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Abstract

This note uses insights from cointegration analysis to reexamine two separate but related
issues concerning the estimation of production function parameters. Fisher (1971)
documented a paradox in estimating substitution elasticities -- the puzzling divorce between
the technology underlying his simulated data and the technology estimated from these data.
This note both resolves the Paradox and, based on this resolution, raises important questions
about estimation strategies (pioneered by Caballero, 1994) that rely on cointegration to
recover production function parameters.
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The Fisher/Cobb-Douglas Paradox, Factor Shares, And Cointegration

I. The Fisher/Cobb-Douglas Paradox

This note is motivated by a paradox first noted by Franklin Fisher in a 1971 article. His
study was concerned with estimating aggregate production function parameters from simulated
unit-level data. Fisher found that, when aggregate factor shares were nearly constant, an
aggregate Cobb-Douglas technology provided the best fit even though no aggregate production
function could be constructed from the underlying unit-level production functions.! The
Fisher/Cobb-Douglas Paradox is "that an aggregate Cobb-Douglas will continue to work well so
long as labor's share continues to be roughly constant, even though that rough constancy is not
itself a consequence of the economy having a technology that is truly summarized by an
aggregate Cobb-Douglas’ (Fisher, 1971, p. 307). Fisher's results were based on unit-level Cobb-
Douglas production functions. Similar results were obtained by Fisher, Solow, and Kearl (1977)
when the study was extended to unit-level Constant Elasticity of Substitution (CES) production
functions. The Paradox uncovered by both studies is the puzzling divorce between the
technology underlying the ssmulated data and the technology estimated from these data.

This note takes the Fisher/Cobb-Douglas Paradox as its point of departure and uses
insights from cointegration analysis to understand the results from these two simulation studies.?
Our analysis resolves the Paradox for simulated data and, based on this resol ution, sheds new
light on estimation strategies with "rea” data. The second contribution of this noteisto raise
important questions about estimation strategies that rely on cointegration (pioneered by

Caballero, 1994) to recover production function parameters.

! The Fisher study was open on the definition of "unit-level" and hence whether the aggregation was
from units-as-firms to an industry aggregate or from units-as-industries to a macroeconomic aggregate.
In aprivate correspondence, Fisher has noted that the appropriate interpretation of the aggregate depends
on the assumed homogeneity of output, an assumption that may be more plausible in the case of an
industry aggregate. Thisassumption is not important for the resolution of the paradox proposed in this
note.

2 The "Fisher/Cobb-Douglas Paradox" needs to be distinguished from the "Fisher Paradox" that occupies
aprominent place in macroeconomics. The latter paradox is that, while there is a strong theoretical case
for the constancy of real rates and hence a one-for-one movement of nominal rates with expected
inflation, this theoretical relation is usually not found empirically (Carmichael and Stebbing, 1983).



I1. Resolving The Fisher/Cobb-Douglas Paradox

Fisher (1971) and Fisher, Solow, and Kearl (1977) (hereafter F+FSK) document that,
when their simulated data had nearly constant factor shares, the best fit is obtained by a Cobb-
Douglas technology. Thisresult can be cast in terms of the CES production function and its
substitution elagticity between capital and labor, ¢. The Fisher/Cobb-Douglas Paradox is thus
why the estimated o eguals unity independent of the underlying production technologies
generating the simulated data.

We begin by defining factor shares and specifying a cointegrating relation. First, the
share in income of factor X isdefined as FS[>< = (Ptx X)/(PtY Y), where Ptx and PtY arethe

prices of factor X and output Y, respectively. It will prove convenient to analyze the factor share

in terms of logarithms (denoted by lower case letters),
fst =pf +X¢—P{ Yt - ®

No restrictions are imposed on the time-series properties of fs{'. Second and independent of

equation (1), we specify a statistical relation between the factor/output ratio, (x; —y;) , and the

relative factor price, (pf - p%’ ). Specifically, we assume that these two seriesare (1) and

cointegrated, propertiesimplied by the Solow growth model when the factor islabor. Itis

important to note that we are not imposing any structural interpretation on the relation between
(x¢—Yy;) and (pf - p%’) ; rather, the assumed relation is merely statistical. Thus, these series can

be modeled as the following cointegrating relation,

(x¢—yp)=a - B —pf) +e . 2

where e, isawhite-noise error term. Under these assumptions, long-run movements in the

factor/output ratio and the relative factor price dominate and deliver super-consistent estimates of

the cointegrating vector, (a,B). The estimated value of  equalsthe price elasticity of capital.
Under a CES technology with constant returns and holding output constant, this elasticity



equals ¢ .

The factor share definition and cointegrating relation are useful in resolving the
Fisher/Cobb-Douglas Paradox. Before proceeding to that analysis, acaveat isin order. Thel(1)
and cointegration properties are not imposed on the simulated data. However, all of the series
are influenced by deterministic time trends, are quite persistent over arelatively short time span,
and may best be modeled as integrated processes even if the series are not literally 1(1).3 Given
this"dlippage" between the assumed and simulated properties of the series, the resolution
presented here can only be suggestive. With this caveat noted, we insert equation (2) into (1)

and obtain the following equation for the factor share,

fst = (@-B) (Pt —pY) + o + & . 3

The Fisher/Cobb-Douglas Paradox is based on constant factor shares. (In terms of time-series
analysis, such constancy is equivalent to factor sharesbeing 1(0).) As equation (3) makes clear,
constancy of the factor share (up to awhite-noise error) can obtain if and only if the influence of
relative pricesis eliminated. Inthiscase, f must equal unity. It isimportant to note that this
result is driven by the assumptions of cointegration and constant factor shares and is independent
of the underlying production technology. Aslong as these two assumptions are imposed, §=1;
if the production technology is CES, this estimate of § implies a Cobb-Douglas production
function. It isthusnot surprising that F+FSK are drawn to the Cobb-Douglas technology when
factor shares are nearly constant in their simulations.*

Fisher offers a heuristic explanation (presented in his Section VII) of the Paradox that
relieson (i) agood estimate of equation (2) and (ii) the near constancy of the factor share. His

explanation can be understood in terms of the analysis of integrated and cointegrated time

* Blough (1992) documents the difficulties with differentiating in finite samples time series that are
highly persistent but 1(0) from time seriesthat are 1(1).

4 An dternative explanation has been advanced by Shaikh (1974) and Felipe and Holz (2001), who argue
that the accounting identities inherent in value added data necessarily lead to a Cobb-Douglas production
function. This argument has been forcefully challenged by Solow (1974, 1987) on empirical and
theoretical grounds. Regarding the latter point, Solow (1987, p. 20) shows that, when factor shares are
constant, any production function can be represented as the product of a Cobb-Douglas production
function and the production function suitably normalized.



series -- the super-consistency of the parameters in equation (2) (point (i)) and the I(0) property
of the factor share (point (ii)).

I11. Reconsidering The Cointegration Model
While the resolution of the Paradox is of independent interest, it also sheds insights on
estimation strategies for production function parameters that apply cointegration methods to
"red" data. Ininnovative papers, Caballero (1994, 1999) and Caballero, Engle, and Haltiwanger
(1995) exploit the cointegration relation in equation (2) to generate super-consi stent estimates of

B.> This estimation strategy emphasizes the long-run movements in the data and hence has the

decided benefit of using the variation that is most germane to production relations. These
authors focus on capital as the factor and obtain aggregate estimates of ¢ close to the Cobb-
Douglas value of unity. This Cointegration Model provides an elegant solution to the problem of
estimating the substitution elasticity from data subject to short-run deviations from long-run
values.

However, the resolution of the Fisher/Cobb-Douglas Paradox implies that this estimation
framework will not be informative in an important case. A well-accepted stylized fact, since at
least Kaldor (1961) and Klein and Kosobud (1961, 295-299) and confirmed more recently by
King and Rebelo (1999, pp. 940-941), is that aggregate factor shares are constant in the long-run.
As shown in equation (3), the combination of cointegrating properties and constant long-run

factor shares necessarily yields p = o =1. Thisresult does not challenge the validity of

estimating the cointegrating relation in equation (2), just that it is uninformative about production
technologies.

Several theoretical models are consistent with constant factor shares and values of ¢ that
differ from unity. Acemoglu (2003) examines the tension between fluctuationsin income shares,
thevalue of o, and balanced growth. He develops a model in which technical changeis both
labor-augmenting and capital -augmenting and shows that, along the balanced growth path, all

technical change will be [abor-augmenting. If o <1, technical change stabilizes income shares,

® Deviations between long-run and observed values bias parameter estimates in the cointegration model
and are accounted for with the Stock and Watson (1993) correction that adds leads and lags (of the first-
difference of the regressor) to the estimating equation and that has a substantial influence on the
estimated B's.



and the balanced growth path is stable and unique. Antréas (2004) showsthat, if o differsfrom
unity, factor shares can be constant if technical changeisbiased. The stochastic endogenous
growth model of Turnovsky and Smith (2006) and the two-sector neoclassical growth model of
Eicher and Turnovsky (1999) exhibit balanced growth for values of o lessthan, equal to, or
greater than unity. While the Cobb-Douglas technology is a sufficient condition for constant
factor shares, it is not necessary.

Are there conditions under which the Cointegration Model delivers reliable estimates of

the key production function parameter, 3 =c ? There are four casesto consider -- the presence

or absence of cointegrating relations between the factor/output ratio and the relative factor price
and the constancy or non-constancy of factor shares. For Case (i), assume that the cointegration
relation holds -- as would be reasonable if labor isthe factor -- and factor shares are constant.
Per the resolution of the Paradox, equation (2) will not be useful for estimating technology
parameters because the assumed conditions necessarily generate a unitary elasticity independent
of the underlying technology.

Case (ii) also assumes that the cointegration relation holds but that factor shares vary
(i.e., 1(1)). Varying factor sharesimply that =1 in equations (2) or (3). While Case (ii) allows
for arange of estimated B's, the assumption that factor shares are [ (1) seems empirically

implausible and thus calls into question the relevance of Case (ii).

Cases (iii) and (iv) assume that cointegration does not hold, a situation that can occur for
avariety of reasons. For example, when capital is the factor, the Solow growth model implies
that the capital/output ratio and the relative factor price are [(0). Hence, a necessary condition
for cointegration does not hold, and the parameter estimates from equation (2) are inconsistent.
Alternatively, the variables in equation (2) may be 1(1) but driven by different underlying
processes. In this situation, cointegration does not obtain, equation (2) suffers from a spurious
regression problem, and the estimated 3, which may differ from unity, is suspect. We conclude
that, while using long-run variation to estimate production function parametersis adesirable
estimation strategy, the Cointegration Model will not be informative for estimating substitution
elagticities.
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