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ABSTRACT. We consider the problem of estimating the conditional quantile of a time
series at time t given observations of the same and perhaps other time series available
at time ¢t — 1. We discuss sieve estimates which are a nonparametric versions of
the Koenker-Bassett regression quantiles and do not require the specification of the
innovation law. We prove consistency of those estimates and illustrate their good
performance for light- and heavy-tailed distributions of the innovations with a small
simulation study. As an economic application, we use the estimates for calculating
the value at risk of some stock price series.
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1. INTRODUCTION

Reliable measures of market risk are crucial tools for an effective risk management
which financial institutions have to employ for internal and regulatory purposes. There
are now established procedures for modelling asset returns and for subsequent calcu-
lation of risk measures, but there is still room for improvement and more flexibility
dealing with the shortcomings of standard methodology. An extensive discussion of
these issues has been given recently by (Engle and Manganelli 2002).

The standard measure of market risk is currently the value at risk (VaR). If Y; is
the return of an asset a time ¢, the value at risk of level 1 — « at time ¢ (VaR,) is
determined by the conditonal a-quantile ¢; of Y; given information up to time ¢ — 1
represented by the o-algebra I, 4, i.e.

pr(Ye < ¢lli—1) = a.

Then, VaR; = —q, where we follow the convention that the value at risk is com-
monly reported as a positive number. It provides a bound on future losses at time ¢
which is not exceeded with high probability 1 —« given currently available information.

We concentrate on the VaR as a risk measure, but our exposition can be easily ex-
tended to the expected shortfall as another popular measure of risk, i.e. the conditional
expectation of the loss given that it exceeds the value at risk

(1) es; = E{ =Y, |Li_1, =Y, > VaR,}.

The expected shortfall provides more information than VaR; about the size of extreme
losses and, moreover, is a coherent risk measure as shown by (Artzner et al. 1997).

A broad class of approaches to estimating VaR is volatility based, i.e. the distri-
bution of the return time series {Y;, —0o < t < 0o} is assumed to conform with some
form of stochastic volatility model of the general form

(2) Yy = 4 oy

where pi;, 0y denote the conditional mean and volatility of Y; given information on the
past up to time ¢t — 1, and the innovations 7, are i.i.d. with mean 0 and variance
1. If ¢7 denotes the a-quantile of 7, then for a time series following (2), we imme-
diately have VaR; = u; + o.q. Typical examples are based on the classical ARCH-
and GARCH-models for financial returns and their extensions, compare (Engle 1982),
(Bollerslev 1986). For the GARCH(1,1) model, which currently is quite popular for
market risk analysis, we have, e.g., y; = 0,02 = w + a¥2, + B02 . To calculate an
estimate of VaR; given data Yi,...,Y; 1, we only need estimates of the model pa-
rameters w, o, § and some initial value for the first volatility oy, where the influence
of the latter will be neglible for large ¢ under short memory asumptions like (A1) below.
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As pointed out by (Engle and Manganelli 2002), volatility based estimates of
VaR assume that the extreme negative returns follow the same process as the re-
mainder of typical returns. Additionally, it is assumed that the standardized returns
ne = (Yy — ) /oy are ii.d., and, moreover, their distribution has to be specified, fre-
quently as standard normal. To avoid relying on those assumptions which may well
be not satisfied for real data, (Engle and Manganelli 2002) propose to estimate the
VaR directly without taking a detour over estimating volatility and without having to
make an ad-hoc choice of an innovation distribution. They consider a class of models
where the conditional quantile ¢, is specified as a function of finitely many of its own
past values as well as of past returns. The different functions which they consider
are specified up to finitely many parameters and are quite similar to the manner how
volatility is given as a function of the past in GARCH models and their modifications
like, e.g., TGARCH (Rabemananjara and Zakoian 1993), (Glosten et al. 1993). (Engle
and Manganelli 2002) call such models CAViaR, i.e. conditional autoregressive value
at risk, and discuss how to estimate the parameters following the regression quantiles
approach of (Koenker and Bassett 1978).

Models like GARCH for volatility or CAViaR for value at risk have a particular
parametric form to be chosen in advance. A more flexible alternative is given by
nonparametric approaches. For volatility based models, these have been extensively
studied in the last years. E.g., we may choose u; = m(X), 0, = o(X;) in the volatil-
ity based model (2), where X; is a vector of finitely many Y;_;,...,Y;_, and perhaps
some additional financial data known at time ¢ — 1, we get a nonparametric AR(d)-
ARCH(d)-model including exogeneous variables. Local smoothing estimates of the
trend and volatility functions m, o and their use for market risk management have
been studied by (Hérdle and Tsybakov 1997), (Hafner 1998) and (Franke et al. 2004)
among many others. Nonparametric sieve estimates of m, o based on neural networks
or on other approximating function classes are discussed in (Gouriéroux and Montfort
1992), (Franke 1998), (Franke 2000) and, in a similar general context as in this paper,
in (Franke and Diagne 2006). If the main interest in fitting such nonparametric models
to financial data is estimating the value at risk, then they suffer from similar problems
as the volatility-based parametric approaches. The innovation distribution has to be
specified somewhat arbitrarily, and the crucial volatility estimate is mainly influenced
by the bulk of the data, i.e. by small and medium returns which are not important for
managing extreme risks. The latter is only partially true for estimates based on local
smoothing, e.g. kernel or local polynomial estimates, but those suffer from the curse of
dimensionality which in particular leads to highly unreliable estimates in regions with
low data density, in particular in the regions of the few extreme data.

In this paper, we try to combine both approaches, i.e. nonparametric estimation
to get flexibility and the Koenker-Bassett method of accessing regression quantiles di-
rectly which does not require the specification of the innovation law and focusses on
the extreme data which are important for quantifying risk. We study general sieve
estimates as, in assessing the risk of an asset, we want to allow for incorporating not
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only past asset prices, but also other available information on the market. This leads to
the problem of estimating functions on higher-dimensional spaces than local smoothers
can easily handle.

In the following, the information available at time ¢ — 1 is represented by an observ-
able random vector X; € R? which may consist of past observations Y;_1, ... Yo, of
the time series of interest but also on past observations of other time series. Our goal
is to estimate the conditional a-quantile function ¢(x) given by

(3) pr(Y: <q(Xy) | X =12) = a.
q(z) solves the minimization problem
(4) E{lY: — q(Xy)la | Xy = 2} = [in E{Y; = f(Xi)a| Xi = 2}

Here, |u|, denotes the skew absolute value given by
(5) lulo = cu™ +(1—a)u” =u( @ —1_wg(u) ) =au+u"

where ut, u~ denote the positive and negative part of u.

In section 2 we introduce general nonparametric sieve estimates for ¢(z) and formu-
late a nonparametric consistency result. In the following two sections, we consider two
special case: qualitative threshold quantile estimates similar to the trend and volatil-
ity estimates proposed by (Gouriéroux and Montfort 1992) and neural network based
quantile estimates. In section 5 we present some simulations and application to quan-
tifying market risk. Some technical results and all the proofs are deferred to the last
section 6.

2. CONSISTENCY OF SIEVE QUANTILE ESTIMATES

We need the following assumptions on the time series of interest.

(A1) (Y3, X}) is a-mixing with geometrically decreasing mixing coefficients,
i.e. the mixing coefficients «a; satisfy

as <ae” ) s > 1,

for some ay, as > 0. Furthermore, E|Y;| < oc.

(A2) Let p.(z|z) denote the conditional density of ; = Y; — ¢(X;) given X; = x.
There are functions 7(x),((z) and a constant -, such that for all x
a) pe(z|z) > mw(x) >0 for all |z]| < ((x),
b) m(z)((x) > v > 0.
(A1) is a standard short-memory condition. (A2) corresponds to the usual assumption

for quantile asymptotics that the probability density of Y; is uniformly bounded away
from 0 in a neighbourhood of the quantile - in our case conditional on x with a certain
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degree of uniformity w.r.t. z. The condition is not very strong. For example, consider
the case

(6) Y; = q(Xy) + s(Xy) my,

where ¢(z) is the conditional a-quantile of Y; given X; = x, s(x) is the conditional
a-scale of Y; given X; = z, i.e. the conditional a-quantile of |Y; —q(X})|s given X; = z,
and 7y, —o0 < t < oo, are i.i.d. real random variables with a-quantile 0, a-scale 1
and density p,. If we assume that p, is bounded away from 0 in a neighbourhood of its
a-quantile 0, i.e. for some my, (o >0

py(u) > 1o > 0 for |u| < (o,

then (A2) is satisfied with m(x) = m/s(x), ((x) = (ps(x) and vy = mp as &, = s(Xy)m,
and, therefore,

1 z )
) — =) > 1> < ,

p (le) S(,’L‘)pn (S(,’L‘)) = S(,CL’) or |Z| < Qos(x)
We remark that for the special case X; = (Y;_1,...,Y;—,)7, (6) is a quantile AR(p) -
ARCH(p)-process as discussed in (Franke and Mwita 2003).

Let F,,,n > 1, denote an increasing sequence of subsets of L' (), and let F, denote
their union. We estimate the conditional quantile function g(x) by solving the sample
version of (4) restricted to functions in F,,, i.e.

(7) qn = argminfan %Z }Y;f - f(Xt)}a
t=1

Estimating ¢ by ¢, belongs to the broad class of nonparametric regression estimates
based on Grenander’s method of sieves (Grenander 1981). To get consistency of these
estimates we have to assume that F is dense in L'(11), the space of integrable functions
on R? w.r.t. u. Mark that ¢ € L*(11) as we have assumed E|Y;| < oo.

Examples for F,, are given by piecewise constant functions or by feedforward neural
networks which we discuss in detail in sections 3 resp. 4.

Typically, the functions in F,, are parametrized by some parameter vector with
finite dimension increasing with n. For proving consistency of the estimate ¢, of (7),
we could assume uniform boundedness of the functions in F,, which usually is achieved
by bounding the parameter vector or, in the case of feedforward neural networks, like
in Theorem 3.3 of (White 1990) or Theorem 3.2 of (Franke and Diagne 2006). This
procedure has some computational drawbacks discussed in section 10.1 of (Gyorfy et al.
2002) where, as an alternative to bounding the functions in F,, in advance, the original
estimate ¢, is replaced by a truncated version instead, i.e. for some sequence A, — oo
we consider

(8) n(x) = Ta,qn(2),
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where the truncation operator 77, is defined as
Tru=u, if jul < L, and Tpu= L sgn(u), else.
Let
Fo={Ta,f; | € Fu}

denote the truncated functions of F,,. We assume that f‘n satisfies the following as-
sumption on bounded real-valued functions.

(A3) G is a class of bounded, real-valued measurable functions on R¢ such that
for all § > 0, N > 1, there exists ky(8) such that for all zy,..., 2y € R?
there are functions ¢gf : R? = R, k=1,...,ky(d), with:

for any g € G there is a k < ky(9) such that + ZJ a(z5) — gi(z)] < 0.

kx(d) is a bound on the d-covering number of G w.r.t. the L'-norm of the discrete
measure with point masses 1/N in zq, ..., zy, assumed to hold uniformly in zq, ..., 2y,
compare ch.9 of (Gyorfy et al. 2002). Let Kn(9) denote the size of the smallest d-cover,
i.e. the minimal value of ky(d) in (A2).

Assumption (A2) is satisfied for many function classes G. By Lemma 9.2 and
Theorem 9.4 of (Gyorfy et al. 2002), we have, e.g., for all N and some bound B on the
absolute value of functions in G

4eB B\ V(E")
9) Kn(6) <3 (GTIO 667)

if the Vapnik-Chervonenkis dimension V(G™) of Gt = {(z,t); t < g(2) + B,g € G}
is at least 2 and if 6 < B/2. Mark that (9) differs slightly from the version in (Gyorfy
et al. 2002) as we do not assume that G contains only nonnegative functions.

For later reference, we remark that each d-covering of G w.r.t. zq,..., zon is auto-
matically a 26—covering w.r.t. 21,..., 2y as

_Z|g (2) = 9i(7)] < 22NZ|9 zj) — gx (2|,

which immediately 1mphes
(10) Kn(20) < Kon(0) forall N > 1,0 > 0.

Theorem 1. Let {(Y;, X¢)} be a stationary stochastic process satisfying (A1) and (A2).
Let F,, be increasing classes of bounded functions in L'(u), such that their union Fu
is dense in L'(u), and, for A, — oo, the corresponding classes of truncated functions

F, satisfy (A3). Let

fin(€) = log o (32)

Let Gn, = Ta, Gn, given by (7) and (8) be the truncated sieve estimate for the conditional
a-quantile q(z) given by (3).
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a) If, forn — 0o, Aukn(€)//n— 0 foralle > 0, then g, is a consistent estimate
of q in the mean sense, i.e. forn — oo

E / 14a(2) — 4(2)|u(dz) — 0.

b) Let, additionally, {Y;} satisfy Cramér’s condition, i.e. E|Y|? < d72jIEY}?,
7 =3,4,... for some ¢ > 0. If, for some 3 > 0 and some sequence 9§, — 0
we have Apkn(€d,)/v/n — 0 and A, /(8,02 P) — 0, then G, is even strongly
LY (u)-consistent, i.e. for n — oo

1) = ootz ~ 0 s

By this result, proving consistency of the truncated sieve estimate of the conditional
quantile ¢(z) for specific function classes F,, reduces to finding bounds on the covering
numbers. In the next two sections, we consider two specific examples.

3. QUALITATIVE THRESHOLD QUANTILE ESTIMATES

(Gouriéroux and Montfort 1992) have introduced the class of qualitative threshold
ARCH models for financial time series. For order d, they have the form

H H
Y= ajla,(Yir, o Yica) + ) bila, (Yo, Vi)
j=1 j=1
where Aj,..., Ay is a given partition of R?, i.e. the sets are pairwise disjoint and

their union is R?, and the 7, are white noise with zero mean and unit variance. A
straightforward extension would allow the conditional mean and volatility of Y; given
the past to depend on a general random vector X; observable at time ¢ — 1 including
past values Y;, s < t as well as other market data. The elements A; of the partition
may correspond to phases of increasing and decreasing prices, to phases of low and
high volatility, etc.

Based on this intuition, we consider approximating the conditional quantile function
q(z) of (3) by a simple function from

(11) P(H) = {f(z) :chlAj(:c);cl,...,cHeR}.

Applying this approach to VaR-calculation is based on the assumption that approxi-
mately the market can be in H different states characterized by the value of the risk
variable X; observable at time t — 1 and that the VaR of the asset of interest is ap-
proximately constant in each state. If H is chosen large enough and the A;,... Ay
provide a suitable partition of R?, then we get a reasonable approximation of ¢(z) even
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if it is not locally constant. This follows from the following consistency result which is
a special case of Theorem 1 for the function classes

Hp

F, =P(H,) ={f(x) =) c¢jla, (@) c,...,cu, €R}.

J=1

We have to assume that F,, is increasing in n and that F., is dense in L'(u) which
follows from H,, — oo and the following assumptions on the partitioning:

(A4) For all n, A,, = {A,1,..., Ay, } is a partition of R?, such that
a) for m > n and any ¢ < H,,,, A,,; C A, for some j < H,,
b) for all bounded subsets B of RY, sup,; ~diam(A,; N B) — 0 for n — co.

a) states that A,.; is a subpartition of A,, and b) guarantees that the partitions
become finer and finer with increasing n except for the extreme part of R?. For given
H,, we get as a nonparametric quantile estimate of ¢(z):

H,
(12) qn(z) = Z cnjla,, () where
7j=1
1 n H,
o — argming,_y, 230 Y- 3 bl (o),
(Lt j=1
with ¢, = (¢a1,.--,Cnm,) € R As only one term in the sum does not vanish,

truncating ¢,(x) is equivalent to just truncating the coefficients ¢,;, and we get

Hy
(13) (jn( ) TAnQn ch] 1A with énj - TAnan-

Theorem 2. Let {(Y;, X;)} be a stationary process satisfying (A1) and (A2). For
H, — o0, A, — 00, let §, be the truncated qualitative threshold quantile estimate for q
given by (12) and (13). Assume that the sequence of partitions A, satisfies (A4).

a) If for n — oo, A, Hy log(A,)/«/n — 0, then

E / 6u(2) — g(@) p(dz) — 0 (n — o0)

b) If, additionally, {Y;} satisfies Cramér’s condition and A% /n'=P — 0 for some
6 >0, then

/ 1Ga(2) — 4(2))i(dz) = 0 a5, (n— o).
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4. NEURAL NETWORKS

As a second example, we now consider estimates for ¢(z) based on fitting neural
networks to the data. Given an input variable x = (21, 15, ..., 74)7 € RY, a feedforward
neural network with one hidden layer consisting of H > 1 neurons defines a function

f(x) = fg(z,0) of the following form

H
fu(z;0) = vy + Z vh\If(xTwh + wpo)
h=1

where wy, = (wpy, ..., wra)T. The so-called activation function W is fixed in advance,

whereas the network weights vy, ..., vy, wp;, h = 1,..., H;1 = 0, ..., d, which we combine
to a M(H)-dimensional parameter vector 6 with M(H) =1+ H + H(1 + d), may be
chosen appropriately. We denote the class of such neural network output functions by

(14) O = {fu(x;0);0 e RM) 7 > 1}.

In the following, we consider only sigmoid activation functions satisfying

(A5) V¥ is continuous and strictly increasing, 0 < lim ¥(z) = ¥(co) <1 and
0> lim ¥(z)=V(-0) > —1.

T——00

Assuming |¥(u)| < 1 is no restriction but only a convenient standardization. A

typical example of such a function is the hyperbolic tangent or symmetrized logistic
function

(15) U(u) = tanh(u) = m -1

We also consider neural networks of finite complexity characterized by subclasses of O
of the form

H
(16) O(H,A) = {fu(x;0); 6 € RMI Y "y | < A}
h=0

for some given number H > 1 of neurons and some bound A on the ¢/!-norm of the
output weights. We consider the increasing function classes

F, =0O(H,,A,) forsome increasing sequences H,, A, — oc.

Their union F, = O is dense in L?(u) by Theorem 1 of (Hornik 1991), compare also
Lemma 16.2 of (Gyorfy et al. 2002), if ¥ satisfies (A3). But O C L'(u) too, as, by
(A5), it consists of bounded functions, and for any f € L'(u),g € O, L > 0 we have
by the triangular and by Jensen’s inequality

[15@) = g@lntds) < [ 17@) - Tes@lntdn) + ( [ 1Tf0) - gt Putd)) ™

which implies denseness of O in L' () too.
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Now, we consider the estimate g, (z) of ¢(z) based on feedforward neural networks,
ie.
. . . 1 —
(17) Gn () = fu,(2;6,), O, = argmlneegnﬁ Z }Yt — fr, (Xi; 9)’a

t=1

with ©,, = {0 € RMUHn), S | < AL} From Theorem 1, we get immediately

Theorem 3. Let {(Y;, X;)} be a stationary process satisfying (A1) and (A2). For
H, — 00,7, — o0, let q, be the neural network quantile estimate for q(x) given by
(17). Assume that ¥ satisfies (A5).

a) If for n — oo, A, Hylog(A,H,)/v/n — 0, then

E / 4a(2) — q(@)|uldz) — 0 (n — o)

b) If, additionally, {Y;} satisfies Cramér’s condition and A%/n'=P — 0 for some
08>0, then

/ 16a(2) — () u(dz) = 0 as. (n— oo).

5. SIMULATIONS AND APPLICATIONS

In this section, we first apply nonparametric quantile sieve estimates to some arti-
ficially generated data. As approximating function classes, we use feedforward neural
networks as in section 4. For an easy graphical comparison of the function estimate
with the true quantile function, we restrict ourselves to the case of a one-dimensional
regressor. Finally, we use the quantile sieve approach for estimating the conditional
VaR of some real stock price series. In each case, we have chosen the size of the net-
work such that a further increase of the number of neurons did not change the visual
impression significantly.

For simulation, we consider a nonlinear AR-ARCH processes of order 1, i.e.
Y, =m(Yi—1) + o(Yie1)m

with i.i.d. innovations 7; having mean 0 and variance 1. In each case, we generate a
sample of size 2500, use the first 2000 data as a training set from which we get the
estimates of the network parameters. The last 500 observations are set aside as a vali-
dation set to check the out-of-sample performance of the estimate.

In the first two examples, we consider pure autoregressive processes with a bump
function as the autoregressive function
m(z) = —0.7z + 1.5¢050.4(2), o(x) =0.2,

where ¢,, ,, denotes the density of the normal law with mean p and variance v. We use a
feedforward neural network with H=7 neurons to estimate the conditional 5%-quantile
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Figure 1a: Conditional 0.05—-quantile-estimate for NLAR(1)—process with normal innovations - training set (N=2000)
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Figure 1b: Conditional 0.05—quantile—estimate for NLAR(1)—-process with normal innovations - validation set (N=500)

function ¢(x).

For standard normal innvoations, Figure 1a shows the scatter plot Y; against Y; 1, =
2,...,2000, of the training set as well as the true quantile function ¢(z) (green curve)
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Figure 2a: Conditional 0.05—-quantile—estimate for NLAR(1)-process with t4 innovations - training set (N=2000)

-3 | | | | |
-3 -2 -1 0 1 2 3
Figure 2b: Conditional 0.05-quantile-estimate for NLAR(1)—process with t4 innovations - vakdation set (N=500)

and the neural-network based quantile estimate ¢, (x) (red curve). Mark that for pure
autoregressive processes, the conditional quantile function is just a shifted version of
the conditional mean m(x). Figure 1b shows the same picture for the data of the
validation set. On the training set, we get an empirical level of 4.95%, i.e. a fraction
of 0.0495 of the data Y; are below the estimated conditional quantile ¢, (Y;—). For the
validation set, the empirical level is 5.61%.

For the second example, we consider the same autoregressive process but with
heavy-tailed (t4-distributed) innovations ;. Figures 2a and 2b show the corresponding
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Figure 3a: Conditional 0.05—-quantile—estimate for NLAR(1)-~ARCH(1)-process with normal innovations - training set (N=2000)
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Figure 3b: Conditional 0.05—-quantile-estimate for NLAR(1)-~ARCH(1)—process with normal innovations —validation set (N=500)

results for the training and the validation set. The empirical levels are 5.00% and
6.81% resp.

As the last example, we generate data from a genuine AR-ARCH-process, again
with a bump function as autoregressive function m(x) and with a volatility function
o(x) as in the parametric ARCH(1)-model of (Engle 1982):

m(z) = —0.22 + 1.5¢0 5,0.4(7), 02(9:) = 0.01 + 0.522

As innovations, we use again standard normal variables, such that the conditional law
of Y; given Y;_; = z is normal with mean m(z) and variance o(x). Therefore, the true
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conditional quantile function is no longer just a shifted conditional mean. As the basis
for the nonparametric quantile estimate we use a neural network with H = 9 neurons.
Figures 3a and 3b show the scatter plots for training and validation set and the true
and estimated quantile function. The empirical levels are 5.00% and 4.21% resp.

Finally, we consider the problem of estimating the conditional 5%-VaR for the
BASF-stock for the period 1990 to 1992 (N=745) which covers the first Gulf War as a
phase of high volatility and the attempted coup d’etat in Moscow as an example of an
isolated event, having a strong, but very local effect on the market.

The figures show only data starting with February 13, 1990 (N=716), as only then,
the exogeneous variables discussed below are available. As a benchmark, we first
consider the VaR calculated from fitting a GARCH(1,1)-model with standard normal
innovations to the data, where the model parameters are estimated by conditional
maximum likelihood. Figure 4a shows the usual backtesting plot, i.e. the actual log
returns Y; (dots), where for better visibility only the negative values are plotted, and
the (negative) VaR (solid line), i.e. the conditional quantile of Y; given the last log
return Y;_; and the last volatility o;_1.

Figure 4b shows the corresponding backtesting plot with value at risk based on a
neural network quantile estimate as described in section 4. As input, we have chosen
the last log return Y; 1, the corresponding log return D, ; of the market index, i.e.
the DAX, a 30-days moving average M; 1 = {D; 1 + ... + D;_30}/30 as a local market
trend indicator, and an exponentially weighted 30-days historical variance of Y;:

L, 3 .
Viaa = - pp30 Zﬂk_l (Yier — thl)2
k=1

with p = 0.95 and Y;_; = {Y;_1 + ... + Yi_30}/30. The neural network used in calcu-
lating the conditional quantile estimate ¢, (Y;_1, D;—1, My_1,V;_1) had H = 4 neurons
and the symmetrized logistic function (15) as activation function.

The neural network based VaR shows somewhat better than the GARCH-VaR.
The empirical levels are 5.04% and 3.91% resp., i.e. the GARCH-fit leads to a rather
conservative view of risk whereas the nonparametric approach leads to a rather good
agreement with the nominal level 5%. Moreover, the network-based risk measure re-
covers much faster form the shock of an isolated extreme event in a phase of otherwise
stable volatility like the Moscow coup (t=376) compared to the GARCH-procedure.
The neural network based VaR has, therefore, some kind of robustness, but still reacts
as fast to significant increases in volatility as the GARCH-VaR. On the other hand, an
advantage of GARCH is the more stable visual appearance of the backtesting plot in
Figure 4a; the nonparametric quantile estimate leads to considerably larger fluctuations
of the corresponding VaR from day to day.
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Figure 4a: Negative BASF log returns (13.2.1990 to 30.12.1992), GARCH-based conditional 5%-VaR
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Figure 4b: Negative BASF-log returns (Feb 13, 1990, to Dec. 30, 1992) and nonparametric conditional 5%-VaR

6. TECHNICAL RESULTS AND PROOFS

In this section we formulate some auxiliary results needed for the proof of the main
Theorem 1. The first result is a variant of the Vapnik-Chervonenkis inequality (Vapnik
and Chervonenkis 1971) which holds for dependent data from a stationary process.
The proof can be found in (Franke and Diagne 2006).

Theorem 4. Let {Z;,—o0 < t < oo} be a R¥-valued stationary stochastic process
satisfying an a-mixing condition with exponentially decreasing mixing coefficients. Let
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G be a set of measurable functions g : RY — [0, B] satisfying (A3). Then, for any
e>0,n>1

€
(18) pr (sup‘ —Zg Zt Eg(Zl)‘ > e) < Ko, (3_2> 016—02\/776/3

n
9€G t=1

where c1,co > 0 are some constants not depending on n.

Lemma 1. Let q denote the a-quantile of the real random variable Y. Let F, p. denote
the distribution function and density of e =Y — q. Then, for any f € R

f—aq
E|Y — fla— BE|Y — gl = / (F.(2) - F.(0))dz

Proof. Using |u|, = a u+u~, F.(0) = a and distinguishing the two cases d = f—q > 0
and d = f — q < 0, we get using integration by parts

E|Y_f|a - E|Y_Q|Oc = Ele_dla_Elgla

— Lo (d) /0 (d— 2)po(2)dz + L) /d (= — d)p.(2)dz
d 0
e /0 (F.(2) = F2(0))dz + 1se0)(d) /d (F.(0) — F.(2))dz. O

A corresponding relation holds analogously for the conditional quantile g(x) of Y
given X = x where ¢ =Y — ¢(X), F.(:|z),p-(-]x) denote the conditional distribution
function and density of € given X = z, expectation E is replaced by conditional ex-
pectation E{.|X =z}, and f(z) is an arbitrary function in L'(ju).

Theorem 5. Let (Y}, X;), —00 < t < 00, be a stationary time series with Y; € R, X, €
R? satisfying assumption (A2). Let E|Y;| < oo, and let pu denote the stationary distri-
bution of X;.
Let F, C L'(u),n > 1, be increasing classes of functions f : RY — R such that
UZO \F,. is dense in L*(pn). Let q, € F,, denote the regression quantile given by

(7) and G, = Th, g, the truncated version for some sequence A, > 0,lim, ., A, = 0.
Let F, = = {fo=Ta,f:f €F,}. Assume furthermore

19 lim / dz) = 0.

(19) tm vt [ 1) - ) ude) -

a) If for all L > 0

(20) lim £ sup

n— o0 fef«“n

Zmn X)lo = EITLY: = f(X1)a| =0,
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with TpY; denoting the random variable Y; truncated at £L, then

(21) lim F /|mn(z) —m(z)|u(dz) = 0.

b) If there is a sequence 6, — 0 such that for all L > 0

1,1«

(22) ;(EZM—TM —EYi ~TuYil) =0 as.
1

(23) = sup \— Z T, Y, — f(X)]a — EIT0,Y: — f(X)|a] = 0 as.
n fan t=1

then

lim [ |m,(2) —m(2)|p(dz) =0 a.s.

Proof. We use Lemma 1 and assumption (A2) to relate ||G, —ql|1 to E]Y —Gn(X)]a —
E|Y — q(X)|n where, here, E is taken conditional on the data, i.e. ¢,(z) is given. In
the first part of the proof we bound this term from above by terms converging to 0.

i) By definition of ¢ as conditional quantile function we have
0 < EIY =@u(X)a = EIY = q(X)]a

= E|Y —§,(X)|, — inf ElY — f(X)]a
Y =Xl BV =)
inf  E|Y — f(X)]a — ElY = ¢(X))|a

TEF || fllooc<An

< su EY — ¢, (X)|a — EY — Elg(X) — f(X)]a
B fan,HfIII)OOSAn{ | E ( )| l f( )l } fanHf||oo<A |q( ) f( )l
= i ElY = @n(X)|a = EIY = f(X)[a) + inf —

where we have used the triangular inequality for |u|, and |u|, < |u|. For a yet arbitrary
L <A, let Y., Y, denote T Y, T1Y;. We decompose the first term on the right-hand
side.

sup  {E[Y — Gu(X)[a — EIY — f(X)[a}

FEFD || fllc<An

(24) < o BV - 00k - BV - 4,00k
FEFn || fllcc<An
. 1 .
(25) + BIYL = 4u(X)la = > Vi = (Xl
t=1
(26) + ZmL—qn (X0)la ——ZmL—qn X0)la

t=1

1 n
(27) + n Z Yir — qn(Xe)|a — n Z Yer — qn(X3)
t=1 t=1
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o) S DETHCIEE STl
(29) + %Z Y~ (X~ %Z Yo — 10l
(30) + %z_) Yir = F(Xka = EIV2 = S(X)la
1) b B~ fOOl = BIY - SCOL -

By definition of g¢,, (28) is bounded from above by 0. As L < A, and as Y1, . (X;) <
A, we immediately get |V, — ¢ (Xt)|a — |Yie — ¢(Xt)]o < 0, and (26) is bounded
from above by 0, too. By definition of ¢, and F,, (25) and (30) both are bounded by

sup
feF,

1 n
; > Vi = f(X)la — EIYL = £(X)]al-
t=1

Again using the triangular inequality for |u|, and |u|, < |u|, (24), (31) are bounded by

1 n
— E lY; — Yir|.
n

t=1

Therefore, we have

0 < E[Y —¢u(X)la— ElY —q¢(X)[a

1 n
< 2Sllp EE |Y;£L_f<Xt)|a_E|YL_f(X)|a
t=1

feF,

n

2
52 +  inf gl 2B — Vi + = S Y - Vi,
(32) fan,HflloosAan qllx | 1 n t:1| t 52

ii) By Lemma 5.1, applied to conditional quantiles and expectations, we have for
any f € L'(u), 0<6 <1,

BlY = f(X)]a = EIY = q(X)la = E[E{]Y — f(X)]a| X} — E{]Y — ¢(X)]a] X}]

F(X)—q(X)
= Lm0 - ) [ () — R O0)

0

Femo(fX) = a00) [ (ROX) = R:1X) a3

F(X)—a(X)

F(X)—q(X)
> B [ﬂxnw,w)(f()c) ~atx) | min(8¢(X), 7) dz

0

O () =aX) [ min(ag(x), -2 dz]

f(X)—a(X)
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as, by assumption (A2a)

F1%) ~ R0 = [ Zpa<le>d22{§E§§§g<X> o sh e

and, analogously, F.(0|X) — F.(z|X) > 7(X) min(6¢(X), —z) for z < 0.
Using (A2b) and distinguishing the cases f(X) — ¢(X) > 0¢(X), f(X) —q¢(X) <
—0¢(X) and | f(X) — q(X)] < 6¢(X), we get

EY — f(X)la— BV ~ g0l > 870 B(F(X) — a(X) - 6¢(X)*
+0 90 B(q(X) = f(X) = 6¢(X))"
3 B (0L — ()P Ty (F(X) — (X))
> 5 50[BUX) — a(X) = (X)) + Bla(X) ~ F(X) - 8¢(X))"]

Replacing f by ¢, and taking expectations with respect to ¢, we get by a monotone
convergence argument for 6 =6, — 0 (n — 00), as {(z) > 0,

E / () — a(x) u(dz)

— lm E [(%(z)—q<x>—5n<<x>>++<q<x>—an<x>—6c<x>> ()

1
< lim E[E\Y—%(Xna B - g(X)la| — 0

by i), by choosing 6,, — 0 slowly enough and by letting L — oc.

We get part b) of the assertion by applying the same argument without expectations
using assumptions (22) and (23). O

Proof of Theorem 1: The assertion follows from Theorem 5 if we show that
(19) and (20) resp. (22)-(23) are satisfied.

i) For arbitrary € > 0 there are n; and f € F,,, such that ||f — ¢||; < € by dense-
ness of Fo, € L'(u). As f is bounded and A, — oo, there is a n > n; such that
feF, CF,and ||f|le <A, (19) follows.

ii) Let L > 0 be arbitrary and n large enough such that L < A,. We use as
abbreviation Z; = (Y, X;), t =1,...,n, and we set for z = (y, x)

9(2) = Try — f(2)]a-

Let G, denote the class of such functions g : R — R which we get if f ranges over
F,.

Let § >0, N >0, z1,...,2y € R be arbitrary. We write z; = (y;,z;), j =

~

1,...,N. By (A3), there are f;, k=1,..., kx(d) such that for all f € F,,
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_Z |f(x;) = filzy)| <6 for some k.

Let gg(z) = |Try — fk(x)|a, k=1,... kn(6), and let g(2) = |Tpy — f(2)|a € Gn,
ie. feF,. We have

==
WE

Toy; — f(@5)la = |Toy; — fi(25)]a

N
Z —gr(z)| =

.
Il
—

2=

<

|f(2;) — filz;)] < 6.

1

<
Il

i.e. for every d-covering of F, we get a corresponding d-covering of G,, with the
same size ky(d). We conclude Ky (5) < Ky(6) for the minimal d-covering numbers
Kn(0), Kn(0) of G, resp. F,,.

As 0 < g(z) <2A, for g € G, we have by Theorem 4 for arbitrary ¢ > 0

pr { sup }—Z|TLY} Xi)|a — E|TLY: _X1|a} > 6}
fEFn t=1
= pr { sup }—Zg (%) — Eg(Z1)] > }
gEGn
€
< —c2v/ne/(2An)
(33) < K, (32)66

iii)As for any nonnegative variable V' and ¢ > 0

EV:/ pr(V>u)du§e—|—/ pr(V > u) du
0 €

we get by (33), using that Ky(d) is decreasing in d,

E sup
fek, 1T

< et Kzn(?;) / NI

24,
2

by our assumptions. For e — 0, (20) follows.

Zmn Xo)lo — E|T Y1 — Xila
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iv) Under assumption (A1), Y; — T, Y; is a-mixing with geometrically mixing coeffi-
cients. Furthermore, it satisfies Cramér’s condition by our assumption on Y;. Therefore,
by Theorem 1.6 of (Bosq 1996), we have

n

1
vnlognloglogn Z(ln_TLYA —EY, =T1Y1]) = 0 a.s.,
t=1

and (22) is satisfied for any d,, = O(y/lognloglogn/\/n).

v) Again by (33) we have for any ¢ > 0

Z pr (% sup

LN ITYs - F(X) e — BITLY: = (X0

)

n=1 n feF, t=1
< i oo (00 . o—cavinesa/2n)
= 2n 32 1
n=1
- 370 [ cyed 5,) A
_ Bn2 (626 n FLn(‘E n n)}
= ¢ exp{—n — < 00
; A, 2 Vn

as, by our assumptions, n2 =78, /A, — 0o and k,(€0,)An//1 — 0 for n — oo. (23)
follows from the Borel-Cantelli-Lemma. [

To prove Theorem 2 we need an auxiliary result which is closely related to Lemma
9.3 of (Gyorfy et al. 2002) and proven in an analogous manner. Let G, 6 > 0, z1,...,2x €
R?and gi, ..., g;, beas in assumption (A3). For givenz = (z1,. .., z2y), let Ky (4, G, 2)
denote the smallest value of ky such that for any g € G there is a £ < ky with

LS g(z) — gi(z)| < 6.

Lemma 2. Let Ay, ..., Ay be disjoint subsets of R, and let P(H) be the class of
corresponding simple functions given by (11). For arbitraryr >0, N > 1, z1,...,2x5 €
R? [et
XN
_{fGP 7N§ Zz|<r}

Then, Kn(6,G,z) < (1 +4r/)H.

Proof. For f € P(H), c € RY we write

1 Y H
1flln = NZ G el =" lesl:
j=1 j=1

Set d; = |[14,||n, and let D denote the diagonal matrix with entries di,...,dg. As
14,(2), j=1,..., H, vanish except for at most one j, we have for f = Yoo 1y, €G
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N H

v = 5 1D Ll = 5 D03l =0

i=1 =1 i=1 j=1

(34) = > lelILallv = || De]

J=1

Let fi1,...,fx € G be an arbitrary d-packing of G, i.e. | fx — filly > ¢ for all
1 <k <!l < K. From Lemma 9.2 of (Gyorfy et al. 2002), it suffices to show K <
(1+4r/0)". As fx € G, we have, using (34), for 1 <k << K

H
fie=3"a®1, [Da®| = | fillw <. [[Da® — Da®l| = || fi — il >

j=1
Therefore, by the triangular inequality, the sets
By = {u e R; ||u— Da™| < g}, k=1,... K
are disjoint subsets of {u € R”; [|u|| <r+ 2}, and we have for the volumes
K CH(Z)H <cy(r+ Z)H

where cg denotes the volume of the I'-unit ball {u |ju]] < 1} in R, O

Proof of Theorem 2: It only remains to check the rate conditions of Theorem 1. As
Ay, ..., Ay, are disjoint we have for all ¢y,...,cy, € R

H, Hy,
Ta, (D cila) =Y Ta,cila, € {f € P(H); [Ifllee < An}.
j=1 j=1
Therefore, for any 21,...,20, € R% z = (21,...,22,), we have
. 1 2n
Fi =Ta,P(Ha) C{f € P(Ha); 5~ D IfE)I <AL =G
j=1

From Lemma 2 we conclude
128A,,
€

KQn( )Hn

)

€ €
3_2) S KQTL(B_Q)G)Z) S (1 +

or r,(€) < H,log(l + 128A,,/¢). a) follows.

For b), choose §, — 0 such that §;' = O(AY) with 0 < v < . Setting 3’ =
(6 —7)/2, we have An(énn%’ﬁ’) — 0 and, using the same type of upper bound for
kn(€0,) as above, we also get Ak, (€d,,)/\/n — 0. O
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Proof of Theorem 3: By (A5), we have |¢,(2)| < A,, and ¢, and the truncated
estimate ¢, given by (8) coincide in this case. Therefore, we only have to check the
assumptions of Theorem 1. By (16.19) in the proof of Theorem 16.1 of Gyorfy et al.
(Gyorty et al. 2002), F,, satisfies (A3) with

K, (i> _ el < (2Bt 1) 5y
32 €

with s,(e) < {(2d 4+ 5)H,, + 1}log(384 e A, (H, + 1)/¢). Neglecting constant factors
and terms of smaller order, a) follows immediately from Theorem 1.

For b), choose 6, — 0 such that 6,;' = O((A,H,)") with 0 < v < (. Setting
B = (B —7)/2, we have A, /(5,n"/>%) — 0, and using the same upper bound on the

log covering number k,(ed,) as for showing a), the other rate condition of Theorem 1
b) follows too. [

) (2d+5)Hn+1
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