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1. Introduction

In many countries voluntary annuity markets remain thin and the annuitized portion of
savings may have been falling despite steady population aging.® In this paper we
explore the implication of a morbidity risk in old age for the relationship between
longevity and annuitization. We divide old-age life into two periods with uncertain
survival from the end of the first to the end of the second. We show that a rise in the
survival rate causes different patterns of change in annuitization, depending on the
initial survival rate. When the initial survival rate is low, there is full annuitization and
a rise in the survival rate tends to raise the amount of annuities. When the initial
survival rate is high enough, non-annuitized saving becomes positive and accordingly
there is partial annuitization; a further rise in the survival rate may reduce the degree
of annuitization. We also consider an extension with the dependence of longevity on
morbidity.

The negative relationship between a rising survival rate in the second period of
old age and the annuitized fraction of savings is caused by the morbidity risk that
involves a lumpy cost of healthcare in the event of falling sick for a long period of
time. Across most countries, on average an elderly person spends much more on
healthcare than a younger person. For the elderly, health spending is important in
moderating the morbidity problems that come naturally with ageing. Increasing
longevity in most OECD countries means that health expenditure is likely to climb
relative to income in the future.

Health expenditure in the old age can be financed by out-of-pocket payment
from retirement savings or by health insurance purchased at earlier ages. With a

perfect health insurance market, there would be no need to have out-of-pocket

! The coexistence of rising longevity and falling annuitization has become a theme of the 2007
Workshop at Venice Summer Institute, held in July 2007 in Venice, Italy. The relatively thin market of
voluntary annuities has been noted in the literature, e.g. Piggott, Valdez and Detzel (2005).



payment. However, due to the well-known problems of moral hazard and adverse
selection, the health insurance market is typically incomplete with partial or limited
coverage.? For instance, in the Unites States, it was estimated that over 60 percent of
those aged 65+ will need some long-term care (LTC) in their remaining lifetime while
the Medicare covers only 100 days of long-term cares in certain limited circumstance.
About 30 percent of the elderly are believed to be excluded from the LTC insurance
market all together because of their poor health. On the one hand, publicly provided
LTC services in the United States, mainly via the Medicaid, are narrowly targeting the
poorest with income and asset tested qualifications. On the other hand, no more than 5
to 7 percent of the elderly have taken up private policy (see Murtaugh, Spillman and
Warshawsky, 2001). The need for out-of-pocket health expenditure at the old age to
cope with the risk of long term illness forces people to arrange precautionary savings
and thus people may not fully annuitize their retirement savings.

Our work relates to some existing studies. In a seminal paper of Yarri (1965),
under the assumptions of a time separable utility function, actuarially fair annuities
and the absence of bequest motives, it is optimal for a retiree to fully annuitize his or
her wealth. The intuition is that annuities dominate conventional forms of assets in
terms of the rate of return. In their recent extension of Yarri’s model, Davidoff,
Brown and Diamond (2005) show that when markets are complete, full annuitization
can still remain optimal without intertemporal separability or the expected utility
axioms and even without actuarial fairness of annuities. In reality, however, few
retirees choose to annuitize their savings aside from mandatory annuities such as

Social Security and employer-provided pensions.

2 According to Nardi, French and Jones (2006), the average out-of-pocket medical expenditure rises
rapidly with age; for example, the average medical expenditure for a woman in bad health rises from
$1,200 at age 70 to $19,000 at age 100.



A number of explanations have been put forward in the literature to explain
this annuity puzzle: moral hazard, adverse selection, uncertainties in health and
medical expenses, and bequest motives. The moral hazard problem arises when
annuities induce incentives to invest in health for improvement in longevity, as
captured in Philipson and Becker (1998). The adverse selection problem arises as
people with better (poorer) health than the average of their cohort will have a stronger
(less) incentive to purchase annuity, driving down the actual returns of annuity. This
may cause substantial costs for annuities and may thus invalidate the dominance of
annuities over other forms of assets in the rate of return, as argued by Friedman and
Warshawsky (1990) and Brugiavini (1993).° Nevertheless, empirical evidence
indicates that even though adverse selection will lead to annuity returns being lower
than the actuarially fair rates, annuity pricing in reality still should not revoke the
theoretical prediction of complete annuitization of retirement savings (Turra and
Mitchell, 2004). A corollary of this result is that, even if there is compulsory
annuitization of wealth via Society Security, as long as the annuitization is not
complete, individuals should still have the incentive to purchase additional annuity
products in the markets. Therefore, adverse selection and over-annuitization via
Society Security do not seem to provide sufficient explanations for the thin voluntary
annuity market.

The role of uncertainties in health status and medical expenses has recently
been examined as an explanation of low annuitization rates of wealth. Turra and
Mitchell (2004) present evidence that uncertain out-of-pocket medical expenses make
annuities less attractive by using dynamic discrete choice estimation and household

data in the US. Though our paper shares a similar feature with Turra and Mitchell

® Also, see Doyle, Mitchell and Piggott (2004) for the cost figures of adverse selection in Australia.



(2004) by taking into account uncertain health status and uninsurable medical
expenses, we use an analytical approach in dealing with annuitization and focus on
comparative static analysis.

In the broader literature of life cycle models, Hubbard, Skinner, and Zeldes
(1995), Palumbo (1999), and De Nardi, French, and Jones (2006) have also
investigated how the uncertainty in medical expenses can help explain why the elderly
run down their assets much more slowly than predicted by standard life-cycle models.
Thus, their studies focus on the overall size of savings rather than the degree of
annuitizing savings, while our paper (and Turra and Mitchell 2004 as well) focus on
both.

In this paper, we analyze how longevity can affect the annuitized portion of
wealth differently in the presence of an uncertainty in health status and medical
expenses. An interesting finding in this paper is that rising longevity or falling
mortality may reduce the annuitized portion of wealth. In coping with uncertain health
status and lumpy out-of-pocket medical expenses, it is rational that individuals
entering retirement hold sufficient non-annuitized savings for precaution. The
implication of doing so is that, when mortality falls or longevity rises, the level of
annuitization may actually decline, leading to a possible negative relationship between
longevity and annuitization. This challenges the conventional perception of a positive
relationship between longevity and annuitization.

The rest of the paper proceeds as follows. Section 2 introduces the model and
derives its implications for the relationship between longevity and annuitization
facing a morbidity risk and a lumpy health cost. Section 3 provides a numerical
example. Section 4 extends the simple model to consider the dependence of mortality

on morbidity. The last section concludes.



2. The model
Throughout the paper we assume a unit mass of identical mature adults entering their
old age (e.g. 60). Each of them has an accumulated wealth of W at the beginning of

time to. We divide the planning horizon into two periods as indicated below:

to t1 t

o
L

. ' N\ ' / time line

period 1 period 2

There is certain survival but uncertain health status in the first period, while

there is uncertain survival through the second period at t,. Lifetime ends at the end of

period 2, at t, . The sequence of events is described as follows.

Sequence of events

At the beginning of period 1, i.e. at time to, agents make decisions on savings and on
the fraction of savings to annuitize. Each unit of an annuity purchased at the
beginning of period 1 will pay out an amount « in the second period conditional on
survival. So it is a deferred rather than immediate annuity, with period 1 being the
investing phase and period 2 being the income phase.* The agent decides on the
amount of annuity A>0 that he or she would like to purchase. The non-annuitized
savings S made at the beginning of period 1 will earn an interest income rS or can be

terminated to pay for the medical expenses.

* In the U.S. deferred annuity has a tax advantage over traditional saving account because the interest
earned on a deferred annuity is tax-deferred till withdrawn. We abstract from this tax advantage.



After the decision on annuitized and non-annuitized savings is made, the
health status of each agent in period 1 begins to reveal. There are two types of health
status in period 1: sick or healthy with certain survival through period 1. The
probability of morbidity is equal to ~ and accordingly the probability of being
healthy is equal to 1-z . If sick in period 1, an agent will need health care that

requires a medical expense. The cost of healthcare is equal to 6M,1>6 >0. Here 6

can be considered a policy parameter in the form of subsidies on medical expenses.
We abstract from health insurance and regard this medical cost as exogenous and paid
out-of-pocket by each agent.”

At time t;, the health status of agents in period 2 is revealed. There are two
types of health status for this age group: death at t, or survival to t,. The probability
of death for agents at age t, is equal to g; the probability of their survival to t, is thus
equal tol—q. We assume that g is exogenous.

The scenario described above is simple. Nevertheless, it captures the trade-off
between the morbidity risk and the longevity risk as they compete for a given amount
of resource for each agent. We will consider an extension later in this paper.

The annuity market is assumed to be actuarially fair; that is, annuity provision
makes zero profits. With actuarially fair annuities, we have the following condition
per unit of annuity purchase: a(1-q) =1+r where r is the market interest rate. For

the purpose of this paper, we treat the interest rate as exogenous. Thus, the rate of

return on per unit annuity purchase is equal to

1+r
= 1
a 1-q (1)

% Given the incompleteness of the insurance market for morbidity risks, agents have to pay part of the
health cost through out-of-pocket resources. In this sense, abstraction from health insurance simplifies
the analysis.



Objective function

The expected utility of the agent at the beginning of period 1 is

E, (U()=-7)U(C])+@-aq)U(C)]+7U(C)+L-qU(C,)] )
where C} Is consumption in period j (j = 1, 2) with health status i (s for being sick and
h for being healthy in period 1). E, Is the expectation operator with information

available at t,. For notational simplicity, we ignore discounting. The utility function
is increasing and concave: U'(:) >0, U"(:) <0. Further, we adopt Inada conditions:

U'(C}) >0 if C} >0 and U'(C}) > if C; - 0.

Budget constraints
If the health status in period 1 turns out to be poor, the budget constraints for periods
1 and 2, respectively, are
C,+OM + A+S° =W 3)
Cs =aA+(1+r)S° (4)
where W is initial wealth, A is annuity savings, and S is non-annuitized regular
savings. The difference between annuities and regular savings is not only that the
former have a higher rate of return as seen in (1), but also that the latter can be
terminated by simply forging the interest income. The termination becomes necessary
when one falls sick and needs to pay for the medical expense &M . We assume that

old-aged agents are unable to borrow and thus cannot possess negative amounts of

annuitized and non-annuitized assets, i.e. A>0 and S° >0 as in many related studies



(e.g., Hubbard et al., 1995; Turra and Mitchell, 2004).° This immediately implies that
any healthcare expenditure has to be made out-of-pocket.
If the health status in period 1 turns out to be good, the budget constraints for

periods 1 and 2, respectively, are
Cl+A+S"=W (5)
C) =aA+(1+r)S" (6)
The budget difference between the good and poor health statuses is caused by the out-
of-pocket payment of the healthcare expense. Note that under U’'(C) > Othe budget

constraints must hold in strict equality in any optimal solution in this model.
The problem of the agent at the beginning of period 1 becomes
max E, (U())= max (L-7)[U (C/) +(L-q)U (C})]
+7[U(C)+(1-q)U(C;)]

subject to the budget constraints (3)-(6). The Kuhn-Tucker optimal conditions are:

aEto (U ()) _ ' S ’ S S
—gr = UC)+ (- nU(C;)] <0, 8720, o
U0 .
0S°®
oE, (U . . h
Tz(l—;z)[—u CH+A-g)@+ru’'(C)l<0o, s"=0, ©
XD
0S
ok, (U())

= A= DIU(E) - U e + ©

1Tay 1ay aEto(U())
72'[_U (Cl)—i-a(l—q)U (CZ)]SO, AZO, a—AAZO

® However, it is interesting to study in future research a financial product that allows agents to borrow
against their annuity assets, facing the possibility that some of them will die before receiving their
annuity income, as suggested by Eytan Sheshinski at the Venice Workshop.



These above conditions, the budget constraints and the actuarial-fairness condition of
annuities determine implicitly the relationships among the optimal amounts of
annuities, non-annuitized savings and consumption. While the annuity variable A is
the same across different health statuses over morbidity, the converse is true for non-
annuitized savings and consumption. We use these conditions and constraints to

establish the result below, and relegate the proofs of all propositions to the Appendix.

Proposition 1. The amount of non-annuitized savings is equal to zero with poor

health and is positive or zero with good health: S" >S°® =0. Also, the amount of

annuities is positive: A > 0. When the initial mortality rate is high enough, there is
full annuitization: A > 0 and S" =S°=0. When the initial mortality rate is low

enough, there is partial annuitization for M > 0.

The meaning of S" >S°® =0 in Proposition 1 is that non-annuitized savings in
this model do not exceed the medical expense when falling sick. That is, non-
annuitized savings in this model with mortality risks are precautionary savings in
nature. Given the timing of events in this model, an agent has to choose annuitized
and non-annuitized savings before knowing for sure whether they become sick in the
first period. If he or she remains healthy throughout the first period, non-annuitized
savings will be carried on into the second period. However, if he or she falls sick,
non-annuitized savings will be fully terminated to pay for the medical expense. In the
case that the agent does not make non-annunitized saving (i.e. S" =0) but he or she
turns out to be in poor health, the healthcare cost will be financed at the expenses of
the consumption in period 1. Therefore, the planned (but not necessarily the actual)

consumption in period 1 must be bigger than M .



The intuition for the level of annuitization in Proposition 1 is twofold. First,
since the rate of return on annuity savings is greater than that on non-annuitized
savings, i.e. o >1+r, there is a tendency for full annuitization as was well-known in
the literature. Second, facing uncertainties about health status and medical expenses,
there is a tendency for partial annuitization. Non-annuitized or precautionary savings
are more flexible and more liquid than annuitized savings to meet uncertain and
uninsurable expenses. When mortality (longevity) is high (low), the rate dominance in
favor of annuities is high and hence agents fully annuitize their savings. When
mortality (longevity) is low (high), the rate dominance fades away relative to the
precaution against the morbidity risk, and therefore agents only annuitize a portion,
rather than all, of their savings.

One may wonder whether the optimal solution is unique. We establish this

below and relegate the proof to the Appendix.

Proposition 2. The optimal solution is unique.

The uniqueness of the optimal solution paves ways for us to carry out
comparative static analysis and numerical simulations in the rest of this section. One
of the central issues is to find out the degree of annuitization. With a unit mass of the
population at the beginning of period 1, the value of A is also the total value of
annuities. On the other hand, the value of non-annuity saving is only possible to be

positive with good health, and thus the total value of non-annuity savings is equal to

(1-7)S"+7S° = (1-7)S". Therefore, the ratio of annuity to total savings (annuity

and non-annuity together) for this population is equal to A/[(1—7z)S" + A], which is

the measure of annuitization of savings we will use in this model.

10



We now deal with comparative static analysis, starting with variations in the

probability of morbidity.

Proposition 3. Annuitized savings decrease with the morbidity probability and
medical expenses; and non-annuitized savings, if non-zero, increase with the
morbidity probability and medical expenses.

The proof of the proposition is placed in the Appendix. The result in
Proposition 3 is very intuitive. If either the morbidity probability or the medical
expense becomes higher, so does the demand for liquid assets to pay for the medical
expenses. As a result, agents will substitute non-annuitized savings for annuitized
ones because the former can be easily terminated by forgoing the interest income. An
important implication of Proposition 3 is that the degree of annuitization decreases
with the degree of the morbidity risk or the associated medical costs to agents.
Moreover, the result suggests that the rising healthcare costs in many countries in the
last two decades on the one hand and the cut-back in the public subsidy on the other
should have reduced the degree of annuitization.

We now consider how mortality affects annuitized and non-annuitized savings.
In the case when non-annuitized savings are at the corner solution (zero), the response
of annuitized savings to a change in mortality is given below. We state the following

result and relegate the proof to the Appendix.

Proposition 4. If S"=S°=0, annuitized savings decrease with the mortality
probability.
The result in Proposition 4 is also intuitive. Note that a negative response of

annuities to a rise in mortality means that a decline in mortality or a rise in longevity

11



raises annuitized savings. As in the literature, rising longevity calls for more savings
because the demand for consumption in the later old age rises. When agents annuitize
their savings fully at the optimum, a rise in longevity raises annuitized savings.

When non-annuitized savings with good health are positive, the responses of
both types of savings to a change in mortality are given below (see the proof in the

Appendix).

Proposition 5. Consider the case with S" > S® =0. When the initial mortality rate is
high enough, annuitized savings decrease with the mortality rate but non-annuitized
savings remain at zero. When the initial mortality rate is low enough, annuitized
savings may decrease or increase with the mortality rate but for a high enough

morbidity rate non-annuitized savings decrease with the mortality rate.

According to Proposition 5, the effects of a change in mortality on annuitized

and non-annuitized savings depend on initial mortality and morbidity. To understand
this, first note that 6A/0q <0 and 6S"/6q <0 mean that a decline in mortality will

raise annuitized and non-annuitized savings. When initial mortality is high, the
annuity rate of return is much higher than the rate of return on non-annuitized savings
and thus we expect full annuitization as given in Proposition 1. Starting from this full
annuitization situation, a decline in mortality or a rise in longevity, which calls for
more savings, will raise annuitized savings and force non-annuitized savings to stay at
zero. The dominance in return by annuitized over non-annuitized savings diminishes
as mortality falls further, while the precautionary motive for non-annuitized savings to
cope with the morbidity risk becomes stronger. Eventually, at a certain mortality rate
a further rise (fall) in longevity (mortality) will lead to a rise in non-annuitized

savings as long as the rate of morbidity is high enough; and the response of annuitized

12



savings becomes ambiguous. When mortality continues to fall beyond this stage, the
return dominance by annuities fades and we would expect non-annuitized savings to
grow faster than annuitized savings. This is because non-annuitized savings are more
flexible than annuitized savings to cope with both the longevity risk and morbidity
risk at the same time. In short, when initial mortality is high, annuitization remains
full in the process of rising longevity; when initial mortality is low, annuitization

becomes partial and is likely to fall in the process of rising longevity.

3. Numerical example
To obtain quantitative assessments of how mortality or survival rates affect
annuitization, we need a specific assumption of the utility function. For this purpose,

we assume a typical one used in the literature with a constant coefficient of relative

risk aversion, i.e. U(C)=(C"" -1)/(1-c), o >0 where o indicates the degree of

relative risk aversion. The parameterization in the reported example is as follows.
First, we assume that one period corresponds to 15 years. Second, we normalize the
size of initial wealth W to unity. The rest of the parameterization is: r = 1.0789 (or 5%
annually), M = 0.5 (half of initial wealth), & =0.68 (a nearly 1/3 subsidy rate),
7 =0.5(i.e. 50-50 the chance to be sick or healthy), and o =3 (in line with the
literature).

The numerical example in Figure 1 shows two different patterns of the
relationships between the change in annuitization and rising longevity (simply

regarded as the survival rate 1—q), depending on the initial level of longevity. When
the survival rate 1-q is very low initially (at 0.1), there is full annuitization that

remains in the process of rising longevity to some range of the survival rate. When the

survival rate becomes high enough (above 0.36), there is partial annuitization (i.e.

13



non-annuitized saving becomes positive) and the level of annuitization falls in the
process of rising longevity. However, the amount of annuities is always increasing in
the process of rising longevity in this example. Though initially zero, non-annuitized
saving becomes positive and rises faster than annuities in a later stage of this process
of rising longevity. The intuition is that when longevity is higher, there is increased
demand for consumption in the second period, which thins out the provision of the
given initial wealth for the first period and hence makes the medical cost a bigger
concern.

Even though the idea that uncertain health and medical expenses may cause
partial annuitization is simple and already known in the literature, the exact
implication has not yet been well explored in existing studies. From Proposition 1, we
learn that the amount of non-annuitized saving is made just to the point that it is
enough to cope with the medical expense if having poor health, as the simple idea
would suggest. In essence, non-annuitized saving is precautionary saving in nature.
However, Proposition 1 opens two possibilities for either partial or full annuitization
except in the extreme cases with high or low mortality. In our numerical example, we
have illustrated that when longevity is initially low, it is optimal to have full
annuitization and no precautionary saving at all, despite the chance for poor health
and the subsequent lumpy medical cost. When longevity rises beyond a certain level,
precautionary saving becomes positive and rises, and thus annuitization falls. The
turning point of the survival rate at 0.36 (corresponding to a mortality rate at 0.64) for
that age group is lower than the realistic figures in developed countries today,’
indicating that rising longevity is most likely to drive down annuitization in these

countries.

" In the U.S., year 2000, those who are at the age of 60 have a probability of 0.58 to reach the age of 80.

14



Figure 1a. Non-annuitized Saving
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Figure 1c. Annuitization
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4. Extension with the dependence of mortality on morbidity

In this section, we consider a natural case that mortality and morbidity risks are
positively correlated; that is, a person who is healthy in period 1 will have a higher
probability of surviving to period 2.

More precisely, for persons who are respectively in good and poor health in

period 1, their probabilities of dying at the end of the period are equal to q" and g°,

with g° > q". Suppose the proportion of the population that are in good health status

is equal to S <1. Therefore, the population wide probability of dying is given by

a=/49"+@1-p)q’ (10)
The expected utility of the agent at the beginning of period 1 is
E, (U()=@1-7)U(C)+1-a")U(C)l+7UC)+A-aW(C)]  (11)

The budget constraints remain the same as (3)-(6).

Proposition 6. Consider the case whereby mortality and morbidity risks are positively
correlated. The amount of non-annuitized savings is equal to zero with poor health
and is positive or zero with good health: S" >S® =0. Also, the amount of annuities is

positive: A > 0. When initial mortality is high enough, there is full annuitization: A >

0 and S" =S°=0. When the initial mortality rate is low enough, there is partial
annuitization for 6M > 0.

According to Proposition 6, this extension to condition survival on morbidity
retains the results in the base model. We have also made progress in some other
extensions such as allowing for healthy agents to continue working and for agents to
leave bequests. These two issues are particularly important in that a lot of elderly

people may choose to extend their working life (e.g. semi-retirement) as a response to

16



rising longevity, and that bequests are a key channel of inter-generational wealth
transfers. Due to the space limit, we have to leave the analysis of the extensions in a
separate paper. Nevertheless, it is worthwhile to mention here that both extensions
have further strengthened our results in explaining the thin voluntary annuity market
in terms of uncertain healthcare expenses. In the first extension, if healthy agents opt
to continue to work, any savings of their labor income must be in the form of non-
annuitized saving as the annuity purchase decision has to be made before the health
status is revealed. As a result, for the population as a whole, annuitization must fall. In
the second extension, a bequest motive makes non-annuitized savings more attractive
than annuities as the latter in general are not transferable to any beneficiaries other
than the spouse. However, this result with a bequest motive may change to some
extent if incorporating the fact that some annuities do allow room for bequests, such

as in the form of a death benefit.

5. Conclusion

This paper contributes to the understanding of the offsetting forces on the
annuitization of retirement savings. This issue is increasingly important because over
recent years there has been being a shift from defined benefit (DB) plans to defined
contribution (DC) plans amongst establishments of all size (Mitchell 2000). And there
is clear evidence that people under DB plans tend to take up lump sum payments
rather than pension payments upon their retirement. This phenomenon is in great
contrast to the presumed great advantage of annuities over non-annuitized assets and
has been begging for explanations. In this paper, we focus on a particular factor:

uncertainties in health status and medical expenditure.

17



We have considered two versions of a model that links annuitization to
longevity. In both versions, we have shown the following: non-annuitized saving may
be positive with good health but is turned into out-of-pocket payment for medical
expenses with poor health. The amount of annuity purchased is always positive but
annuitization becomes partial when the initial mortality rate becomes low enough. We
have begun with a simple version with a morbidity risk in the first period of old age
and a longevity risk for one to survive through the second period. In this simple
version of the model, we have illustrated analytically and numerically that when
longevity rises, annuitization is initially full for some range of low longevity levels,
and then becomes partial and may eventually fall. An extension to condition mortality

on morbidity generates similar results.
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Appendix

Proof of Proposition 1. The existence of an optimal solution to the problem is
assured because (i) the objective function is continuous and at least twice
differentiable and (ii) all of the choice variables lie in bounded and closed sets. The

main task in this proof is about the conditions under which a variable takes a corner or
interior solution. In doing so, we first show S" > S°®. Suppose the opposite: S" < S°.

Combining it with the budget constraints (3)-(6), it follows: C; >C; and C’ <C,.
Given the assumption of U”()<0 , we then have U'(C5)<U’(C})) and
U’(C?)>U’'(C/). Combining it with the non-positive net marginal benefit of S", i.e.
[FU'(CH)+(L-qg)@+r)U'(C))]<0, in the optimal condition (8) leads to
U'(CY) >U'(C) = (L-g)(@A+NU'(C}) > (1-q)@L+ U’ (C3)

Here, U'(C}) > (l—-q)(L+r)U’'(C;) implies S°=0 and hence S°®>S" cannot hold
given that S" >0, leading to a contradiction. Thus, S">S°*. For 6M >0, the
converse argument cannot hold in general because S" > S®only implies C} >C; but
not necessarily C' <C;.

Second, we show S°*=0. SupposeS® >0. Then, from (7), (8) and S" >S°,
we have [-U’'(C])+(1-q)(+r)U’(C))]=0 and [-U'(C})+(1—-q)@+r)U'(C;)]=0.
Substituting them into (9) leads to

0E, (U())/0A=(1-m)[-U'(C])+(1-qU'(C])a]
+72[-U'(C)) + (1-qU'(C;)e]
= (1-q)[A-2)U'(C]) + U (CHI[-(+T) + 2]
>0
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since —(1+r)+a=—@Q+r)+1+r)/(1—q) > 0 according to (1) and since the marginal
utility functions are positive. Here, the implication o€ _(U(-))/0A >0 violates (9).
Thus, S°* =0 has to hold.

The result A > 0 is straightforward because A = 0 along with S* =0 would
imply C,=0 and hence an infinitely large U'(C;) , which violates
[(U'(C))+(@-q)X+r)U'(C;)1<0 in general because of the Inada condition
U’'(C}) > if C; > 0.

Further, from the first-order conditions associated with S' for i=h,s, the
marginal utility gained from such savings, (1-q)U’(C}), becomes zero if q —1 for
any positive A that leads to a positive yet finite U’(C}) for i=h,s. Consequently, the

net marginal benefit of such savings must be strictly negative and therefore

S*=S"=0. On the other hand, as q—1 the marginal utility gain of A,
a(l-q)U’'(C))=(L+r)U'(C}), can avoid approaching zero if A is chosen to be
proportional to 1—q by observing that C, =aA=A(l+r)/(l-q) for S*=S"=0.
Note that A cannot take a corner solution as q —1 given that S°* =S" =0, because if
it does then C; — Oand hence U’(C}) — counder the Inada condition. The last point
is the rate dominance of annuities in the first-order conditions (7)-(9): given the finite
marginal cost of A and S, when g —1 the marginal benefit of any finite level C; will

be higher if financed by A than by S. Thus, for a high enough initial mortality rate g,
there is full annuitization.
Finally, we show that for M >0 there is partial annuitization when q is

sufficiently small. Suppose that there is full annuitization for all values of g. Then,
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S"=S°=0 and hence C; =C/ from the budget constraints. For &M >0, it follows
that C; < Cl'and therefore U’(C;’) >U'(C]) under the assumption U"(-) <0. From the
first-order conditions, we must thus have o€, (U(:))/0S*/z <oE_(U())/ as"I(A-x),
implying o€, (U (-))/8S® < Osince ok, (U ())/6S" <0. Using the first-order conditions
with respect to A and S", let us construct the difference in their net gains in marginal
utility:

e (LR VR NYC GO PR

under ¢ =(1+r)/(1—q). Note that, when g approaches zero, the first term on the
right-hand side approaches zero and the second term approaches —0E, (U ())/oS°.

Combining the arguments together, for &M >0 we must have

ok, (U()) ok (U()) ok, (U()
- =-7 >0
0 st oA os°
The fact A>0Vqe(0,1) implies JE (U())/0A=0 by the associated first-order

lim

condition. It follows JE, (U(,))/ 85" >0, which violates the associated first-order

condition. Thus, S" >0for &M > 0if q is sufficiently small. In other words, there is

partial annuitization under these conditions. Q.E.D.

Proof of Proposition 2. When q is large such that there is full annuitization, the proof
of the uniqueness of the solution starts from the fact that A>0 implies

OE, (U)/0A=0. Further, it is based on the fact that the net gain in marginal utility of

annuity purchase is monotonically decreasing in A:
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0°E,(U())
oA’
2[U"(C; (A) +a*(L-a)U"(C;(A)] <0

= (1-m)U"(C] (A) +a*(1-a)U"(C; (A)]+

implying that there is a unique positive value of A to satisfy o€, (U)/0A=0.

When q is small such that there is partial annuitization, the proof is more
involved since S" >0 as well. Here, A>0and S" >0imply that o€, (U)/0A=0and
oE,, (U)/6S" =0. Suppose the optimal solution is not unique, based on the budget

constraints and the first-order conditions. Let us say there are two optimal solutions

(A",S)and (A™,S7)with A” > A". We make the argument in a few steps. First, the
budget constraints imply C’(A”)<C;(A") and C5(A")>C;(A") and therefore
U'(CJ(A™))>U’'(C;(A"))and U'(C5(A™)) <U'(C;(A")). Second, the two first-order
conditions together by substitution lead to:

(1-7)A-qU'(CF (A, S — 1+ )] = #[U'(C; (A", S")) — (L - q)U'(C; (A", §))]
where i refers to either * or **. Combining the first step with the second, the right-
hand side of the last equation must be greater with (A™,S”™) than with (A",S") and so
too must be the left-hand side under the rate dominance a>1+r . That is,
U’(C;(A7,S7))>U'(C;(A",S7)) , which, together with oE, (U)/0S" =0, implies
U'(C}(A™,S7))>U'(C](A",SY)).

Observe that, U'(C)(A”,S7))>U'(CJ(A,S)) and U"<0 lead to
CJ(A”,S7)<CJ(A",S"), implying A"+ (1+r)S" > aA” + (1+r)S ™ according to the
budget constraint. Rewrite it as (a): a(A —A7)>@+r)(ST-S") . Similarly,
U'(C/(A",S7)>U'(C/(A,S")) and U"<0 lead to C/(A™,S7)<C/(A",S") ,

implying A"+S™ <A™ +S” according to the budget constraint. Rewrite it as (b):
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ST —-S">A"—A”. Substitute (b) into (a) gives us a(A —A7)>1+r)(A -A"),
implying ATa—(1+r1)]> A [a—(1+r)] . Given that e >1+r , we must have
A > A", presenting a contradiction. Therefore, the optimal solution for A must be
unique, i.e. A" = A". Further, given any unique optimal solution for A, the optimal
solution for S"must be unique as well because its net marginal gain in utility must

equal zero and must be decreasing in S". Q.E.D.

Proof of Proposition 3. First we prove that dA/dx <0, and 6S"/éx >0 if S" >0.
If S"=S°=0, since A>0, from (1) and (9) we have
L-7)U'(C)+7U'(C) = (1-z)L+r)U'(C)) + z(L+r)U'(C;) (12)
The budget constraints (3)-(6) become: C: =W —6M - A, C! =W — A, and
C; =C/] = aA. Substituting these into (12) gives

A-2)U'(C)+7U'(C) = (L+r)U'(C) (13)

Differentiating (13) with respect to z obtains

oA U'(C)-U(C)

R I Vo) IV (o B P EVET o Vi R
as C; <C'=U'(C))>U'(C)).
If S" > $° =0, (12) still holds. From (8), we obtain
U'E) = (- )+ NU'(CY) (15)

The budget constraints (3)-(6) become: C’=W-6M -A , C'=W-A-S" |

C;=aA,and C) =aA+(+r)S".
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Differentiating (12) and (15) with respect to 7 and making use of the budget

OAlox _ 1A, Al (16)
os"lor| Al-a, ay ||%

constraints, we obtain

where
a, =U"(C/)+(@+r)’U"(C;) <0,
a, =U"(C{)+(@1—-q)(1+r)’U"(C;) <0,

z(+r)?

a, =(1-7)U"(C}) +(1_’i)_ﬂu "(C2)+7U"(C)+——=U"(C;) <0,
f, = (L~ U "(C)) + L+ U (C] <O,
4, = a,@,, — 8,8,
—— - mesnrunEhue))
1-g
e+ - U Eniu ) -+ T urep<o

X =0,
X, =[U'(C;)-U (C]+ L+ (C;)-U (C;)]>0.
Now, we obtain 6A/dz =—a,X,/ A, <0 and 65" /oz =a,x,/ A >0.

Second, we prove that oA/d(@M)<0 , and 6S"/o(EM)>0 if S">0 .

Following a similar procedure as before, we can obtain that

{ oAl (M) } 1 { ay, —an}{yl} a7
6Sh /G(HM) Aa —ay, a; Y,
where the matrix with elements a; is the same as the one in (16), and where

y, =0, and
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y, =-7U"(C)>0.

Now, we obtain 6A/8(OM) =-a,y,/ A, <0 and 8S"/0(OM)=a,y,/ A >0. Q.E.D.

Proof of Proposition 4. Differentiate (12) with respect to g to obtain

oA ~(L+1)?U"(Ch)

18
a0 [A-m)U"(C)) + U (CIA-a) + A+ A-qU"(C]) - (49

The result follows. Q.E.D.

Proof of Proposition 5. Differentiate (12) and (15) with respect to g to obtain

{8A/8q } :i[ a,, —am}[zl} (19)
as" /Gq 41—, a Z,

where the matrix with elements a; is the same as that used in (16) and where

(1+ r?A

z, =1+ 1)U'(C") - u"(ch

hyyrnr~h 2 !
__@+ncuEy) @+ AU,,(C;)>0

o 1-¢
2 =— (1—7r)(1+2r)2AU ,,(Czh)_ﬂ'(l-l- r)zAU "(C2) >0
(1-a) (1-0)

Here, c =—CU"(C)/U'(C) is the degree of relative risk aversion which can be a

constant with a CRRA or CES utility function. From these results, we have

a,Z —a,Z, = (1 7[)(1+ I’)[U"(C )+(1+ r) U"(C )]|: (1+ r)Aj|

1-q
), om) r)?
1

u"(c;) {(1— m"(C)+7U"(C; U"C)+  (20)

Al+r)?
(1-q)*

r@+r)?
1-q

u"(C, )} [(A-m)U"(C;)+7U"(Cy)]
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which is ambiguous in general. It is positive if q is sufficiently large or 7 is

sufficiently large. Since 0A/oq=(a,z, —a,z,)/A, with A, <0, under the same
condition, 0A/0q<0.

Similarly, we have 8S"/oq = (a,,z, —a,,z,)/ A, where

a2, 8,2, = -[U"(C]) + 1+ 1)*U"(CHIA-7)U"(C;) + 2U"(C;)]

A(l;rgimr)[(l—q)(1+r)2u"(c:)+U"(Cl“)]{C—2hU"(Cz“ )@
t-a 7
+(1”)AU"(<:§)}

1-q

which is also ambiguous. It is negative and hence 6S" /g >0 for a large enough g.
This is unlikely to occur because when q is large enough, there is a corner solution for
non-annuitized savings under Proposition 1. However, it does add pressure for S to

remain cornered when q falls from a high level. If ¢ — 0, on the other hand, then

a2, — 2,2, — (1= 7) AL+ 1)*[U"(C;) -U"(C)IV"(C)) +(1+1)*U"(C;)]
@+r)

+[U"(C)+(@+r)’U"(CHU"(C))C;

which is positive and hence 85" /8q <0 when 7 is large enough. Q.E.D.

Proof of Proposition 6. The Kuhn-Tucker optimal conditions are:

oE, (U() s . o .
————=7[-U'(C))+(1-g’ )@+ nU'(C;)]<0, S =0,
68;5 U (22)
VO
0s°
aE'(o (U ()) _ ' h h ' h h
———=1-7)[U'(C/)+(1-q")A+U’(C;)]<0, S" =0,
® OE, (U (23)
RV

os"
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o, U ()

et (0 SUCORET LRI CH

24
eu0,

7[-U'(C))+a(l-g°)U'(C,)]1<0, A>0, Py

0.

First, we prove that S" > S°. Suppose the opposite S° > S" is true. Following

the logic of the proof of Proposition 1 and noting that 1-q" >1—q°, we have
U'(C;)>U'(C) 2 1-g")A+ U (C;) > 1-a° )L+ NU(C;) > (1-q° )L+ U (C;) .
This implies S* =0 which contradicts S°® >S">0.

Second, we prove that S°* =0 and A>0. Suppose that the opposite S° >0 is

true. Following the logic of the proof of Proposition 1, this implies that

0B, U ()

A A-7)A-g"U'(CH@+r)[-1+1/1-q)]+ 7 (1-g*)U'(C)[-1+1/(1-qg)] > O.

This violate (24). Therefore, S® =0 must hold. The proof of A> 0 is identical to that

in Proposition 1. The rest of the proof is similar to those in Proposition 1. Q.E.D.
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