boltzmann distribution is attained for large values of energy, but this is

not always the case is in Economics, where a decrease of the aggregate demand (the analog

of energy) is always possible.

As a further general comment, one can notice that, in Physics, each energy level is de-

generate and represented by gi cells, depending on the structure of phase space. For a

monoatomic gas, each energy level "i corresponds to gi / i1=2 single-particle states, and the
most probable level occupation number N�

i becomes N
�
i / e�i1=2e��"i : For this reason, the

energy equilibrium distribution is a Gamma(3=2; ��1); rather than the exponential distribu-

tion Gamma(1; ��1), where � is the inverse temperature. If these quantities are interpreted

in Economics, a factor i�; � � 1 can be introduced, taking into account that increasing

productivities are usually accompanied by an increasing number of industrial sectors. In

this case, the equilibrium distribution would become a Gamma(�+1; r): Introducing a mul-

tiplicity for sectors with equal productivity, it would be interesting to study the fermionic

case c < 0, where labour or other production factors tend to occupy less populated sectors.

The dynamics discussed in section II does satisfy both constraints in equations (1) and

(6) at each transition step. However, it is possible to consider versions of the dynamic AYM

where the demand constraint is satis�ed only at the end of a period. In such versions,

the exogenous demand could be given by a stochastic process D(t) and announced at the

beginning of the period. In this case, the economy would be obliged to move from the

previous equilibrium Y (t � 1) = D(t � 1) to the new one and the model would lead to

a sequence of annealings. In these versions, the rate of convergence towards statistical

equilibrium would be of great interest. One could further try to endogenize both demand and

the distribution of productivity by designing a more complete stochastic model of a closed

economy, taking into account some features of AYM. In our opinion all these directions of

research are worth exploring and will be the subject of future investigations.
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