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The Block Bootstrap for Parameter Estimation Error In Recursive
Estimation Schemes, With Applications to Predictive Evaluation®

Valentina Corradi! and Norman R. Swanson?

'Queen Mary, University of London and 2Rutgers University
June 2003

Abstract

This paper introduces a new block bootstrap which is valid for recursive m-estimators, in the sense that its use

suffices to mimic the limiting distribution of # Z?;P} <9t — €T> , where I? denotes the length of the estimation

period, P the number of recursively estimated parameters, é\t is a recursive M —estimator constructed using the first
t observations, and 01 is its probability limit. In the recursive case, earlier observations are used more frequently
than temporally subsequent observations. This introduces a bias to the usual block bootstrap. We circumvent this
problem by first resampling [ observations from the initial K sample observations, and t}/l\en concatenating onto this

vector an additional P resampled observations from the remaining sample. Thereafter, 9: is constructed using the

resampled series, and an adjustment term is added to # Zzﬂ:}% (9;k — (9,5) in order to ensure that the distribution

of this sum is the same as the distribution of ﬁ Zzﬂ:?% (é\t — HT) . This parameter estimation error bootstrap for
recursive estimation schemes can be used to provide valid critical values in a variety of interesting testing contexts,
and three such leading applications are developed. The first is a generalization of the reality check test of White
(2000) that allows for non vanishing parameter estimation error. The second is an out-of-sample version of the
integrated conditional moment (ICM) test of Bierens (1982,1990) and Bierens and Ploberger (1997) which provides
out of sample tests consistent against generic (nonlinear) alternatives. Finally, the third is a procedure assessing
the relative out-of-sample predictive accuracy of multiple conditional distribution models. This procedure is based
on an extension of the Andrews (1997) conditional Kolmogorov test. The main findings from a small Monte Carlo
experiment indicate that: (i) the adjustment term used in the suggested bootstrap substantially improve coverage
rates relative to a bootstrap without adjustment, and (ii) the suggested bootstrap is as reliable as the standard block

bootstrap within the context of full sample estimation.
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1 Introduction

The main objective of this paper is to suggest a new block bootstrap which is valid for recursive m-
estimators, in the sense that its use suffices to mimic the limiting distribution of # ZtT:_]% <§t — 9T> ,
where R denotes the length of the estimation period, P the number of recursively estimated pa-
rameters, 9} is a recursive m—estimator constructed using the first ¢ observations, and 67 is its
probability limit. We call this bootstrap the parameter estimation error (PEE) bootstrap for re-
cursive estimation schemes (or alternatively, the recursive PEE bootstrap). For fixed sampling
schemes, the properties of the block bootstrap for m—estimators and/or GMM estimators with de-
pendent observations have been studied by several authors. For example, Hall and Horowitz (1996)
and Andrews (2002a) show that the block bootstrap provides improved critical values, in the sense
of asymptotic refinements, for “studentized” GMM estimators and for tests of overidentifying re-
strictions, in the case where the covariance across moment conditions is zero after a given number
of lags.»? In addition, Inoue and Shintani (2001) show that the block bootstrap provides asymp-
totic refinements for linear overidentified GMM estimators for general mixing processes. A recent
contribution which is useful in our context is that of Goncalves and White (2002a and 2002b), who
show that for m—estimators, the limiting distribution of \/T(@\} — @\T) provides a valid first order
approximation to that of \/T(é} — HT) for heterogeneous and near epoch dependent series, where
5} is a resampled estimator, and T denotes the length of the entire sample. Based on the results
mentioned above, one might expect # ZtT;}% ([9\;* — é\t) to have the same limiting distribution as
# ZtT;}% (:9\,5 — OT) . However, in the recursive case, earlier observations are used more frequently
than temporally subsequent observations. This introduces a bias to the usual block bootstrap, as
under standard resampling with replacement schemes, any block from the original sample has the
same probability of being selected. We circumvent this problem by first forming bootstrap samples
as follows. Resample R observations from the initial R sample observations, and then concatenate

onto this vector an additional P resampled observations from the remaining sample. Thereafter,

!More recently, Andrews (2002b) suggests a new block bootstrap, called the block-block bootstrap, which ensures
better higher order refinements than the standard block bootstrap. The key element in his approach is an adjustment
of the original statistic in such a way that both the original and the bootstrap statistics share the same dependence

structure.
2For the case of Markov processes, Horowitz (2002) introduces a new bootstrap procedure, based on a nonpara-

metric estimator of the transition density, which provides “better” higher order refinements than the block bootstrap.



construct ﬁ ZtT;p} (GA;‘ - @) and add an adjustment term in order to ensure that the distribution
of the sum of both components is the same as the distribution of ﬁ ZtT;}% (@ — 9T> , conditional
on the sample, and for all samples except a set of probability measure approaching zero. The ad-
justment term compensates for the fact that, when resampling from the last P observations, each
block (of length [) has the same chance of being drawn, while in the construction of the actual
m—estimator, earlier observations are more heavily used.

In principle, one could also devise a resampling scheme in which blocks are more heavily drawn
from the beginning of the sample and, within each block, “earlier” observations are more heavily
weighted. However, in practice, it is in general not feasible to implement a weighted resampling
which exactly mimics the long run covariance of # Z?:_p% <§t — 9T> .

The recursive PEE bootstrap can be used to provide valid critical values in a variety of interest-
ing testing contexts, and three such leading applications are developed. The first is a generalization
of the reality check test of White (2000) that allows for non vanishing parameter estimation er-
ror. The second is an out-of-sample version of the integrated conditional moment (ICM) test of
Bierens (1982,1990) and Bierens and Ploberger (1997) which provides out of sample tests consis-
tent against generic (nonlinear) alternatives. Finally, the third is a procedure assessing the relative
out-of-sample predictive accuracy of multiple conditional distribution models. This procedure is
based on an extension of the Andrews (1997) conditional Kolmogorov test. There are two key links
between these applications. First, all applications are made operational via use of the recursive
PEE bootstrap. Second, all applications allow for misspecification among all models being esti-
mated and compared, as opposed to the usual practice of assuming correct (dynamic) specification
under the null hypothesis.3,*

To be more specific, the first application concerns the reality check of White (2000), which
extends the Diebold and Mariano (1995) and West (1996) test for the relative predictive accuracy

of two models by allowing for the joint comparison of multiple misspecified models against a given

3This second feature is important when constructing predictive models, for example, as it is natural not to impose
correct specification of any of the competing models; and if one were to impose correct specification under the null
hypothesis, then inference would not be valid in general (e.g. when the assumption of martingale difference sequence

errors is violated - see Corradi and Swanson (2003a)).
“Motivation for comparing misspecified models can be taken from the finance literature. For example, Hansen,

Heaton and Luttmer (1995) and Hansen and Jeganathan (1997) consider the problem of comparing multiple misspec-

ified models from the perspective of asset pricing and stochastic discount factor models.



benchmark. White obtains valid asymptotic critical values for his test via use of the Politis and
Romano (1994) stationary bootstrap for the case in which parameter estimation error is asymptot-
ically negligible. Using the recursive PEE bootstrap, we generalize the reality check to the case in
which parameter estimation error does not vanish asymptotically.

The objective of the second application is to test the predictive accuracy of a given (non)linear
model against generic (non)linear alternatives. The ICM type test used for this purpose differs from
those developed by Bierens (1982,1990) and Bierens and Ploberger (1997) because parameters are
estimated recursively, out-of-sample prediction models are analyzed, and the null hypothesis is that
the reference model is the best “loss function specific” predictor, for a given information set. This
application builds on previous work by Corradi and Swanson (2002) who use a conditional p-value
method for constructing critical values in this context, extending earlier work by Hansen (1996) and
Inoue (2001). However, the conditional p-value approach they use suffers from the fact that under
the alternative, the simulated statistics diverge (at rate as high as \/?), conditional on the sample,
where Tplays a role analogous to the block length in the block bootstrap. As this feature may lead
to reduced power in finite samples, we establish in the second application that the recursive PEE
bootstrap can yields a v/ P-consistent test.

The third application builds on much of the recent literature on predictive evaluation, which
has focused on out of sample comparison of models for the conditional mean (see among oth-
ers Diebold and Mariano (1995), West (1996), Clark and McCracken (2001), McCracken (2000),
White (2000), Corradi, Swanson and Olivetti (2001), and Corradi and Swanson (2002)). How-
ever, there are several instances in which a “good” model of the conditional mean does not suffice.
For example, financial risk management involves tracking the entire distribution of a portfolio; or
measuring certain distributional aspects, such as value at risk (see e.g. Duffie and Pan (1997)).
In these cases, the choice of the best loss function specific model for the conditional mean may
not be of too much help. Important contributions that go beyond the examination of models
of conditional mean include assessing the correctness of conditional interval prediction (Christof-
fersen (1998)) and assessing volatility predictability by comparing unconditional and conditional
interval forecasts (Christoffersen and Diebold (2000)).> A natural extension of these papers that

allows for the joint evaluation of all conditional aspects, and hence the evaluation of the underly-

Prediction confidence intervals are also discussed in Granger, White and Kamstra (1989) Chatfield (1993),
Diebold, Tay and Wallis (1998), Clements and Taylor (2001), and the references cited therein.



ing predictive density, is outlined in Diebold, Gunther and Tay (DGT: 1998). By making use of
the probability integral transform, DGT suggest a simple and effective means by which predictive
densities can be evaluated (see also Bai (2001), Diebold, Hahn and Tay (1999), and Hong (2001)).
A feature common to the papers cited above is that they test the null hypothesis of (dynamic)
correct specification. In the third application we outline a different approach to predictive den-
sity evaluation, which is based in part on ideas developed in Andrews (1997) and Corradi and
Swanson (2003b). The main question that we address is the following: Given an information set
X, which distributional model from amongst a set of misspecified models yields the more “accu-
rate” out-of-sample prediction of the “true” distribution of 311, given X;? The most noteworthy
departure of our approach from others is that we compare distributional models, all of which
may be misspecified, either dynamically or otherwise. More specifically, our objective is to form
parametric conditional distributions for a scalar random variable, 3,11, given some collection of
conditioning variables, Z?, and to select among these. Define the group of conditional distribution
models from which we want to make a selection as Fl(u]Zt,G]lL), oy Fo(u|Zt,6)), and define the
true conditional distribution as Fy(u|Zt,60y) = Pr(y4+1 < u|Z'). Relative accuracy among these
models is measured using a distributional analog of mean square error (i.e. the average over U of
E ((Fi(u]Zt,ej) = F()(U|Zt,00)>2> , where v € U, and U is a possibly unbounded set on the real
line). For a given benchmark model, application of the recursive PEE bootstrap then enables us to
construct appropriate critical values when testing whether any competing model is “better” than
the benchmark.

In order to assess the finite sample performance of the PEE recursive bootstrap, we carry out
a set of Monte Carlo experiments in which we compare the new bootstrap with a version thereof
that does not contain adjustment terms as well as with a standard version of the block bootstrap
in which the entire sample of data is used to estimate the parameters of a model, instead of using
subsamples with recursive estimation schemes. Interestingly, our bootstrap method appears to
yield coverage probabilities approximately as good as when the standard block bootstrap is used,
and there is clear evidence that the adjustment terms yield substantive improvements relative to
the version of the recursive PEE bootstrap that does not contain the adjustment terms.

The rest of the paper is organized as follows. Section 2 explains the block bootstrap for recursive
m—estimators and establishes its first order validity. Sections 3, 4 and 5 outline the three applica-

tions of the recursive block boostrap: White’s reality check, out of sample integrated conditional



moment tests and predictive density evaluation. Monte Carlo findings are discussed in Section 6.
Finally, concluding remarks are given in Section 7. All proofs are collected in an Appendix. Here-
after, P* denotes the probability law governing the resampled series, conditional on the sample, E*
and Var* the mean and variance operators associated with P*, 0},(1) Pr —P denotes a term con-
verging to zero in P*—probability, conditional on the sample except a subset of probability measure
approaching zero, and finally O} (1) Pr—P denotes a term which is bounded in P*—probability,

conditional on the sample except a subset of probability measure approaching zero.

2 The Block Bootstrap for Parameter Estimation Error in Recur-

sive Schemes

In this section, we establish the first order validity of the block bootstrap when parameters are
estimated using the recursive m-estimator defined as follows.

Let Z8 = (Yg, oo, Yt—sy 415 Xty oy Xt—sot1), t = 1,..., T, and let s = max{sy, s2}. Additionally, we
henceforth assume that ¢ = 1, ...,n models are estimated, as in the applications outlined in Section

3 and 5 below. Now, define the recursive m-estimator for the parameter vector associated with

model 7 as:
1
0. in T Aar. 75—1 p. _ s
Hz’t_arger}él(f)li th,(y],Z 0;), R<t<T-1,i=1,...,n (1)
j=s
and
- , —1
01' = arg eiréléli E(qi(yj> Z? 791'))7 (2)

where ¢; denotes the objective function for model i. Following standard practice (such as in the
real-time forecasting literature), this estimator is first computed using R observations. In our
applications we focus on 1-step ahead prediction, and the recursive estimators are thus computed
first using R + 1 observations, and then R + 2 observations, and so on until the last estimator is
constructed using T — 1 observations; resulting in a sequence of P = T — R estimators. These
estimators are then used to construct sequences of P 1-step ahead forecasts and associated forecast
errors, for example.

In order to properly capture the contribution of parameter estimation error given the recursive

sampling scheme, it suffices to form bootstrap samples by first resampling R observations from



the initial R sample observations, and then concatenating onto this an additional P observations
resampled from the P remaining sample observations. More specifically, let bil; +bolo =T —s+1,
with b1l = R — s+ 1 and byly = P. Also, let W; = (y;, Zt~1). First, draw by overlapping blocks, of
length [1, from s, ..., R and then draw bs overlapping blocks, of length [, from data indexed by R+
1,..., R+ P, with replacement. The first R—s+1 pseudo observations, WS, Wg, ,, ... W7, |, ..., Wg,

are equal to Wllza,WI{aJrl, "'7WI{3+11—1’ ...,WI£+11_1, where I® i = 1,...,b; are independent uni-

i
form random draws on the interval s,..., R — [; + 1; and the remaining P pseudo observations,
Wi Wehias s Wiy s Wiy p, are equal to WI{”7WIf+17""WIf+l2—1’ ""szgﬂrl’ where If,
i =1, ..., bs are independent uniform random draws from data indexed by R+1, R+2, ..., R+P—[—1.
Thus, conditional on the (entire) sample, the pseudo time series W, t =s,..., R, R+ 1,..., R+ P,
consists of b = by +bs asymptotically independent, but non identically distributed blocks of length [y
and [y respectively.® Also, conditionally on the sample, all of the moments of each block are asymp-
totically homogeneous, under the assumption that the underlying sample is strictly stationary.
Therefore, the rescaled (partial) sums of the blocks satisfy the law of large numbers and the central

limit theorem for asymptotically independent and homogeneous random variables, conditional on

the (entire) sample. Now, define the recursive PEE bootstrap m-estimator as,

5;,5 = argeriréiéli % jz;qi(y;,Z*’jl,Gi), R<t<T-1,i=1,..,n.
In order to establish the asymptotic validity of this version of the block bootstrap, we require the
following assumptions.
Assumption Al: (y;, X;), with y; scalar and X; an RS—valued (0 < ¢ < oo) vector, is a strictly
stationary and absolutely regular 3—mixing process with size —4(4 + 1)) /1, ¥ > 0.
Assumption A2: (i) 93 is uniquely identified (i.e. FE(q;(y, Z'71,0;)) > E(qi(yt,Zt_l,H;r)) for
any 6; # 93); (ii) g; is twice continuously differentiable on the interior of ©;, for i = 1,...,n, and
for ©; a compact subset of Re(); (iii) the elements of Vg,q; and Vgﬂi are p—dominated on ©;,
with p > 2(2 4 v), where 9 is the same positive constant as defined in Assumption Al; and (iii)
E (—Vgiqi(&)) is negative definite uniformly on ©;.”

SMore precisely, each block from R + 1,..., R+ P — [ — 1 may overlap with any block from s, ..., R for at most s

observations, where s is finite.
"We say that Va,q:(y:, Z°71,6;) is 2r—dominated on ©; if its j — th element, j = 1,...,0(i), is such that

|V9iqi (ys, thl,Hi)|j < Dy, and E(|Dt\2r) < oo. For more details on domination conditions, see Gallant and White



Assumption A3: T =R+ P,and as T — oo, P/R — m, with 0 < 7 < 0.

Assumptions Al and A2 are standard memory, moment, smoothness and identifiability condi-
tions. Al requires (y:, X;) to be strictly stationary and absolutely regular. The memory condition
is stronger than a—mixing, but weaker than (uniform) ¢—mixing. Assumption A3 requires that R
and P grow at the same rate. Of course, if R grows faster than P, then ¥} p (as defined below)
vanishes in probability, and there is no need to capture the contribution of parameter estimation er-
ror when constructing bootstrap critical values for predictive accuracy tests such as those discussed

in the sequel.

Define:
;T R L I R -1
Vip = 55 (B =) + (—sziqut,z“,em
\/Ft:R Tt:s
| P2 P
PZ |\ Vo.aiyr 25771 0,r) — Zve 6 (yrij 2 0:1) |, (3)
Jj=1 J=1
h R L 4 1 4+ _ 1
where arj = iz + g T T mrPoT

Theorem 1: Let A1-A3 hold. Also, assume that as P, R — oo, l1,lo — 00, and that — 0 and

P1/4

P(w: sup PRP(\I/RP<U ( Z(” ) > >€>—>0,
veRe(@)

where P}, p denotes the probability law of the resampled series, conditional on the (entire) sample.

Iy
R1/4

Broadly speaking, Theorem 1 states that \I/}‘%’ p has the same limiting distribution as # E,‘tr:_]% (@t — Hj) ,
conditional on sample, and for all samples except a set with probability measure approaching zero.
As outlined in the following sections, application of Theorem 1 allows us to capture the contribu-
tion of (recursive) parameter estimation error to the covariance kernel of the limiting distribution
of various statistics.

Though a detailed proof of Theorem 1 is given in the appendix, it is worthwhile giving an
intuitive explanation of why there is an adjustment term in \I/}},P, as one might expect that
\f Z (Hjt 02-775) has the same limiting distribution as # EtT:_I% < it — 9T> For notational
simplicity, let h;+ = Vo, qi(ye, 2071, 92) and hi, = Vo,q(yf, AL 9:) Via a mean value expansion

(1988, pp. 33).



around @', using a similar argument as in Lemma A5 in West (1996), we have

S
-

P—

1P (zt_gT) BTaROtht+B Z R,j 1R+J+0P( ) (4)
t

Il
=

where BZT = (E ( V2. yt,Zt_l,O;r)))il. Also,

T— -1

1 ~ a 1
P (0:7& Lt) T R0 Z hiy — zt B — QR.j (hf,Rﬂ' - hi,Rﬂ') +0p(1), Pr—P.
! ()

t=R
Now, the first term on the RHS of (5) has the same limiting distribution as the first term on

H
!

&
T

the RHS of (4), conditional on sample. However, the second term on the RHS of (5) does not
have the same limiting distribution as the second term on the RHS of (4), conditional on sam-

ple. The reason for this is that, up to a term of order O}, (l/\/]?> E* (\f Z] 1 aRﬂhl R+j> =
# Z;'D: aR;p P iy 1 NiR+s # \F ZJ 1 ath, R+j- Now, rewrite (5) as,

1 T-1 a R 1 P—1 1 P—1
~ R . .
VP (0; ”) - BZT P Z (hie = +B P Z a hiryj — P Z hi,;
t=R t=s j=1 j=1
1 pP-1 1 P-1
~Bl— h hii | +05p(1), Pr—P. 6
i \/F pr aR.j o, R+j — P Jz; 4,5 p( ) ( )

As shown in the proof of the theorem, the term in square brackets in (6) mimics the limiting
distribution of \1F -1 (6, ‘= 0’»“) conditional on sample. Also, the difference between the second
term on the RHS of ( ) and BT\lﬁ Z lar, ( iR+j — P ZP ' hy ), vanishes asymptotically.
Therefore, the adjustment term completely offsets the second term on the RHS of (6), as R, P
go to infinity. In the following sections we outline three applications in which valid bootstrap

critical values can be constructed using the above approach for mimicing the limiting distribution

of L1 (80— 0]).
3 White’s Reality Check for Data Snooping

In this section, we extend the White (2000) reality check to the case in which the effect of parameter
estimation error does not vanish asymptotically. In particular, we show that the block bootstrap
for recursive m-estimators properly mimics the contribution of parameter estimation error to the

covariance kernel of the limiting distribution of the original reality check test. Although we focus



our attention in this paper on the recursive PEE bootstrap, which is based on resampling blocks of
deterministic length, we conjecture that the same approach can be used to extend the stationary
bootstrap employed by White (2000) to the case of nonvanishing parameter estimation error.

Let the generic forecast error be u; 11 = Y41 — Ki( 2, 0;[), and let U; 141 = Y1 — Ki( 2, @’t),
where r;(Z¢, @t) is the conditional mean function under model i. As above, we assume that the
set of regressors may vary across different models, so that Z! is meant to denote the collection of

all potential regressors. Following White (2000), define the statistic

Sp = max Sp(l,k),

k=2,..,m
where
1 T—1
SP(ly k) = ﬁ ZR (g(al,t+l) - g(ak’,t-i—l)) ) k= 27 sy 1y

t
with g a given loss function. Recall that in this test, parameter estimation error need not be
accounted for in the covariance kernel of the limiting distribution unless g # ¢; for some 4. This
follows upon examination of the results of both West (1996) and White (2000). In particular, in
West (1996), the parameter estimation error components that enter into the covariance kernel of
the limiting distribution of his test statistic are zero whenever the same loss function is used for
both predictive evaluation and in-sample estimation. The same argument holds for the reality check
test. This means that as long as g = ¢; Vi, the White test can be applied regardless of the rate of
growth of P and R. When we write the covariance kernel of the limiting distribution of the statistic
(see below), however, we include terms capturing the contribution of parameter estimation error,
thus implicitly assuming that ¢ # ¢; for some i. In practice, one reason why we allow for cases
where g # ¢; is that least squares is sometimes better behaved in finite samples and/or easier to
implement than more generic m—estimators, so that practitioners sometimes use least squares for
estimation and more complicated (possibly asymmetric) loss functions for predictive evaluation.®
Of course, there are also applications for which parameter estimation error does not vanish, even

if the same loss function is used for parameter estimation and predictive evaluation. One such

8Consider linex loss, where g(u) = e — au — 1, so that for a > 0 (a < 0) positive (negative) errors are more
(less) costly than negative (positive) errors. Here, the errors are exponentiated, so that in this particular case, laws
of large numbers and central limit theorems may require a large number of observations before providing satisfactory
approximations. This feature of linex loss is illustrated in the Monte Carlo findings of Corradi and Swanson (2002).

(Linex loss is studied in Zellner (1993), Christoffersen and Diebold (1996, 1997) and Granger (1999), for example.)



application is discussed in the next section.

For a given loss function, the reality check tests the null hypothesis that a benchmark model
(defined as model 1) performs equal to or better than all competitor models (i.e. models 2,...,n).
The alternative is that at least one competitor performs better than the benchmark. Formally, the

hypotheses are:
Ho: max E(g(uit1) — g(uge+1)) <0

k=2,...,n

and

Hy: max FE(g(ui41) — 9(ure+1)) > 0.

k=2,...n
In order to derive the limiting distribution of Sp we require the following additional assumption.
Assumption A4: (i) k; is twice continuously differentiable on the interior of ©; and the elements
of Vy,ki(Z%,0;) and Vzim(Zt, 0;) are p—dominated on ©;, for i = 2,...,n, with p > 2(2+ 1), where
¥ is the same positive constant as that defined in Assumption Al; (ii) g is positive valued, twice
continuously differentiable on ©;, and g, ¢’ and ¢g” are p—dominated on ©; with p defined as in (i);
and (iii) let cxr =
limy_ .o Var (ﬁ Z;‘F:s (9(ur+41) —g(umﬂ))), k = 2,...,n, define analogous covariance terms,
Ciks Jok =2,...,n, and assume that [c; ;] is positive semi-definite.

Assumptions A4(i)-(ii) are standard smoothness and domination conditions imposed on the
conditional mean functions of the models. Assumption A4(iii) is standard in the literature that
uses DM type tests (see e.g. West (1996) and White (2000)), and states that at least one of the
competing models has to be nonnested with (and not nesting) the benchmark.

Proposition 2: Let assumptions A1-A4 hold, then

omax (Sp(1,k) = VPE (glurern) = glunesr)) > max S(Lk),

where S = (5(1,2),...,5(1,n)) is a zero mean Gaussian process with covariance kernel given by V,
with V a n x n matrix with 7,7 element

Vi = Sgig; + 2Ny BICH Bl iy + 2104, BI €y B i — 41144, B{C B i + 2118,
where Sg.q, =327 E((9(u11) — 9(ui1)) (9(uri4+) — 9(uiier)))
Ci=>72 F <<V9¢Qi(y1+57 A 93)) <v9iQ’i(y1+8+T7 Z5t, 93))) ;

/
Sgig; = 2o B ((Q(Ul,l) —g(ui1)) (vﬂiQi(yl-i-s—i-‘r)ZS—’—Taeg)) > ;

—1
Bl = (B (~V3ail, 27,00))) i = B (Vog(uiasr), and I =1— 7" In(1 + ).

BI,ul - 2HS91‘qi B;r,ul-,

iq1

10



Just as in White (2000), note that under the null, the least favorable case arises when
E (g(uu“) — g(uk7t+1)> =0, V k. In this case, the distribution of Sp coincides with that of
MaxXg=2 . n (Sp(l, k) — VPE (g(ur41) — g(U/k’t+1))) , so that Sp has the above limiting distri-

bution, which is a functional of a Gaussian process with a covariance kernel that reflects uncertainty
due to parameter estimation error and dynamic mispecification. Additionally, when all competitor
models are worse than the benchmark, the statistic diverges to minus infinity at rate v/P. Fi-
nally, when only some competitor models are worse than the benchmark, the limiting distribution
provides a conservative test, as Sp will always be smaller than

maxg=2 . n <Sp(1, k) —VPE (g(u14+1) — g(Uk7t+1))>, asymptotically. Of course, when H,4 holds,
the statistic diverges to plus infinity at rate v/P.

In a recent paper, Hansen (2001) explores the point made by White (2000) that the reality
check test can have level going to zero at the same time that power goes to unity (i.e. that the test
is conservative unless E (g(u14+1) — g(urs+1)) = 0, V k), and suggests a mean correction for Sp in
order to address this feature of the test. Our version of the reality check has the same features and
can also be modified using the method proposed by Hansen.?

Recall that the maximum of a Gaussian process is not Gaussian in general, so that standard
critical values cannot be used to conduct inference on Sp. As pointed out by White (2000), one
possibility in this case is to first estimate the covariance structure and then draw 1 realization
from an (n — 1)-dimensional normal with covariance equal to the estimated covariance structure.
From this realization, pick the maximum value over kK = 2,... ,n. Repeat this a large number of
times, form an empirical distribution using the maximum values over k£ = 2,...,n, and obtain
critical values in the usual way. A drawback to this approach is that we need to rely on an
estimator of the covariance structure based on the available sample of observations, which in many

cases may be small relative to the number of models being compared. Furthermore, whenever the

9An alternative to the bootstrap critical values, may the construction of critical values based on subsampling
(e.g. Politis, Romano and Wolf (1999), Ch.3). Heuristically, we construct 7" — 2br statistics using subsamples
of length br, where br/T — 0; the empirical distribution of the statistics computed over the various subsam-
ples, properly mimics the distribution of the statistic. Thus, it provides valid critical values even for the case of
maxg=2,....m E (g(u1,4+1) — g(uk,t+1)) = 0, but E (g(u1,41) — g(uk,t+1)) < 0 for some k.Needless to say, the prob-
lem is that unless the sample is very large, the empirical distribution of the subsampled statistics provides a poor
approximation to the limiting distribution of the statistic. The subsampling approach has been followed by Linton,

Maasoumi and Whang (2003), in the context of testing for stochastic dominance.
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forecasting errors are not martingale difference sequences (as in our context), heteroskedasticity
and autocorrelation consistent covariance matrices should be estimated, and thus a lag truncation
parameter must be chosen. Another approach which avoids these problems involves using the
stationary bootstrap of Politis and Romano (1994). This is the approach used by White (2000),
and in general, bootstrap procedures have been shown to perform well in a variety of finite sample
contexts (see e.g. Diebold and Chen (1996)). Our approach is to apply the recursive PEE bootstrap

outlined above.

Hereafter, let u;, ;= yf\; — ri(Z*, HT) and U7,y =y — Ki(Z, Gz‘t) where
H*t = argeﬁélél quz y],Z*J 19), R<t<T—-1,i=1,..,n, (7)

and let w11 = Y1 — Hi(Z*’t,Hi’T). Recall that yzk,Z*’t has been obtained via the resampling

procedure described in Section 2. Define

Sp =  nax Sp(1,k),

=2,...,n
where
L 7!
Sp(Lk) = —= ((9(a1 441) = 9(@1¢41)) = (9(Tg41) — 9(Ure41)))
t=R
1 o 1 o N\
+7 Z Vo, g(U1,441) <_T Z Ve iy, 277, 91,T)>
t=s t=s
L Pl o | P2 o
X P 2 R (Velm(yR% ZF 0 ) — ) > Ve,ai(yrei, 271, 91,T)>
=1 1=1
T L I R -1
T Z 9(Upt+1) <_T Z Vv, 27, 9k,T)>
t=s t=s
= P— o
= > ari (Veka(yR—l—z»Z k) — - Z Vo, q1 yR+z>ZR+Z_1>9k:,T)) (8)
i=1 i=1

where ar; = %ﬂ + R+1i+1 + ...+ ﬁ, Vo, g(trir1) = g (yer1 — H1(Zt,51,T))V91/€1(Zt,§1,T),
Vo,9(Ug++1) is defined analogously, and with the notation ¢’ and g” we mean the first and second
derivatives of g with respect to its argument.

Proposition 3: Let assumptions A1-A4 hold. Also, assume that as P, R — oo, l1,ls — 00, and

— 0. Then, as P and R — oo,

that — 0 and

P1/4 R1/4
P(w sup PRP<maX S}‘g(l,k)ng)—P(max SE(1,k) < >‘>5>—>0,
veR k=2,...,n k=2,..n
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and

Sh(1,k) = Sp(1,k) = VPE (g(u1,441) — 9(tk41))

The above result suggests proceeding in the following manner. For any bootstrap replication,
compute the bootstrap statistic, Sp. Perform B bootstrap replications (B large) and compute the
quantiles of the empirical distribution of the B bootstrap statistics. Reject Hy, if Sp is greater
than the (1 — «a)th-percentile. Otherwise, do not reject. Now, for all samples except a set with
probability measure approaching zero, Sp has the same limiting distribution as the corresponding
bootstrapped statistic when E (g(u1¢+1) — g(ug¢+1)) = 0 V k, ensuring asymptotic size equal to .
On the other hand, when one or more competitor models are strictly dominated by the benchmark,
the rule provides a test with asymptotic size between 0 and «. Under the alternative, Sp diverges to
(plus) infinity, while the corresponding bootstrap statistic has a well defined limiting distribution,

ensuring unit asymptotic power.

4 QOut-of-Sample Integrated Conditional Moment Tests

Corradi and Swanson (CS: 2002) draw on both the consistent specification and predictive ability
testing literatures and propose a test for predictive accuracy which is consistent against generic
nonlinear alternatives, and which is designed for comparing nested models. The test is based on
an out-of-sample version of the integrated conditional moment (ICM) test of Bierens (1982,1990)
and Bierens and Ploberger (1997). One reason why using an ICM type test is more intuitively
appealing in our context than, say, a Diebold and Mariano (DM: 1995), West (1996) or reality
check type test, is that in addition to comparing nested models, we also use the same loss function
for estimation and for predictive evaluation. To explain the problem that can arise when not using
an ICM type test, consider the DM test. Note first that the difference between functionals of the
“true” forecast errors is identically zero when the null model is nested. Additionally, as discussed
above, parameter estimation error vanishes whenever the same loss function is used both in- and
out-of-sample, regardless of the value of w. Thus, when the same loss function is used throughout,
and the null model is nested, the numerator of DM type tests vanishes in probability under the

null.'® It turns out that the limiting distribution of the ICM type test statistic proposed by CS

"Note that McCracken (1999) shows that a particular version of the DM test in which a null model is compared

against a fixed alternative and the numerator is multiplied by v/P has a nonstandard limiting distribution. However,
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is a functional of a Gaussian process with a covariance kernel that reflects both the time series
structure of the data as well as the contribution of parameter estimation error. As a consequence,
critical values are data dependent and cannot be directly tabulated. CS establish the validity
of the conditional p-value method for constructing critical values in this context, thus extending
earlier work by Hansen (1996) and Inoue (2001). However, the conditional p-value approach suffers
from the fact that under the alternative, the simulated statistics diverge (at rate as high as \ﬂ~),
conditional on the sample and for all samples except a set of measure zero, where Tplays a role
analogous to [ in the block bootstrap. As this feature may lead to reduced power in finite samples,
we establish in this application that the recursive PEE bootstrap can also be used.

Summarizing the testing approach used in this application, assume that the objective is to test
whether there exists any unknown alternative model that has better predictive accuracy than a
given benchmark model, for a given loss function. A typical example is the case in which the
benchmark model is a simple autoregressive model and we want to check whether a more accurate
forecasting model can be constructed by including possibly unknown (non)linear functions of the
past of the process or of the past of some other process(es).!! Although this is the case that we
focus on, the benchmark model can in general be any (non)linear model. As mentioned above, one
important feature of this application is that the same loss function is used for in-sample estimation
and out-of-sample prediction (see Granger (1993) and Weiss (1996)). In contrast to the previous
application, however, this does not ensure that parameter estimation error vanishes asymptotically.

Let the benchmark model be:
v =07, + 0]y 1 + g, (9)

where 91[ = (911,9172), = argminglegl E(q1(yt — 9171 — Gl,gyt,l)), 91 = (91,1,0172)/, Yt is a scalar,
q1 = g, as the same loss function is used both for in-sample estimation and out-of-sample predictive

evaluation, and everything else is defined above. The generic alternative model is:

Y = 9;1(7) + 9;2(7)%4 + 9;3(7)10(?‘1, v) + u24(7), (10)

his approach does not apply in the current context, as we consider generic alternatives, and as we allow for misspec-

ification of all models being compared rather than assuming correct specification under the null. On the other hand,
Giacomini (2002b) provides a test for conditional predictive ability valid for both nested and nonnested models. The

key ingredient of her test is the fact that parameters are estimated using a fixed rolling window.
"TFor example, Swanson and White (1997) compare the predictive accuracy of various linear models against neural

network models using both in-sample and out-of-sample model selection criteria.
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where 03() = (05, (), 035(). 03 5(7))’ = arg ming,ce, E(q1(ye — 02,1 — O22m1-1 — Oazw(Z71,7))),
02(7) = (021(7),022(7),023(7)), 62 € Oa, where T is a compact subset of R?, for some finite d.
The alternative model is called “generic” because of the presence of w(Z!~1 ), which is a generi-
cally comprehensive function, such as Bierens’ exponential, a logistic, or a cumulative distribution
function (see e.g. Stinchcombe and White (1998) for a detailed explanation of generic comprehen-
siveness). One example has w(Z!™1 v) = exp(D 2, 7:®(X;—;)), where ® is a measurable one to
one mapping from R to a bounded subset of R, so that here Z! = (X, ..., X;_s,+1), and we are

thus testing for nonlinear Granger causality. The hypotheses of interest are:

Ho : E(g(uit+1) — g(u241(7))) = 0 versus Ha : E(g(urg41) — g(uzz41(7))) > 0. (11)

Clearly, the reference model is nested within the alternative model, and given the definitions of 91
and 9;(7), the null model can never outperform the alternative. For this reason, Hy corresponds
to equal predictive accuracy, while H4 corresponds to the case where the alternative model out-
performs the reference model, as long as the errors above are loss function specific forecast errors.

It follows that Hy and H4 can be restated as:
Hy : 6?;3(7) =0 versus Hy : (9;3(7) # 0,

for Vy € T, except for a subset with zero Lebesgue measure. Now, given the definition of 9;('7),

note that
-1

E | g (yer1 = 0%,(7) = 05 ,(v)me — 05 5(v)w(Z, 7)) % —ys =0,
—~w(Z',7)

where ¢’ is defined as above. Thus, under Hy we have that 9;3(7) =0, 0;1(7) = 911, 0;2(7) = 91[72,
and E(g'(u14+1)w(Z%, 7)) = 0. Thus, we can once again restate Hy and Hy4 as:

Hpy : E(¢' (w1 441)w(Z",7)) = 0 versus Ha : E(g'(u141)w(Z%,7)) #0, (12)

for Vy € T, except for a subset with zero Lebesgue measure. Finally, define @141 = Y41 —

( 1 ) §1¢. Following CS, the test statistic is:

Mp = /F mp(7)26(1)d, (13)
and
1 T-1
mp(y) = P12 Z g (@ e)w(Z,7), (14)
t=R
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where fr v)dy =1, ¢(v) > 0, and ¢() is absolutely continuous with respect to Lebesgue measure.
In the sequel, we need:
Assumption A5: (i) w is a bounded, twice continuously differentiable function on the interior of
I and V,w(Z',v) is bounded uniformly in T'; and (i) V, Ve, ¢} ,(61)w(Z"",~) is continuous on
01 x I', where q’Lt(Hl) = ¢ (yt — 011 — 012y4—1), I a compact subset of R and is 2r—dominated
uniformly in ©; x I'; with » > 2(2 4 ¢) where v is the same positive constant as that defined in
Assumption Al.

Assumption A5 requires the function w to be bounded and twice continuously differentiable;
such a requirement is satisfied by logistic or exponential functions, for example.

Proposition 4: Let assumptions A1-A3 and A5 hold. Then, the following results hold: (i) Under

H07
/mP d7_>/ d’Ya

where mp() is defined in equation (14) and Z is a Gaussian process with covariance kernel given

by:

K(m,72) = Sgg(n,72) + 20l BYSp Bl iy, + 1B, Sgn(v2)

+H,u/72 BT Sgh (fyl ) )

with 11y, = B(Vo, (941 (ure+1)w(Z", 1)), BT = (—E(Vg, a1 (u1))) ",

Sgg(v1:72) = 2272 o0 B9 (ur,511)w(Z°, 1) g (uns4j41)w(Z°H, 72)),

Shih = 225200 E(Vo,q1(u1,5) Vo, a1 (u,545)"),

Sgn(11) = Z;’i_oo E(¢'(u1,s+1)w(Z°,71)Va,q1(u1,s+;)"), and ~, 71, and 2 are generic elements of
r.

(ii) Under Hy, for & > 0, limp_oo Pr (% [ mp(7)?¢(y)dy > ¢) = 1.

As in the previous application, the limiting distribution under Hy is a Gaussian process with a
covariance kernel that reflects both the dependence structure of the data and, for = > 0, the effect
of parameter estimation error. Hence, critical values are data dependent and cannot be tabulated.

In order to implement this statistic using the recursive PEE bootstrap, define!?

07 = (0114,075,) = arg min *ZQI j =011 —b12y51). (15)

01€01

12Recall that y§, Z* has been obtained via the resampling procedure described in Section 2
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Also, define uj ;1 = yi1 — (1 y) Ait. The bootstrap test statistic is:

MP—/mP v)d,

where, recalling that g = q1,

T-1
mp) = B 3 (9@l 7) = sl 7)
T - -1
+% Z Vo, q1(y: — 51,1,T — a1,2,Tyt—1) ( Z Vi a1 (ye 91,1,T — 6 2. TY— 1))
t:f» 1

Z agr (V61Q1 YR+i — 91,1,T — 6, 2 TYR+i—1)
=1

-

-1

"U

Vo, 1 yR-H - 91,1,T - 91,2,TZ/R+Z 1))

z:l

Proposition 5: Let assumptions A1-A3 and A5 hold. Also, assume that as P, R — oo, l1,ls — 00,
R1/4

PRP</mP d7<v)— (/mP d'y<v> >a>—>0,

where ap; = %ﬂ + ﬁ + ...+ ﬁ and m',(y) = mp(y) — VPE (g’(uLHl)w(Zt,*y)) )

and that — 0 and — 0. Then, as P and R — o0,

p1/4

P (w sup
veER

The above result suggests proceeding the same way as in the first application. For any bootstrap
replication, compute the bootstrap statistic, M}. Perform B bootstrap replications (B large) and
compute the percentiles of the empirical distribution of the B bootstrap statistics. Reject Hy if
Mp is greater than the (1 — a)th-percentile. Otherwise, do not reject. Now, for all samples except
a set with probability measure approaching zero, Mp has the same limiting distribution as the
corresponding bootstrap statistic under Hp, thus ensuring asymptotic size equal to «. Under the
alternative, Mp diverges to (plus) infinity, while the corresponding bootstrap statistic has a well

defined limiting distribution, ensuring unit asymptotic power.

5 Predictive Density Evaluation

In several instances, such as financial risk management, for example, one is interested in predicting
either a particular confidence interval (e.g. Value at Risk) or the entire conditional distribution of a

variable of interest. Hence, over the last few years, a new strand of literature addressing the issue of
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predictive density evaluation has arisen (see e.g. Diebold, Gunther and Tay (DGT: 1998), Christof-
fersen (1998), Bai (2001), Diebold, Hahn and Tay (1999), Hong (2001) and Christoffersen, Hahn
and Inoue (2001)). The literature on the evaluation of predictive densities is largely concerned with
testing the null of correct dynamic specification of an individual conditional distribution model.
On the other hand, in the literature on the evaluation of point forecast models it is acknowledged
that all models in a group that is being evaluated may be misspecified (see e.g. White (2000) and
Corradi and Swanson (2002)). In this application, we draw on elements of these two literatures
in order to provide a test for choosing among a group of misspecified out-of-sample predictive
density models. Reiterating our above point, the focus of most of the papers cited above is that
the density associated with the true conditional distribution is clearly the best predictive density.
Therefore, evaluation of predictive densities is usually performed via tests for the correct (dynamic)
specification of the conditional distribution. Along these lines, by making use of the probability
integral transform, DGT suggest a simple and effective means by which predictive densities can
be evaluated. Using the DGT terminology, if p;(y:|Q:—1) is the “true” conditional distribution of
yt|Qu—1, then p;(y|—1) is an identically and independently distributed uniform random variable
on [0,1]; so that the difference between an empirical version of p(y|€2:—1) constructed using esti-
mated parameters and the 45 degree line can be used as measure of goodness of fit.!? A feature
common to the papers cited above is that the null hypothesis is that of (dynamic) correct speci-
fication. Our approach differs from these as we do not assume that any of the competing models
(including the benchmark) are correctly specified. Thus, we posit that all models should be viewed

as approximations of some true unknown underlying data generating process.

13Using the same approach, Bai (2001) proposes a Kolmogorov type test based on the comparison of p; (y:|Q:—1, é\T)
with the CDF of a uniform on [0,1]. As a consequence of using estimated parameters, the limiting distribution of
his test reflects the contribution of parameter estimation error and is not nuisance parameter free. To overcome this
problem, Bai (2001) uses a novel device based on a martingalization argument to construct a modified Kolmogorov
test which has a nuisance parameter free limiting distribution. His test has power against violations of uniformity but
not against violations of independence. Hong (2001) proposes an interesting test, based on the generalized spectrum,
which has power against both uniformity and independence violations, for the case in which the contribution of
parameter estimation error vanishes asymptotically. If the null is rejected, Hong (2001) also proposes a test for
uniformity robust to non independence, which is based on the comparison between a kernel density estimator and
the uniform density. Diebold, Hahn and Tay (1999) propose a nonparametric correction for improving the density

forecast when the uniform (but not the independence) assumption is violated.
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In this application, our objective is to “choose” a conditional distribution model that provides
the most accurate out-of-sample approximation of the true conditional distribution, given multiple
predictive densities, and allowing for misspecification under both the null and the alternative hy-
potheses. At first blush, it may seem that the probability integral transform approach will yield
a solution to this problem. However, it is difficult to map the degree of deviation from uniformity
and independence into a meaningful measure of the degree of misspecification of a model, so that
the probability integral transform method does not easily extend to the evaluation of multiple
misspecified models.

Another strategy that yields tests of the null of correct specification that are equally as useful
as those discussed above is the conditional Kolmogorov test approach of Andrews (1997), which is
based on a direct comparison of empirical joint distributions with the product of parametric con-
ditional and nonparametric marginal distributions. Corradi and Swanson (2003b) extend Andrews
(1997) in order to allow for the in-sample comparison of multiple misspecified models. Our focus
in this application is to extend their results to out-of-sample predictive density evaluation via use
of the block recursive bootstrap. More specifically, and using the notation outlined above, our ob-
jective is to form parametric conditional distributions for a scalar random variable, 3,1, given Z?,
and to select among these. Define the group of conditional distribution models from which we want
to make a selection as F(u|Z?, 9{), ooy By (u] 22, 0;2), and define the true conditional distribution as
Fo(u|Zt,00) = Pr(ys11 < u|Z'). Hereafter, assume that q;(yi, 2071, 0;) = —In fi(y:| 211, 0;), where
fi(:]-,0;) is the conditional density associated with Fj, i = 1,...,m, so that in this application, 93
is the probability limit of a quasi maximum likelihood estimator (QMLE). If model i is correctly
specified, then 9;{ = 6p. In the sequel, Fi (-], 01[) is taken as the benchmark model, and the objective
is to test whether some competitor model can provide a more accurate approximation of Fy(+|-, )
than the benchmark.!4

We begin by assuming that accuracy is measured using a distributional analog of mean square
error. More precisely, the squared (approximation) error associated with model i, i = 1,...,n, is

2
measured in terms of the average over U of F <<Fi(uZt, 1) — Fo(u] 21, 00)> ) , where u € U, and

1411 this test, the competing models are known. This is different than the probability integral transform approach

where only the null model is explicitly stated.

19



U is a possibly unbounded set on the real line. The hypotheses of interest are:
2 2
Hp: max / E <<F1(U|Zt791) - Fo(u|Zt’00)> - (Fk(u|Zt79};) - Fo(u|Zt,00)> > ¢(u)du <0
k=2,...n Ju (16)
versus
2 2
Hy: max / E ((ﬂ(u\zt,e{) _ Fo(u|zt,90)) - (Fk(uyzt,e,i) - Fo(u|Zt,90)> ) $(w)du > 0,
=2,.,n Juy (17)

where ¢(u) > 0 and [;;¢(u) = 1, w € U C R, U possibly unbounded. Note that for a given
u, we compare conditional distributions in terms of their (mean square) distance from the true

distribution. We then average over U.'5:16 The statistic is:

Zp = max /Ume(l,k)gb(u)du, (18)

k=2,...,m

5Kitamura (2002) proposes a comparison among misspecified conditional models, subject to given moment restric-
tions, in terms of the conditional entropy. Giacomini (2002a) proposed an evaluation method for predictive densities
based on a weighted likelihood ratio, accuracy is measured in terms of the Kullback Leibler Information Criterion

(KLIC).
61f interest focuses on predictive conditional confidence intervals (see e.g. Christoffersen (1998)), so that the

objective is to “approximate” Pr(u < y:+1 < u|Z"), then the null and alternative hypotheses can be stated as:

Hy: max B (((FI(E|Zt,9D - Fl(@|zt,91)) — (Fo(@| 2", 60) — Fo(g|Zt,90)))2

t ot t pt t t 2
_ ((Fk(mz 00) — Fy(ulZ ,9k)) — (Fo(@|Z",60) — Fo(ulZ ,90))) ) <0.
versus
2
Hjy: max B (((Fl(mzﬁ 01) - Fi(u|Z", 01)) — (Fo(u|Z*,60) — Fo(ul|Z", 90)))
2
- ((Fk(mzt,e,t) - Fk(gzt,e;)) — (Fo(u|Z',00) — Fo(g|Zt,90))> ) > 0.
Analogously, if interest focuses on testing the null of equal accuracy of only two predictive conditional distribution

models, say F1 and F}, we can simply state the hypotheses as:

HY /U B ((Fl(u\zt,ei) - Fo(u|Zt790))2 — (Fuulz",0) - Fo(u\Zt,Go))2) $(w)du = 0

versus

HY /UE ((Fl(u|zt,91) _ Fo(u|zf,00))2 ~ (Futulz',6]) - Fo(u|Zt,00))2) $(u)du # 0.
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where

T—1

1 L \2 .~ 2
Zea(1,k) = == 30 ( (Hyer < wh = Fa(ulZ!,000) = (Mo < u} = Bl Z',000)) ) -
VP &

t=R (19)
In this application we find more ”"natural” to estimate each model by QMLE, so that in terms of
equation (1) ¢; = —In f;, where f; is the conditional density associated with model ¢, and é\i,t is
defined as é\i,t = arg maxy,ce, %Z;:s Infi(y;, 2771,60;), R<t<T—1,i=1,...,n.

In Corradi and Swanson (2003b) we show how the hypotheses above can be restated as

o x| () (W) ou)du < 0
=2,.n Juy

versus

Hy : max / (,u%(u) - ,u%(u)) ¢(u)du > 0,
=2,..,n Ju

where pi?(u) = E ((1{% <u} — Fi(u|Zt, 9:))2) . In the sequel, we require the following additional
assumption.

Assumption A6: (i) F;(u|Zt,0;) is continuously differentiable on the interior of ©; and Vy, F;(u| Z?, 93 )

is 2r-dominated on ©;, uniformly in u, r > 2,3 = 1,...,n;'" and (ii) let vgr(u) =plim7 o

Var (G (M= - Rz o)) =) - (U= o) - 2 o)) —2w)) ).
k = 2,...,n, define analogous covariance terms, v;(u), j,k = 2,...,n, and assume that [v;;(u)] is
positive semi-definite, uniformly in w.

Analogous to assumption A4, assumptions A6(i)-(ii) are standard smoothness and domination
conditions imposed on the conditional distributions of the models, and assumption A6(iii) states
that at least one of the competing models, Fy(-|-, 91), ey F (4], 9};), has to be nonnested with (and
non nesting) the benchmark.

Proposition 6: Let assumptions A1-A3 and A6 hold.'® Then:

k=2,....mn k=2,....n

max /U (Zeau(1.k) ~ VP (i) — 1)) ) b (w)du 4 max /U Zu 1 (w)bu (u)du,

where Z; ;(u) is a zero mean Gaussian process with covariance Cy(u,u’) equal to:

(3 (st - Riz0)) =80 ) ((10s o) - B2 6) =6 )

j=—o0

1"We require that for j =1, ..., ps, (E (VgFi(u|Zt,92)) - < D¢(u), with sup, sup, cp E(D(u)?") < oo.
j

®Note that A2 should hold with ¢; = —In f;, and A2(ii) should read as E(fi(yet1|2¢,0:)) < (fi(yes1]Zt,0])), for
all 0; # 6] .
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[e.9]

+8( 30 (M= = Ptz 6D) = i) ((1sy ) - Pz 6) = i) )

j=—o00

—2F i <<1{ys+1§ u} — F1(U!ZS,01)>2 _ M%(U)) ((1{ys+j+1§ u'} — Fk(u"Zerj’a;L))Q B Mﬁ(u/)>

j=—o0

9J1f (u),A(HJ{)E Z v91 In fl (strl’ZS? Qi)va In fl(y5+j+1‘Zs+jv GJD/ A(Gj{)mgi (u,)

j=—o00

ot W AE)E [ Y7 Vo I fily,in 2°.60) Vg, I iy, 212,00 | A@))mg (')

j=—00

=8Iy () AODE | Y7 Vo, n fi(y,| 2%, 00V, 0 filyp a2, 00) | A iy ()

j=—o0

—dTImy (w) AGDE | Y vellnﬁ(ysﬂwieb((1{ys+3+1< u} = Fy(ul2* )

j=—oc

j==oc

+4Tmy () AODE | vellnﬁ(ysﬂmeb((1{ys+]+1< u} = Fy(ul 2 6})) C )

—dTImy; (u) AODE [ D Vo, In fily,,,12°, 0L ((1{ys+]+1< uy — F (u] 2579 9*

j=—o00

oo
Y AGDE | Y Vo, 1200 (Mo 0 - Fr(ulz 8] —M%w)bz )
j=—00
with my (u)'= E (Vo Fi(u 2',0]) (1yr1 < u} = Fi(ulZ",6]) ) ) and A@0]) = (B (= V3, In fi(y,4,1 2", 9})))_1
From t};is proposition, we see that when all competing models provide an approximation to the
true conditional distribution that is as (mean square) accurate as that provided by the bench-
mark (i.e. when [ (uf(u) — pi(uv)) ¢(u)du = 0,Vk), then the limiting distribution is a zero
mean Gaussian process with a covariance kernel which is not nuisance parameters free. Ad-
ditionally, when all competitor models are worse than the benchmark, the statistic diverges to
minus infinity at rate v/P. Finally, when only some competitor models are worse than the bench-

mark, the limiting distribution provides a conservative test, as Zp will always be smaller than
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maxg—2__n [y (Zpu(l k) — VP (p3(u) —yi(u))) ¢(u)du, asymptotically. Of course, when H4
holds, the statistic diverges to plus infinity at rate v/P.

Now, define the bootstrap statistic as:!°

Zp = x| 23, (L D)o(u)dn
U

k=2,...,n
where
% 1 — * *t px 2 t 9 2
Zin(L8) = 53 (((1{yt+1 <ub - Bz 50) - (U <) - Az, 60)°)
VP :
* b 2 t n 2
1{yt+1 <wu}— Fp(ulZ* 79k7t)> - (1{yt+1 <u} — F(ulZ ,Qk,t))
o T-1 R R , = R -1
—7 (VelFl(U|Zt, 017) (1{yf+1 <u} — Fi(ulZ', 91,T))> <_T > Vi Az, 91,T)>
t=s
| Pl
x——Y ari | Vo, fi(yr| 21,0, 7) — Zvelfl (yres 27571 01 1)
\/p =1 =1
o T R R = R -1
+TZV0,€F1¢ (ulZ",0r.1) (1{yt+1 <u} — Fyp(ulZ", 0.1 ) ( Z Vi fe(yel 2 9k,T)>
t=s t=
| Pl
x—="ar; | Vo, felyrsil 25771 ) — *Zvekfk YR+l 2501 O ) (21)
\/ﬁ =1 =1
Proposition 7: Let assumptions A1-A3 and A6 hold. Also, assume that as P, R — oo, l1,ls — 00,
and that P1/4
P (w sup | Pr, p ( max / 75, (L k)p(u)du < v) - P( max / Z5 (1, k)o(u)du < v> > 6) — 0,
vER k=2,..n Jur ’ k=2,.,n Jir ’

where ap,; = R%_i + ﬁm + ...+ ﬁ and Zp  (1,k) = Zpu(1,k) — VP (13 (u) — p2(u)) .
The above result suggests proceeding as outlined in the reality check application discussed

above.

6 Monte Carlo

Proposition 1 establishes the first order validity of the recursive PEE bootstrap. In this section we

study its finite sample behavior via a small Monte Carlo experiment. In particular our objective is

19 As in the previous two applications, y; and Z*' have been obtained via the resampling procedure described in

Section 2
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to answer the following two questions: (i) Does the inclusion of the adjustment term lead to (sub-
stantially) improved coverage probabilities? (ii) How does the recursive PEE bootstrap perform,
relative to the “full sample” standard block bootstrap?

Two data generating processes are specified, namely y; = ¢+ py—1 + & and yy = ¢+ p1ye—1 +
payi—1 + e, with &, ~ IN(0,1), ¢ = 0.1, p = {0.2,0.4,0.6,0.8} and p; = ps = {0.1,0.2,0.3,0.4}.
Given this setup, we proceed to estimate both AR(1) and AR(2) models for each of the two
alternative DGPs. Thus, in the present context, when we estimate (via OLS) an AR(1) (or an
AR(2)) model, 51-775 = (Cit, pit) (or @,t = (City Pr,it:P2:t)"), with 2 = 1,2 denoting the estimate
models (AR(1) and AR(2), respectively), and 6’3 = (cj,pz)’ (or 03 = (c;r,p;i,p;i)’), where 92
denotes the probability limit of é\,t Needless to say, in the case of correct dynamic specification, 92
represents the parameters characterizing the conditional expectation, while in the case of dynamic
misspecification (e.g. the DGP is AR(2) and we estimate an AR(1)), 03 represents pseudo true
values, which can be explicitly computed. We confine our attention on the slope parameters. For
notational simplicity, consider the case in which we estimate a AR(1) and the DGP is also AR(1),
so that we compute a P—sequence of estimators p;, bootstrap estimators p;, and we know that

pl ={0.2,0.4,0.6,0.8}. In this case the bootstrap statistic with adjustment is given by:2°

L Pl 1 I -1
Vigp = NGz (Pf — pt) + (T Z (Yt—1 — y)2>
t=R t—2
P-1 P—1
1 . B 1 . .
X 75 2. O | ERt Wr+j-1 =F) = 5 ) €rej WR+j-1=7) |,
j=1 J=1

where €ryj = (Yr+j — ¥)—Pr (Yr+j—1 — ) - Also, define the bootstrap statistic without adjustment
as U5'p p = # Zf:Rl (Pt — pr), and the (full sample) standard bootstrap statistic as W37 =
VT (% — pr) . Hereafter, let 2% be the (1 — a) quantile of the distribution of Ul g ps 25" the
(1 — a) quantile of the distribution of V5", p and z3™* the (1 — ) quantile of the distribution of
\Ifg*:,’f We now define 100(1 — )%, equal-tailed, two-sided confidence intervals corresponding to
the recursive bootstrap with adjustment, the recursive bootstrap without adjustment and the full

sample, standard block bootstrap, that is
pP-1 * pP-1 *
X 1 ~ Fai2 1 ~ . Fl—a/2)
ClI*: < —= E - —= = E + — = 22
{Pt:RPt VP Pt:Rpt VP (22)

2ONote that p; is computed using the pseudo time series obtained by first resampling b; blocks from the first R

observations and then concatenating bs blocks resampled from the last P observations, as described in Section 2.
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pP-1 *ok P-1 Kk
1 ~  Fan 1 ~ Fll-a

vt T

The coverage probabilities for C'I*, CI**, CI*** are then obtained by computing the proportion

Z*** Z***
ore {ﬁ;p i G L) } (24)

of times, across simulation replications, for which p' falls into the respective interval. By comparing
the coverage probabilities for C'T* and CI** we have a direct measure of the impact of the adjustment
term. Broadly speaking, if the difference between the actual and nominal coverage is smaller for
CT* than for C'I**, then it is definitely worthwhile to construct boostrap critical values based on
the recursive bootstrap with adjustment. The coverage probabilities for CI* and CI*™** are useful
in the sense that their comparison tells us whether the recursive PEE bootstrap provides critical
values for the statistic # Zfz _Rl (pr — p!) which are as reliable as those provided by the standard
block bootstrap for the statistic v/T (ﬁT — pT) . Note that we compute the coverage probability for
CI™* using T observations, this is done purposely to give an advantage to the standard block
bootstrap.

All bootstrap empirical distributions are based on 200 bootstrap replications, and all tabulated
results are based on 500 Monte Carlo simulations. In addition, samples of T' = {600,1200,2400}
observations are used, and the number of estimators constructed in the context of the PEE recursive
scheme bootstrap is P = 0.57, with the first estimator constructed using T' — P observations, the
second with T'— P 4 1 observations, etc. The nominal coverage probability, across all experiments,
is set equal to 0.95. We have tried a variety of values of a in the construction of the confidence
intervals. However, as the results are qualitatively the same, we report results only for o = 0.05.

Our findings are reported in Tables 1-4, and are organized as follows. The second column lists
the bootstrap used to mimic the distribution of PEE associated with either the AR(1) autoregres-
sive parameter (denoted p in the tables) or the autoregressive parameters from the AR(2) model
(denoted py and ps in the table). Entries corresponding to rec correspond to coverage probabilities
associated with C'T*. Entries corresponding to full are the rejection probabilities associated with
CTI**. Tables 1-4 is broken into two panels, depending upon whether data were generated according
to an AR(1) process (Panel A) or an AR(2) process (Panel B), and the autoregressive parameters
of the DGPs are given in the header line for each panel. In addition, block lengths used are denoted
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by the various values of I = l3.2! In Tables 5 and 6, results are gathered for the recursive PEE
bootstrap with no adjustment terms, so that entries denote the coverage probabilities associated
with CI**.

Turning now to the results, a number of clear-cut conclusions emerge. First, inspection of
Tables 1-4 suggests that the recursive PEE bootstrap (rec) performs approximately as well as
the standard full sample block bootstrap (full). As expected, both types of bootstraps have good
coverage when the autoregressive parameters in the models are smaller, with performance worsening
as these parameters increase from 0.2 to 0.8 in the AR(1) case (see Panel A of Tables 1-4) and
from 0.1 to 0.4 in the AR(2) case (see Panel B of the same tables). In addition, performance
improvement is rather similar across the two bootstraps when the sample size is increased. These
findings suggest that the recursive PEE bootstrap can be applied with the same level of confidence
as the standard block bootstrap within the context of full sample estimation. Second, when pg =0,
which is the case in Panel A of Tables 1-4, as the true DGP in these cases is an AR(1) process,
coverage is often better than in the case in which we estimate an AR(2). Interestingly, the converse
does not always hold. In particular, when the true DGP is an AR(2) and an AR(1) is estimated
then coverage associated with p is often as good as that associated with p; and po, and is often
better than that associated with ps. This is perhaps surprising, given that we always set p; = p2,
and suggests a complicated interaction between parsimony and model specification. Third, notice
in Tables 1 that the best coverage usually occurs with rec for block lengths around one half as
long as for full. This is not surprising, given that P = 0.57, so that, at least loosely speaking,
samples used in the construction of rec are around 1/2 as long as those used in the full, so that the
relative length of the blocks is the same. However, notice that this finding does not hold up when
the autoregressive parameters are increased (see Tables 2-4), and in particular when p is largest
(Table 4), in this case both the full and the rec bootstraps prefer the longest block that we tried.
Finally, upon comparison of the results reported in Tables 5 and 6 with the rec bootstrap results
from Tables 1-4, it is clear that there is everywhere an improvement in coverage when the PEE

recursive scheme bootstrap is constructed with the adjustment term.

21As P = R = 0.5T, we use the same block length when resampling from the first R observations and from the last

P observations.

26



7 Concluding Remarks

In this paper we have introduced a parameter estimation error (PEE) bootstrap for recursive es-
timation schemes (named the recursive PEE bootstrap) and have shown its first order validity,
that is its ability of mimicing the limiting distribution of # Z;‘F:_Rl ((9} — 6*), where R denotes the
length of the estimation period, P the number of recursively estimated parameters, é\t is a recursive
m—estimator constructed using the first ¢ observations, and 07 is its probability limit. In recursive
estimation schemes, earlier observations are used more frequently than temporally subsequent ob-
servations. This introduces a bias to the usual block bootstrap, as under standard resampling with
replacement schemes, any block from the original sample has the same probability of being selected.
We circumvent this problem by first forming bootstrap samples as follows. Resample R observa-
tions from the initial R sample observations, and then concatenate onto this vector an additional P
resampled observations from the remaining sample. Thereafter, construct # ZtT:_}% (5;" — @) and
add an adjustment term in order to ensure that the distribution of the sum of both components is
the same as the distribution of # ZtT:_}% (@t — HT) , conditional on the sample, and for all samples
except a set of probability measure approaching zero. The recursive PEE bootstrap can be used
to provide valid critical values in a variety of interesting testing contexts, and three such leading
applications are developed. The first is a generalization of the reality check test of White (2000)
that allows for non vanishing parameter estimation error. The second is an out-of-sample version
of the integrated conditional moment (ICM) test of Bierens (1982,1990) and Bierens and Ploberger
(1997) which provides out of sample tests consistent against generic (nonlinear) alternatives. Fi-
nally, the third is a procedure assessing the relative out-of-sample predictive accuracy of multiple
conditional distribution models. This procedure is based on an extension of the Andrews (1997)
conditional Kolmogorov test. Finally, the finite sample behavior of the recursive PEE bootstrap has
been analyzed via a small Monte Carlo study, from which two main findings emerge. First, across
different DGPs and sample sizes, the recursive PEE bootstrap is overall as reliable as the standard
(full sample) block bootstrap. Second, across all experiments, the recursive PEE bootstrap ensures
a much better coverage than the corresponding bootstrap procedure which neglects the adjustment

term.
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8 Appendix

The proof of Theorem 1 requires the following three lemmas. As the statement below holds for
i =1,...,n and the proof is the same regardless which model we consider, for notational simplicity
we drop the subscript i. Also, for notational simplicity, in the sequel we set I; =l = [.

Lemma A1l: Let A1-A3 hold. If as R — oo and P — o0, | — 00, /R — 0 and [/P — 0, then (i)
SUp;> R ‘é\z‘ — é\t‘ = op+(1), Pr—P, and (ii) sup;>p ‘(/9\,’5k — GT‘ =op«(1), Pr—P.

Lemma A2: Let A1-A3 hold. If as R — oo and P — oo, | — o0, [/R* — 0 and I/P* — 0, then
sup;> g ¥ ’(5;" - GT)’ = op«(1), Pr—P, for all ¥ < 0.5.

Lemma A3: Let A1-A3 hold. If as R — oo and P — oo, [ — o0, [/R* — 0 and [/P* — 0, then if
P/R — 7 >0, then

t
* 1 * *,7—1 pf
Var* | — n E (ng(yj,Z I 0 )) = 2I1Cyy, Pr—P,

where Cyg = Z;’ifoo E ((ng(y1+5, ZS,HT)) (ng(y1+s+j, 7517, QT))/> and I =1—7"1In(1 + 7).
Proof of Lemma A1l: (i) We need to extend the consistency results for bootstrap m—estimators
of Goncalves and White (2002b, Theorem 2.1), to the case of recursive m—estimators. Recalling

that for t > R,
1 1
o s T . 7—1 x o T * *,7—1
by = argmin - E q(yj, 277, 0) and 6} = argmin - E q(y;, 27, 0),
J]=s J=s

and given that the argmin is a measurable function, and because of the unique identifiability
conditions in A2(ii), it suffices to show that

t

1 i a
supsup |~ > (q(y}, 2*771,0) — q(y;, Z771,0))| = op+(1), Pr—P.

t2R6e0 | 1 =

Hereafter, for notational simplicity let q(y;,Z*’jfl,O) = ¢;j(f) and q(y;, Z771,0) = ¢;(0), and let
n=E(q;(0)), V0 € ©. Now,

t t
1 1
sup sup |— (0) —q:(0))| < supsup |- 0) — E* (gf (0 25
supsup 23 (4;(0) — q;(0)) < supsup 3 () (4(9))) (25)
1< 1<
+supsup |- (0) — 4 supsup |~ E* (qt(0)) — ) 26
supsup | 2 (@(0) =)+ supsup tJZ:jS( (4}(0)) = 1) (26)
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Now, recalling that R = byl and P = byl, let t = (by + k)l for any generic k = 1, ..., by,

1 t 1 R-+kKl I
LS B @i 0) E*(q(0 E* (¢ (0 ) pr-p
t%; (¢}(9)) b1+kl§: NOETD %;1 qJ)>+O<R)’ £

uniformly in 6, as under A3, P and R grow at the same rate, as the sample size increases. Now,

R
1 *(k — ﬁ QS-H(G) + ...+ QZ+3(0) QQ+S(0) +.t q1+1+s(0) QR71+1(9> tot QR(Q)
Y ENg(9) = t< R_i11 + R—1+1 et R—-1+1
_ ! Pr—P
= R : R ’ ’
and
Ri’fl EX( _ k (qry1(0) + ...+ qry(0) qr+P-1+1(0) + ... + qrypP-1(0)
hl (qi( = - + ...+
g 7 P_l+1 P—-1+1
j =R+1
g1 el
_ Z (.9)+0< > Pr—P.
kt+bi P 4 R
Thus

LN oo b 1g Fo1 l
P B0 = g m N O G qj<a>+o<R>, Pr—P,

j=R+1

and so the second term on the right hand side of (26), by the uniform strong law of large number
approaches zero in probability. Analogously, the first term on the right hand side of (26), by the
uniform strong law of large number is op(1). As for the first term on the RHS of (25), it is majorized

by:

sup
0co bl

-+ sup sup
k>10e0 b1 + Kk

RS (Uj<9>—?*<vjw>>)

).

where for j = s—1,..., R—1, U; are independent discrete uniform taking value (q;+1(6)+...4+¢;4.(0))
with probability 1/(R — 1+ 1), and for j = R, ..., R+ P — [, U; are independent discrete uniform
taking value (gj114+r(0) + ... + ¢j+1+r(0)) with probability 1/(P — 1 + 1). By the uniform law of
large numbers for asymptotically independent and homogeneous observations, the sum of the two
term in (27) approaches zero in P*—probability.

(ii) Immediate as,

sup @‘—GT‘ < sup §Z‘—f9\t + sup é\t—
t>R >R >R
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and the first term is 0} (1), Pr—P by part (i), while the second term is o(1) Pr —P.

Proof of Lemma A2: First note that,

-1

t
o (5 - o) - ngqyj 298 || i O Vot 209761 |

Jj=s
with 0; € (5;‘,9 ). Hereafter, for notational simplicity let Veq(y] Z5I710) = qu;-‘(G),
V3a(y;, 2771,6) = V2q;(6), and let Bf = (B (=V3a:(6"))) ",

?;1][; 1;; <V2q;(9:) BT_l) < ?121]1% 1;; (VQQ;(Q:) (VQ (0 ))) (28)
+sup 1;; (V@) — B1™") |+ sup éj (V200 - B (V2 @))) |,  (29)

as 0, € (é\z‘, 6") and 6; € (6;,07), given Lemma A1, SUp;> ‘@: - @t’ = op+(1) Pr—P, thus the right
hand side of (28) and the sum of the two term in (29) are op«(1) Pr—P, by the same argument
used in the proof of Lemma Al. Given A3(ii), it follows immediately that

-1

t
1 1
sup fzvgq(y;,Z*’J_l,Ht) — Bf| = o0p-(1), Pr—P. (30)
>R |\t

Let n; = (2tloglogt)'/?, and let ng(yj,Z*J_l,Q) = h;(@), and Voq(y;, Z771,0) = h;(0),
¢
1
su hE(01)| < su nEOh — E* (b6t + su E* (h5(0))],
t>II~% ntz t>g nt]z;( J( ) ( J( ))) t>12 ntz ( ) (31)

and noting that, by the same argument as in the proof of Lemma Al, up to a term of order

O(1/PY?), Pr—P,

1 ' * * 0T 1 )
ilgnt;E <hj(€ )> = \/2RloglogRjZ::sh](9)

R+-Kl
1 +

h;(6
st /2Kl loglog(kl) ; il

and both the terms on the RHS of (32) are O(1), a.s. — P, as, given Al and A3 each component of

(32)

both terms satisfies the conditions for the functional law of the iterated logarithm (e.g. Theorem

2 in Eberlain (1986)).
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It remains to show that the first term on the RHS of (31) is Op«(1), Pr —P. To further simplify
the notation, we denote h (67) and h;(61) as h% and hj, respectively. First, recalling that, except
for an overlapping of at most s observations, all blocks are independent each other, conditionally

on the sample,

. T_1 1 R 1 R+P—-1 l
() () e (55 ) )

t=s t=R+1

b1 l bo 1
1 1 l
= Va?” ﬁ E E h]iRJ'_j + Va?“ ﬁ E E hIiP-Fj + O <I_q/2> y Pr —P,

=1 j=1 =1 j=1
R1 b1 l l P1 bo l l l
i=1 j=1 k= i=1 j=1 k=

where for ¢ =1, ...,b; IiR are independent discrete uniform on s, ..., R — [, while for ¢ = 1, ..., by Iip
are independent discrete uniform on R, R+ 1,..., R + P — [, thus after few simple manipulations,

the equality on (33) can be rewritten as
R—-I

1

>
k=1

also given A(1) and A(3) and the growth conditions on the parameter [, the sum of the first to two

N =

l P1 R+P—-1 1 I
/ !/
j=—1 k=R+I1 j=—1

terms in (34), up to term approaching zero Pr —P, is equal to Cpp, and so

V* = limp_oo Var® (ﬁ ST h;f(ef)> is O(1), Pr—P. Now,

b1

t
o B 1 Ui — E*(Us)
V* 1/27§:h*f_E* h* < ||V* 1/2—5 —
gg n j:s( ’ m)) = 2by loglog by 7= !
b1
- 1 3 U; — E*(Uy)
v* /2 - D 4 s 35
+21§1) 2k loglog by i1< ! ) (%)

where for i = s,..., R — [, U; is independent discrete uniform taking value (hi+1(0) + ... + hi1(6))
with probability 1/(R — 1+ 1), and for i = R,..., R+ P — [, U; is independent discrete uniform
taking value (hiy1+r(0) + ... + hiti+r(0)) with probability 1/(P —1+1). Therefore the assumptions
of Theorem 1 in Eberlain (1986) are satisfied and so the right hand side of (35) is O} ; (1) Pr—P,
thus sup;>p ‘% Z;ZS (h;(m) —E* (h;‘(OT)))‘ is also O ; (1) Pr—P. Recalling (30), the desired

statement then follows.
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Proof of Lemma A3:

As in the proof of Lemma A2, let ng(y;f,Z*’jfl,@) = h;(@), and Voq(yj, 2771,0) = h;(0), also
let ng(y;-‘,Z*’jfl,QT) = h}, and ng(yj,ijl,HT) = hj. Along the lines of West (1996, proof of
Lemma A5),

where ag; = (R+1i) ' +...+ (R+P—1)"1, for 0 <i < P — 1.2 Thus,

t R
1 . )
Z 5 DI s (an bk ot an b p) +op (1), PrP
Jj=s ]:8 \/ﬁ (36)

w\»—\

= R 1 B
Var* | —= th* = SVar® | ag 07271*
J ’ J
PRt j=1 P VR j=1
1 P-1 1
—|—PVCLT* Z arjhpe; | + FCOU* aR,0 Z hj, Z arjhpy;
=1 =1 =1

Given that any of the last bs blocks can be correlated with any of the first b; blocks for at most s
observations, s finite, up to a term approaching zero conditionally on the sample, the covariance
term is equal to zero. Now, for t = s,...R, E* (h}) = R~! Zis hy + O(1/P) = hr + O(l/P), thus
up to a term of order O(l/R'/?),

R
1
Var* aR’OﬁZh; = aROVar (\FZ hIk+z>
j=1 =1

k=1
1 _
= apob” (RZZ (hiy+i — hgr)(hp4j — hR)/>
k=1 i=1
R 1
1 _ _
= apy I Z (he — hg)(her; — hR)' | +O(1/RY?) Pr—P.
=1 j=—1
So,
| R
FVar aR’O\/EjZ:;hj
Ra%o ! Ra%o 1 L 12
=P Xt | 2 X (n =R ~ T =) +0<R), (37)
j=-1 t=l j=—

22The o0p«(1), Pr—P term on the RHS of (36) comes from the fact that the summation run from j = s instead of

j=1.
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G2
where v; = Cov(hy, hiyj). By West (1996, proof of Lemma A5), it follows that le‘o Zé’:—z v —

7~ n?(1+47)Cyp, while the second term on the RHS above goes to zero Pr —P (see e.g. Theorem 2
in Newey and West (1987)). Now, for j = 1,..., P, E*(ag,jh}, ;) = ar;P Z L hryj+O(1)P) =
ag;hp + O(l/P), thus up to a term of order O(/P/?) Pr—P,

P—-1
1
Var* | —= aphe, . | =V EEG ah .
TD; R,j1R+j (\/> R,((k—1)l+41) R+Ik+>

k=1 i=1

by 11
1 _ _
= pE Y an -1 @rm ((—1y4+5) (hri1ri — hp) (hrig 45 — hp)
k=1 i=1 j—1

Lol

1 &

= 5 AR, ((k—1)i+3) OR,(k-1)i+5) E (RR1 148 — BP)(hRy 105 — Bp)')
k=1 i=1 j—1

by 11 P
1 1
= E E E AR,((k—1)1+4§) AR, ((k—1)I+5) < E (hgtiti — hp) (Mgt — hP)) +O(/PY?) Pr—P

k 1:i=1 j5=1 t=l

1 by 11
= ZZGR, k—1)144) AR, ((k—1)l+4)Vi—j

=1 j=1
1l L 1 b=l _ B
+5 Z Z Z AR, ((k—1)I+4i) AR, ((k—1)I+5) ( Z (hr+ti — hp)(hRrer; — hp) — ’Yi—j)>
k =1 j=1 t=l
O(l /Pl/ %) Pr—P (38)

We need to show that the last term on the last equality in (38) is o(1) Pr —P. First note that it is

majorized by

b l 1 P—l B B
% 2.2 <P ((hrseri = hp)(hpsers — hp) = %j))

= ((hrtt — hp)(hryer; — hp) — ;)| + O/ P'/?) Pr—P (39)

The first term on the RHS of (39) goes to zero in probability, by the same argument as in Lemma
2 in Corradi (1999)?3. As for the first term on the RHS of the last equality in (38),

by 1 l P-l 1

1 1

PO D D R ()R (k1)) Vs = D D WAV + O/ P?) Pr—P
k=1 i=1 j=1 t=l j=—1

23The domination condition here are weaker than those in Lemma, 2 in Corradi (1999) as we require only convergence

to zero in probability and not almot surely.
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ZaRt Z Vit P Z Z AR tOR t+j] —aRt)% +O(Z/P1/2)

j=—1 t=l j=—1
By the same argument as in Lemma A5 in West (1996), the second term on the RHS above

approaches zero, while

PZ Rt Z v — (21 — 7 In(1 + 7)] —7r_11n2(1—|—7r)) Coo.
j=—1

As the first term on the RHS of (37) converges to 7' In?(1 4 7)Coo (see West (1996), p.1082), the

desired outcome then follows.

Proof of Theorem 1:

where 7, € (5;;,9*) and 0; € (@,m).
Given Lemma Al and A2 and given A1-A3,

-1 —1
t t
1 * *,7—1 7 1 —1 9 *
sup ;ZVM(ZJ]',Z CNOON I gZVQQ(vaZJ ) =op(1), Pr—P,
t2 = j=s
and also
-1
t
1 * *7—1 p* *
sup | (=3 > Vial;, 2710) | —B' | =0b(1), Pr—P, (41)

j=s

so the RHS of (40) can be written as:

t t
1 N i 1 . "
E ; 5 VOQ(ijz " 170T) - ; § VGQ(ijzJ 176T) +0P(1)7 Pr—pP
=R

P1/2
j=s j=s
1 1 1<
T 5211;—;21“ +0p(1), Pr—P, (42)
t=R Jj=s j=s
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by letting ng(y;-‘, Z%371 1) = ht, Voa(y;, Z7=1,0") = hy. Recalling that ars = (R+s)" 1 +.. +
(R+P—-1),0<s< P—1,and that for t = 1,..R, E* (h}) = R"' 3% h+0O(l/P) = hg+O(1/P),
and for j = 1,..., P, E*(athh}}Jrj) = agr;P 12] 1 hRyj + O(Z/P) = aRvjﬁp + O(Z/P), the RHS
of (42) writes as,

R P-1
1 1 _
Blapo—=> (hj —h) + BT —= ari(Wpyi — hp)
) P; t \/ﬁ; R+
| Pl
—B'—— N " ani(hgei — hp) + 05(1), Pr—P. 43
75 2 an(hari —he) + 0p(1) (43)

i=1

The sum of the first two terms in (43) satisfies a central limit theorem for mixing triangular arrays
(Wooldridge and White (1988)) and, by Lemma A3, has asymptotic variance equal to 2I1Cjy,
which is the same as the asymptotic variance of P~1/23 T} (6, — 92 ) (see Lemma A5, in West
(1996)), conditionally on the samples and for all samples but a subset of measure approaching zero.
Therefore, it suffices to show that the the last term on the RHS of (3), i.e. the adjustment term,
is equal to BT - Z -1 aRZ (hryi — hp), up to a term vanishing asymptotically. Given Al and
A2, ( T thl V(, qi(y, Z *1,0T))_ — Bt = 0(1) Pr—P (i.e. op(1)), where 67 is the estimator
constructed using all T" observations.

Now let hpyi(07) = Vea(yrri, Z7~",07), and hp(0r) = P~ S0 Vea(yri, 271, 07), and
let V2hp1i(0r) = V3q(yrss 25771, 07). Now,

P-1

BT\/lﬁ Z} AR ((h s (Or) — Ep(éT)) — (hayi— Ep))
_ BT% i AR (VQhRH(?T) - ﬂp(érp)) VP (§T - eT) = o(1), Pr—P, (44)
=1

as VP (@T — GT) = O(1) Pr—P, and by the uniform law of large numbers for mixing triangular
arrays, p Zl 1 QR (VghRH(gT) - V2hp(§T)) = 0(1) Pr—P. The desired result then follows.
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Proof of Proposition 2: Via a mean value expansion, and given A1,A2

T—1
1 R ~
Sp(L,k) = iz (9(u1,441) — 9(Uk,p+1))
=R
L Tl
= P2 (9(“1,t+1) - g(uk,tJrl))
=R
L T B ~
+t5 g (T14+1) Vo, k1(Z,01,4) P2 (91,t - 91)
=R
L Tl B ~
—5 2 o () Vo ki (2", 010 P2 (B — 0]
=R
L Tl
= m (Q(Ul,t+1) - g(uk,t+1))
=R
L Tl T—1
T > (91,t - > P1/2 <9k,t - 9,1) +op(1),

il
ES

=R

where uy = F (g’(ul,tH)Vglm(Zt, 91)) , and py, is defined analogously. Now, when all competitors
have the same predictive accuracy as the benchmark model, by the same argument as in Theorem
4.1 in West (1996),

(Sp(1,2), ..., Sp(1,n)) % N(0,V),

where V' is a n X n matrix with i, j element v; ; = Sg,4. + 2I1Cy; + 211C;; — 211C;;, where Cy; =
. /
Y5 W E ((vequm, 2%,01)) (Vot; (14545, 2579, 61)) ) M =1-7"'In(l+ 7). The distribu-

tion of Sp then follows straightforwardly from the continuous mapping theorem.

Proof of Proposition 3: For brevity, we just analyze model 1.

N

_.
N

1 s N 1 "
P2 (9(“1,t+1) - 9(“1,t+1)) = P12 (9(“1,t+1) - 9(“1,t+1))
t=R t=R
= R R
173 2 (Vors@ ) (80— 01) = Vorg (@) (61— 60]) ). (45)
t=R

where W} ;1 = yra1 — 1(Z54, 01 4), Taen = yerr — K1(Z8,014), 014 € (05, 00) and 81 € (614.0)).
As an almost straightforward consequence of Theorem 3.5 in Kunsch (1989), the first term on the

RHS of (45) has the same limiting distribution as P~1/2 t R 2 (g(ur41) — E(g(u1e41))) . As for
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the second line in (45), it writes as:

T-1 T-1
1 1 - R
pl/2 Z Vo, 9(uy t+1) (91t 91 t) ~ P Z Vo, g(u] t+1 Vglg(ul,tﬂ)) (91,t _ 91)
= t=R
| Tl ~ -
- pi2 Vo,9(ul 141) (Hik,t - 91715) +o0p(1), Pr—P
=R
=
- HlBI PL/2 (A — h1y) +0p(1), Pr—P, (46)
=R

Y1 Z*’t,G}L), hit41 = Vo, 1 (Yit1, Zt,ei). Also, the last line in (46) writes

—~

where hi 1 = Vg, q1

as:

R P-1
1 . 1
MlBI <a%%,0 P1/2 Z ( 1t hl,t) P1/2 Z AR, hl JR+i hl P))
t=1

1=1
P—1
1 7 *
—MlBIm Z ar,i (h1,p4+i — h1,p) + 0p(1), Pr—P, (47)
i1

where EL p is the sample average of hy; computed over the last P observations. Given Lemma A3,
by the same argument used in the proof of Theorem 1, the first line in (47) has the same limiting
distribution as BT /2 Z <6’1t —6 ) , conditional on sample. Therefore we need to show that the
correction term for model 1 (i.e. second and third, fourth line on the RHS of (8)) offsets the second
line in (47), up to a o(1) Pr—P term. Let hy 11 (517T) = Vo, q1(yt+1, 2%, ale) and hy p (@\1,7’) is

the sample average of hy 41 (/9\17T) , over the last P observations. Now, by the uniform law of large

numbers
1 T— T—1 -1
fzvﬁ 1t+1 <TZV91QI yt7Z il 91T)> _IUIBI :0}(1)7 Pr—P.
t=s t=s

Also, by the same argument used in the proof of Theorem 1, it follows that,

pP-1 P-1
1 — 1 —~ _ ~
P2 Z AR, (hLRH - hl,P) T pi2 Z AR, (hl,R+i <91,T) — hip (91,T)) =o(1), Pr—P.
i=1 i=1

Proof of Proposition 4: From Theorem 1 in Corradi and Swanson (2002).

Proof of Proposition 5: Recall that g = ¢i, also let uj, ., = y;5; — (1 yf )éit, where
git € (/H\T,t’ HI) , and /G\Tt is defined in (15). Then,

=
h

L

pPl/2
t

(9" @] )w(Z™ ) — g (G 1)w(Z2", 7)) = (9 (uf i) w(Z5 ) — ¢ (ur41)9(Z", 7))

I
=
il
S
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T-1 T-1
PW; Vo, g (W 441)) w(Z"" )(91t QT) P1/ > (Vo g (@41)) w(Z',7) (9115—91[)

= t=R
1 T-1 1 T—-1 R R
= pip < (gl(uT,t—i-l)w(Z*’ta’Y) - gl(ul,tﬂ)w(ztﬂ)) Pl 2}; Vo, g (@ t+1)) w(Z*, ) (Qit - 91,1&)
t= t=
1 e N . L 5 of
57z 2 (Voud @ 0) w(Z"9) = (Vo,6/@41)) w(24,7) (1= 1) (48)
t=R

the last term in (48) is 0p(1) Pr—P, as given A3, sup;>p pP/? (51,1& - HI) = Op(1), and
=
* / * !
Sup b > ((v91gl(u1,t+1(91))) w(Z*, ) = (Vo' (u1,041(61))) w(Ztﬁ)) =op«(1), Pr—P,
1€01 t=R

where u’{,tH(Hl) = Y — ( 1 vy )61, and uy41(61) = Y1 — ( 1y )(91. Now, pointwise in

v, the first term on the RHS of the last equality in (48), has the same limiting distribution

as P11/2 Zz;% (¢'(ur441)w(Z,7) — E (¢ (u141)w(Z*,7))) . Stochastic equicontinuity on I' can be
shown along the lines of Theorem 2 in Corradi and Swanson (2002). Therefore, under Hy, any con-
tinuous functional over I of ﬁ ZtT;}% (' (uf o) w(Z*t, ) — ¢'(ur,141)w(Z", 7)) has the same lim-
iting distribution of the same functional of S g (g (ur ) w(Z8 ) — E (¢ (ur,e01)w(Z8,7)))
conditional on the sample and for all samples but a subset of measure approaching zero. By the
same argument used in the proof of Proposition 3, the last term on the RHS of the last equality in
(48) is 05 (1) Pr —P. It now remains to consider the second term on the RHS of the last equality in
(48). Hereafter, let Vg, gp = P~ 31 Vg, g(u15), and py = E (Vo' (u1441)w(Z%,7)) . Recalling

that ¢ = g, by the same argument used above, it writes as,

T—-1 t ¢
1 1 - 1
M;W Z _szag(“iﬂ gzvelg(uf,j)
t=R j=s j=s
~1
1< ) 1
- _{Zvelg@lﬁj) gzvelg(uu) +0p(1), Pr—P
=S f—

- v PI/QZ Z v91g(u>{,j)_v919<ul,j)) +o0p(1), Pr—P
] =S

R P-1
CLR’() « 1 % —_
= B 55 > (Voug(uiy) = Voig(uny) + 1B 5 > ani (Vou9(ul pei) = Vorgp)
t=s =1
P-1
_M%BT . Z AR, (V@lg(U1,R+i) — Vglgp) +op(1), Pr—P.
i=1
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Now, by the same argument as in the proof of Theorem 1, the sum of the first two terms on the
RHS of the last equality, mimic the contribution of parameter estimation error, while the last term

is offset by the adjustment term. The desired outcome then follows.

Proof of Proposition 6: This proof requires just a small modification to the proof of Theorem
1 in Corradi and Swanson (2003b). In fact, the only difference is that in the current context
parameters are estimated recursively. Also, recall that parameters are estimated by QMLE (using
the density associated with the candidate conditional model), so that ¢; = —1In f;, i = 1,...,n with

2
fi being the density associated with Fj. Let p?(u) = E <(1{yt+1 <u} — Fi(u|Zt, Hj)) )

—E ((1{yt+1 < u) — Fo(u|Zt, 90))2) +E ((Fg(u|Zt7 8o) — Fi(u| 2, aj))2> . Thus,

Zpu(1, k) \F Z <(1{yt+1 < u}— Fi(ulZ, elt)) (1yr1 < u} - Fk(u]Zt,gm))Q)

N
R

= (o < b= All2280)” - i)

21

il
gk

Z ((1{yt+1 <u} — Fr(ulZ", 5“))2 - ui(u)> + VP (i (u) = pi ()

S

[l
EH
gng -

~
—

V@lFl(u’Zt,th)/ <1{yt+1 S u} — Fl(u]Zt, 91)) \/ﬁ (é\l,t — 61)

]
Y

|
i e
(]

[y

+

Vo, Fe(ul 2", 00) (Wi < u} = Fu(ul2,60)) VP (B - 6})

=y

+VP (i (u) — i () + op(1)

where 0; ; € ((/9\i¢, 92), i =1,...,n, and where the op(1) term holds uniformly in v € U. Now, given

A1,A2 and A6, by the uniform law of large numbers for f—mixing processes,

sup
0,€0;

T—
;Z Fi(ul 2,0, (Hyrer < u} — Fi(ul 2,0)) — puo,| = op(1).
t=R

39

) = )
< Hye1 < ul — Fi(u|lZ, HT)> - u%(u)) — ﬁ Z ((1{%“ <wu}— Fk(u\Zt,H;L)) —

2
k

w)
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-1

t t
- 1 o 1 -
(0i=0l) = =D (52 VE WAz 00 | | =5 D Vo n fily; 277, 00)
: =
i1 N i-1 gt
= Bl—=> | =5 2 Ve nfily;|2771,00) | +op(1),

where Bf = (E (—vgi In fi(yrs1| 21, 9})»_1 and 119, = E (Vo, Fy(u|Z",0;) (1{yes1 < u} — Fy(u]24,6:))).
For any given u, u’ convergence in distribution to a normal with the same covariance as in the state-
ment of the theorem follows by the same argument as in Proposition 6 and by the Cramer Wold
device. Finally stochastic equicontinuity in u follows by the same argument as in the proof of
Theorem 1 in Corradi and Swanson (2003b). Convergence of finite dimension distribution and

stochastic equicontinuity ensure weak convergence to a process on U.

Proof of Proposition 7: As for the first two lines on the RHS of the bootstrap statistic, equation
(21):

1 T-1

VP (((1{?4:“ < u} = Fi(ul 2", éf,t))Q - <1{yt+1 <u} — [ (u|Zt, 51,15))2>
=R
_ <<

* *t 7% 2 t 2
Wyt < uh = B2, 000)) = (Hyeer < u} = F(ulZ',0ce))

1

= 75 j;: <<((1{92‘+1 <u}— Fi(ul2*,0})) - Vo, Fi(ulZ*,07,) (7, - 9}))2

_ ((1{yt+1 <) — Fy(ulZt, 9{)) — Vo, Py (u] Zt,1) (él,t . e{))2>

(

(o < ) — Fetulz™ 6])) ~ Vo, Bl 2,5, (5~ 6}))’
((Hyerr < u} = Fuul2',6))) = Vo, Fr(ul 2", 0) (B - e};))Q)) , (50)

where éit € (5;},9;[ ) , éi,t € (@,t,ﬂj ) . Now, by a similar argument as that used in the proof of
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Theorem 2 in Corradi and Swanson (2003b), (50) writes as:

(FRuiz*,6)) - F(ul2",6)))

——= > (FZ" 6Dy < ub = FlZ',6)1{ < u})

A~~~ X
—~

Wyt < u} = F(ulZ2*,0])) Vo, Py (ul2°4,8,,)') VP (07, - 0])

+% ((1{‘%“ <uj - Fl(u|Zt’9J1r)) v(’lFl(“|Ztagl,t),> VP (é\l,t — 49J1r)

(FR(ulz**,0)) - F2(ulZ",6}))

_l_
Sl 5=
P

Fr(ul 2, 61) Wy sy < u} = Fe(ul 2,01 {yes1 < u})

T—

—_

((Wwir <) = Fu(ulz*",6])) Vo, Fe(ul 2,85, ) VP (B, — 0])

ol

=R
1

S

((1{yt+1 <u}— Fk(U|Zt,9;L)> ngFk(u]Zt,ém)’) VP (@k,t — 9;2) + op+(1),Pr—(B1)

ol
=

As shown in the proof of Theorem 2 in Corradi and Swanson (2003b), ﬁ ZtT:s (Fi2 (u]Z*¢, 92) — F2(u|Zt, 01))
has the same limiting distribution as # ST (Ff(u\Zt,Gj) —-FE (Ff(u]Zﬂ@I))) , a8 & process

over U, and # ST (Fi(u\Z*’t, Hj)l{y;:rl <u} — Fi(ulZt, 92)1{yt+1 < u}) has the same limiting
distribution as # St (E(u]Zt,G;r)l{ytH <u}—FE (Fi(u\Zt,GZ)l{ytH < u})) , s a process

over U.

For sake of simplicity we just analyze the parameter estimation error component of model 1.
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Now, by a similar argument as that used in the proof of Proposition 3,

;T 1 ((Hyier < b = R 2,60])) Vo, Fu(ulZ2*4,0, ) ) VP (87, — 0])
t=R
;T 1((1{yt+1 <U} FI(U‘Zt ) v91}71(2’42 elt)) \/ﬁ(é\lvt_91>
=R

_ —QMGIA(HI)\/J?<§{¢—§M)+0;§(1), Pr—P

t

1 : )
> (10 /1 (12777, 61) = In fi (51277, 61)) | + 03(1), Pr—R52)

j=s

1 T-1
t=R

(VglFl(u]Zt, oty <l{yt+1 <) — Fy(u] 2, 9{))) and A(0]) = (E (—vzlfl(ytﬂyzt, 9{)))_

where m,y¢ (u)=F
1
Also, the last line in (52)

Let hf i1 = Vo, In iy |27 00), hrenr = Vo, In fi(yiga| 28, 60).

writes as:

T—1 P—-1
1 N -
—2/#){14(9 <GR0P1/2 § : hi it hl t p1/2 E:aRai (hLRJri o hlf))
t=R i=1

P—-1
1 _
+20g AOD) 575 D ari (hmei = B p) +0p(1), Pr—P.
=1

The desired outcome then follows by the same argument as in the proof of Theorem 1 and of

Proposition 3.
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Table 1: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive
Scheme with Adjustment Terms versus Full Sample Scheme: Part 1)

Panel A: DGP is an AR(1) Process - p = 0.2

smpl boot coeff l=4 l=6 =10 =12 =15 =20 =25 [=30 (=50 =60
600 rec p 0.732  0.800 0.896 0.870 0.912 0.904 0.894 0.870 0.864 0.844
1 0.730  0.812 0.904 0.890 0.910 0.898 0.900 0.884 0.878 0.850

P2 0.898  0.898 0.908 0.916 0.938 0.910 0.896 0.908 0.862 0.856

Sfull p 0.655  0.875 0.870 0.850 0.890 0.905 0.900 0.940 0.895 0.915

o1 0.665  0.875 0.865 0.880 0.885 0.920 0.900 0.925 0.895 0.900

p2 0.865  0.905 0.905 0.940 0.910 0.940 0.920 0.935 0.885 0.890
=4 [1=10 =15 1=20 1=25 [1=30 [1=40 1[=50 1 =60 1 =100

1200 rec p 0.612  0.868 0.902 0.900 0.924 0.926 0.908 0.880 0.904 0.882
/1 0.624  0.874 0.900 0.904 0.934 0.918 0.900 0.896 0.914 0.890

p2 0.874  0.924 0.924 0.918 0.918 0.888 0.940 0.912 0.884 0.866

Sfull p 0.560  0.855 0.925 0.930 0.905 0.910 0.940 0.905 0.915 0.885

1 0.595  0.880 0.920 0.915 0.925 0.925 0.940 0.900 0.915 0.885

P2 0.880  0.910 0.915 0.930 0.915 0.880 0.925 0.925 0.925 0.910
l=4 [1=10 =20 [=30 [=40 [=50 [=60 [=80 [=100 1[=120

2400 rec p 0.436  0.780 0.898 0.934 0.928 0.920 0.914 0.910 0.934 0.888
1 0.452  0.796 0.908 0.934 0.924 0.920 0.918 0.920 0.928 0.888

p2 0.890  0.904 0.930 0.932 0.914 0.924 0.930 0.938 0.892 0.894

full p 0.315  0.820 0.890 0.920 0.930 0.930 0.930 0.950 0.930 0.880

1 0.350  0.815 0.880 0.940 0.930 0.930 0.935 0.935 0.940 0.900

P2 0.890  0.920 0.955 0.925 0.935 0.955 0.935 0.950 0.925 0.935

Panel B: DGP is an AR(2) Process - p1 = p2 = 0.1
=4 =6 =10 =12 [=15 [=20 [=25 [=30 =50 =60

600 rec p 0.828  0.850 0.898 0.892 0.910 0.894 0.894 0.864 0.868 0.834
/1 0.862  0.872 0.914 0.902 0.924 0.908 0.912 0.878 0.880 0.834

P2 0.832  0.886 0.900 0.920 0.912 0.896 0.904 0.890 0.886 0.840

Sfull p 0.805  0.830 0.900 0.860 0.910 0.875 0.910 0.920 0.870 0.900

p1 0.825  0.865 0.905 0.885 0.930 0.880 0.950 0.925 0.885 0.920

p2 0.835  0.860 0.905 0.870 0.920 0.895 0.925 0.875 0.905 0.935

=4 1=10 =15 [1=20 (=25 (=30 [=40 [=50 [1=60 (=100

1200  rec p 0.794  0.892 0.916 0.918 0.914 0.906 0.914 0.898 0.886 0.872
1 0.816  0.906 0.928 0.926 0.912 0.912 0.916 0.900 0.896 0.882

p2 0.786  0.912 0.920 0.940 0.932 0.902 0.930 0.892 0.912 0.856

Sfull p 0.750  0.875 0.915 0.890 0.910 0.905 0.925 0.920 0.885 0.870

1 0.765  0.890 0.925 0.895 0.915 0.920 0.925 0.920 0.880 0.865

p2 0.815  0.905 0.895 0.910 0.880 0.925 0.905 0.935 0.905 0.940

l=4 1=10 1=20 1=30 [=40 [=50 [=60 [=80 [=100 1[=120

2400  rec p 0.702  0.882 0.894 0.938 0.914 0.936 0.910 0.920 0.922 0.896
1 0.734  0.892 0.898 0.936 0.912 0.942 0.912 0.920 0.926 0.902

P2 0.738  0.890 0.916 0.940 0.912 0.910 0.938 0.906 0.904 0.916

Sfull p 0.650  0.795 0.885 0.905 0.905 0.930 0.940 0.915 0.915 0.885

1 0.690  0.825 0.910 0.905 0.915 0.925 0.945 0.925 0.920 0.890

P2 0.695  0.900 0.945 0.950 0.930 0.935 0.910 0.925 0.905 0.905

() Notes: The second column lists the bootstrap used to examine parameter estimation error (PEE) associated
with either an AR(1) autoregressive parameter (p) or two autoregressive parameters from an AR(2) model (p; and
p2). Entries corresponding to rec correspond to coverage probabilities based on the recursive PEE bootstrap with
adjustment terms, in the context of a recursive estimation scheme, so that in our framework they denote the proportion
of times that the (pseudo) true parameter p falls into CI**, with a equal to 0.05. Results based on different values of
« are available upon request. In the context of the recursive scheme, P recursive estimators are constructed, where
P=0.5T and T is the full sample, set at either 600, 1200, or 2400 observations. Entries corresponding to full are
coverage probabilities for the case where no recursive estimation is carried out, the entire sample is used for one time
estimation of the parameters, and the standard block bootstrap is used to mimic the distribution of PEE. Data are
generated according to either an AR(1) process (Panel A) or an AR(2) process (Panel B), and the autoregressive
parameters of the DGPs are given in the header line for each panel. Block lengths used are denoted by the various
values of [. In all experiments, 500 Monte Carlo iterations were carried out (see above for further details).
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Table 2: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive
Scheme with Adjustment Terms versus Full Sample Scheme: Part I1(*)
Panel A: DGP is an AR(1) Process - p = 0.4

smpl boot coeff =4 l=6 =10 =12 =15 [1=20 =25 [=30 (=50 1 =60
600  rec B 0.340 0.590 0.830 0.815 0.815 0.880 0.855 0.840 0.870  0.840
p1 0420 0635 0.850 0.825 0.860 0.905 0.890 0.870  0.905 0.870

p2 0930 0920 0.880 0.945 0.925 0.910 0.905 0.885  0.865 0.885

full p 0.220 0.585 0.750  0.800 0.835 0.880 0.905 0.895  0.880  0.880

p1 0.330 0.610 0.770  0.850  0.820  0.900  0.900  0.910  0.905 0.890

p2  0.855 0.870 0.950 0.895 0.945 0.865 0.930 0.890  0.890  0.925

I=4 [=10 (=15 [=20 [1=25 (=30 (=40 [=50 [=60 [=100

1200  rec p 0.120 0.660 0.835 0.900 0.890 0.890 0.890 0.895  0.880  0.845
p1 0.195 0720 0.845 0910 0.895 0.890 0.910 0910  0.900  0.860

p2 0910 0915 0.930 0.940 0935 0.945 0.930 0905  0.945 0.900

full P 0.065 0.605 0.730 0.865 0.875 0.870 0.895 0905  0.885 0.885

p1 0120 0.660 0785 0.880 0.885 0.880  0.910 0910  0.905 0.900

P> 0.885 0920 0.905 0.930 0930 0915 0910 0940  0.900  0.935

I=4 1=10 [=20 [=30 [=40 [=50 [=60 [=80 [=100 [=120

2400 rec P 0.015 0495 0.810 0.840 0.900 0.910 0.890 0.910  0.895 0.895
p1 0030 0605 0.825 0.860 0925 0915 0.880 0.900  0.925 0.900

P2 0905 0920 0.960 0.925 0920 0910 0.920 0.895  0.925 0.875

full P 0.000 0415 0770 0.850 0.885 0.905 0.905 0915  0.945 0.905

p1 0010 0485 0.820 0.900 0.890 0.900 0.915 0935  0.935 0.915

2 0.890 0.905 0.935 0.920 0.910 0.920 0.945 0.940  0.905 0.915

Panel B: DGP is an AR(2) Process p1 = p2 = 0.2

I=4 1=6 1[=10 [=12 [=15 [=20 [=25 [=30 1=50 [=60

600  rec p 0.710 0.825 0.895 0.885 0915 0.870 0.885 0.845  0.885 0.845
p1 0790 0.880 0.925 0.885 0.905 0.875 0.895 0.885  0.900  0.865

p2 0745 0.815 0.880 0.845 0.885 0.895 0.890 0.880  0.870  0.845

full P 0.540 0.805 0.840 0.890 0.875 0.910 0.900 0.870  0.905 0.885

p1 0.620 0.860 0.870  0.925 0.925 0.940 0.890 0.885  0.890  0.905

P2 0.690 0.840 0.895 0.865 0.890 0.910 0.890 0.905  0.930  0.900
I=4 1=10 [=15 [=20 1=25 [=30 [=40 [=50 [=60 [=100

1200  rec P 0530 0.790 0.880 0.905 0900 0.880 0.935 0.895  0.940  0.900
p1 0.605 0.855 0.910 0.940 0.930 0.885 0.945 0.895  0.960  0.895

p2  0.660 0.860 0.880 0.910 0910 0915 0.905 0.875  0.925 0.870

full P 0.400 0.815 0.870 0.900 0.880 0.925 0.920 0.895  0.905 0.860

p1 0525  0.875  0.900 0.935 0.895 0.945 0.920 0.885  0.915 0.875

p2 0590  0.820 0.860  0.925 0.895 0.890  0.930  0.930  0.915 0.925
I=4 1=10 [=20 [=30 [=40 [=50 [1=60 [=80 [=100 [=120

2400 rec B 0.300 0.775 0.875 0915 0920 0.925 0920 0925 0890  0.890
p1 0395 0.790  0.905 0.945 0945 0.940 0915 0930  0.890  0.880

p2 0430 0810 0925 0.860 0.925 0.920 0.905 0.895  0.930 0915

full p 0.285 0.720  0.885  0.930  0.935 0.920 0.935 0935  0.905 0.870

p1 0360 0.760 0.890  0.925 0955 0.925 0.945 0925  0.905 0.900

2 0310 0.775 0.860 0.915 0920 0910 0.875 0.895  0.945 0.925

(*) Notes: See notes to Table 1.
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Table 3: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive
Scheme with Adjustment Terms versus Full Sample Scheme: Part ITI*)
Panel A: DGP is an AR(1) Process - p = 0.6
smpl boot coeff =4 l=6 =10 =12 =15 [1=20 =25 [=30 (=50 1 =60
600  rec B 0.945 0730 0385 0.360 0290 0.150 0.180 0.145  0.140  0.150
p1 0805 0510 0.240 0.250 0175  0.095 0110 0120  0.120  0.115
p2 0130 0.070 0.110 0.065 0.115 0.085 0.075 0.110  0.110  0.130
full p 0.945 0.815 0435 0.355 0.290 0225 0.175 0160 0.120  0.155
p1 0.865 0.630 0.325 0.260 0.210 0.130 0.135 0.095  0.080  0.170
p2  0.060 0.070 0.060 0.055 0105 0.075 0.075 0.075  0.115 0.090
I=4 [=10 (=15 [=20 [1=25 (=30 (=40 [=50 [=60 [=100
1200  rec p 1.000 0.630 0.350 0.290 0.195 0.235 0.150 0.120  0.130 _ 0.095
p1 0975 0.515 0235 0.170 0.140  0.100  0.090 0.105  0.105 0.145
p2 0085 0.055 0.075 0.050 0.075 0.085 0.065 0.075  0.085 0.125
full P 1.000  0.675 0405 0310 0.240 0.195 0.155 0.150  0.110  0.135
P 1.000 0.485 0.295 0200 0.160 0135 0.070 0.130  0.095 0.080
p2  0.085 0.060 0.055 0.045 0.085 0.090 0.050 0.075  0.095 0.100
I=4 1=10 [=20 [=30 [=40 [=50 [=60 [=80 [=100 [=120
2400 rec P 1.000 0.880 0.440 0245 0.185 0.115 0.145 0.105  0.090  0.095
2 1.000 0735 0.300 0.210 0.130 0.110 0.110  0.080  0.100  0.100
p2 0070 0.035 0.060 0.105 0.095 0.070 0.090 0.075  0.105 0.105
full P 1.000  0.920 0495 0320 0.220 0.190 0.145  0.105  0.135 0.140
2 1.000 0750  0.290 0210  0.120 0.140 0.110  0.070  0.090  0.090
p2 0.080 0.050 0.060 0.100 0.060 0.065 0.090 0.065  0.120  0.080
Panel B: DGP is an AR(2) Process - p1 = p2 = 0.3
I=4 1=6 1[=10 (=12 [1=15 [=20 [=25 [=30 1=50 [=60
600  rec p 0580 0.350 0.225 0.165 0.170 0.140 0.155 0.160  0.130  0.165
p1 0460 0205 0.095 0105 0.070 0.095 0120 0125  0.125 0.125
p2 0310 0220 0.150 0.105 0.105 0.100 0.080 0.115  0.095 0.145
full P 0.640 0450 0225 0.180 0.145 0.160 0.195 0.135  0.120  0.105
p1 0445 0290 0.160 0.100 0.095 0.145 0.125 0.115  0.090  0.130
P2 0420 0295 0200 0120 0.130 0.090 0.090 0.080  0.110  0.155
I=4 1=10 [=15 [=20 1=25 [=30 [=40 [=50 [=60 [=100
1200  rec P 0.785 0.345 0.110 0.145 0.145 0.150 0.115  0.130  0.130 _ 0.120
p1 0645 0235 0.075 0.095 0.110 0.090 0.100 0.090  0.135 0.135
p2 0605 0.195 0.090 0.100 0100 0.130 0.130 0.090  0.095 0.125
full P 0.870 0.270  0.180 0.160 0.145 0.085 0.095 0.080  0.130  0.090
p1 0710 0190 0.120 0.110 0.080 0.050 0.060 0.080  0.105 0.120
p2  0.620 0235 0.140 0.100 0.110 0.070  0.095 0.065  0.080  0.150
I=4 1=10 [=20 [=30 [=40 [=50 [1=60 [=80 [=100 [=120
2400 rec B 0.950 0.370 0225 0.175 0.095 0.130 0.130  0.075  0.080  0.145
/1 0875 0280 0.155 0.115 0.065 0.085 0.090 0.065  0.055 0.095
p2 0880 0310 0.110 0.065 0.085 0.125 0.020 0.070  0.095 0.115
full p 0.970 0.435 0.180 0.130 0105 0.130 0.070  0.055  0.085 0.115
p1 0935 0345 0.140 0.110  0.090 0.090 0.075 0.030  0.070  0.085
p2 0925 0365 0.170 0120 0.095 0.060 0120 0.050  0.050  0.100

(*) Notes: See notes to Table 1.
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Table 4: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive
Scheme with Adjustment Terms versus Full Sample Scheme: Part TV(*)
Panel A: DGP is an AR(1) Process - p = 0.8
smpl boot coeff =4 l=6 =10 =12 =15 [1=20 =25 [=30 (=50 1 =60
600  rec B 0.000 0.025 0.285 0420 0.545 0.675 0.695 0775  0.780  0.830
p1 0095 0345 0710 0.765 0.800 0.895 0.860 0.850  0.870  0.855
P2 0.940 0975  0.960 0.945  0.925  0.960  0.925 0.905  0.920  0.850
full p 0.000 0.010 0.165 0.295 0.415 0.620 0.695 0.735  0.795 0.830
P 0.040 0.240 0615 0.685 0.815 0.835 0.895 0.900  0.880  0.880
p2 0940 0960 0910 0.945 0950 0.970 0.960 0955  0.920  0.915
I=4 [=10 (=15 [=20 [1=25 (=30 (=40 [=50 [=60 [=100
1200  rec p 0.000 0.040 0.305 0.460 0595 0.695 0.730 0.785  0.815 0.860
P 0.000 0405 0635 0.770 0.770  0.875  0.885 0.905  0.885 0.885
p2 0960 0910 0.920 0935 0955 0.950 0.930 0905  0.880  0.875
full P 0.000 0.050 0.190 0.390 0.530  0.620  0.680  0.790  0.795 0.840
p1 0000 0325 0.630 0.735 0.795 0.845 0.855 0.900  0.915 0.925
P2 0965 0970 0925 0.940 0960 0.935 0915 0920  0.960  0.945
I=4 1=10 [=20 [=30 [=40 [=50 [=60 [=80 [=100 [=120
2400 rec P 0.000 0.000 0.220 0.545 0.635 0.710 0.805 0.835  0.840  0.845
p1 0000 0175 0.615 0.800 0.825 0.885 0.935 0905  0.900  0.910
P2 0950 0955 0.945 0.960 0950 0.940 0.945 0920  0.950  0.930
full P 0.000 0.000 0.190 0.480 0.570  0.750  0.795 0.865  0.805 0.895
p1 0000 0.085 0515 0755 0.830 0.890  0.930 0920  0.885 0.930
2 0960 0.950 0.945 0.945 0.930 0.960 0.955 0.940  0.915 0.940
Panel B: DGP is an AR(2) Process - p1 = p2 = 0.4
I=4 1=6 1[=10 (=12 [1=15 [=20 [=25 [=30 1=50 [=60
600  rec p 0.155 0.360 0.650 0.665 0.755 0.830 0.785 0.795  0.840  0.830
p1 0580 0.695 0.855 0.840 0.895 0.920 0.865 0.865  0.875 0.890
p2 0515  0.690 0.855 0.885  0.890  0.905 0.900 0.865  0.840  0.855
full P 0.075 0.250 0.580 0.620 0.655 0.765  0.825 0.845  0.865 0.855
p1 0395  0.645 0.845 0.850 0.895  0.905 0.875 0920  0.900  0.905
P> 0430 0670 0770 0.805 0.870 0.915 0.915 0.870  0.900  0.880
I=4 1=10 [=15 [=20 1=25 [=30 [=40 [=50 [=60 [=100
1200  rec P 0.035 0520 0.670 0.755 0.800 0.810 0.810 0.905  0.865 0.840
p1 0215 0780 0.880 0.895 0.895 0.895  0.905 0.940  0.915 0.845
p2 0220 0775 0.830 0.830 0915 0.930 0.890 0.875  0.910  0.860
full P 0.015 0410 0.635 0.735 0.820 0.820 0.850 0.860  0.885 0.875
p1 0125 0755  0.820 0.870  0.900 0.935  0.940 0905  0.945 0.925
p2 0110 0665 0.810 0870 0.885 0.915 0.895 0.890  0.905 0.930
I=4 1=10 [=20 [=30 [=40 [=50 [1=60 [=80 [=100 [=120
2400 rec B 0.000 0.310 0.670 0.780 0.840 0.890 0.855 0.910  0.885 0.905
p1 0025 0645 0.860 0.870 0.885 0.950 0.890 0925  0.935 0.920
p2 0.020 0480 0.825 0.855 0.930 0.880 0.890 0.890  0.870  0.900
full p 0.000 0.185 0.665 0.780 0.810 0.870 0.865 0915  0.890  0.900
p1 0010 0520 0850 0.875 0915 0.860 0.900 0945  0.915 0.940
p2  0.005 0.485 0.765 0.860 0.905 0.900 0.915 0905  0.915 0.930

(*) Notes: See notes to Table 1.
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Table 5: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive

Scheme without Adjustment Terms: Part I(*)

Panel A: DGP is an AR(1) Process - p = 0.2

smpl coeff l=4 1=6 1=10 [=12 1=15 1=20 1=25 1=30 [=50 [=60
600 p 0.710 0.766 0.876 0.842 0.882 0.868 0.874 0.844 0.822 0.816
1 0.710 0.784 0.894 0.860 0.882 0.882 0.872 0.852 0.832 0.818
P2 0.870 0.882 0.880 0.888 0.902 0.894 0.868 0.888 0.838 0.814
=4 [=10 [=15 1=20 [=25 1=30 1[=40 1=50 1 =60 1 =100
1200 p 0.602 0.846 0.874 0.862 0.912 0.892 0.888 0.854 0.876 0.842
1 0.636 0.860 0.880 0.862 0.918 0.896 0.886 0.880 0.876 0.854
P2 0.848 0.898 0.894 0.886 0.902 0.878 0.912 0.892 0.870 0.842
l=4 [=10 [=20 [1=30 [=40 [=50 [=60 1[=80 [1=100 1[=120
2400 p 0.446 0.770 0.874 0.916 0.896 0.886 0.882 0.880 0.892 0.868
1 0.456 0.768 0.884 0.916 0.906 0.890 0.890 0.890 0.898 0.854
P2 0.856 0.878 0.898 0.912 0.898 0.902 0.914 0.898 0.876 0.866
Panel B: DGP is an AR(2) Process - p1 = p2 = 0.1
=4 [=6 =10 [=12 [I=15 [1=20 1[=25 1[1=30 1 =50 [ =60
600 p 0.350 0.580 0.825 0.795 0.795 0.860 0.845 0.830 0.850 0.800
/1 0.435 0.610 0.830 0.815 0.835 0.885 0.870 0.835 0.880 0.815
P2 0.920 0.910 0.850 0.930 0.895 0.895 0.855 0.880 0.835 0.860
l=4 [=10 [=15 [=20 [=25 1=30 1[=40 1[=50 [ =60 [ =100
1200 p 0.135 0.670 0.820 0.865 0.865 0.840 0.880 0.870 0.860 0.815
1 0.200 0.720 0.845 0.900 0.875 0.880 0.895 0.885 0.885 0.840
P2 0.875 0.880 0.925 0.905 0.895 0.920 0.890 0.900 0.920 0.860
l=4 [=10 [=20 [=30 [=40 =50 [=60 [=80 [=100 1[=120
2400 p 0.015 0.530 0.790 0.830 0.870 0.885 0.865 0.920 0.875 0.860
1 0.040 0.615 0.810 0.830 0.910 0.875 0.875 0.890 0.875 0.860
P2 0.885 0.895 0.965 0.875 0.875 0.880 0.900 0.885 0.900 0.875
Panel C: DGP is an AR(1) Process - p = 0.4
=4 =6 =10 =12 =15 [=20 1[=25 1=30 =50 =60
600 p 0.804 0.794 0.876 0.856 0.890 0.854 0.890 0.846 0.834 0.802
1 0.838 0.838 0.886 0.868 0.894 0.876 0.890 0.864 0.842 0.806
P2 0.802 0.864 0.866 0.896 0.878 0.874 0.878 0.868 0.852 0.814
=14 =10 [=15 [=20 [=25 1[=30 [=40 1[=50 I =60 [ =100
1200 p 0.770 0.864 0.884 0.880 0.876 0.894 0.894 0.872 0.860 0.854
1 0.802 0.882 0.894 0.900 0.888 0.898 0.894 0.868 0.866 0.866
P2 0.780 0.884 0.890 0.906 0.884 0.882 0.906 0.874 0.894 0.828
=14 =10 [=20 [=30 [=40 1[=50 [=60 [=80 1[=100 1[=120
2400 p 0.706 0.866 0.876 0.904 0.888 0.910 0.884 0.892 0.898 0.862
/1 0.726 0.870 0.872 0.898 0.890 0.910 0.892 0.878 0.904 0.868
P2 0.732 0.862 0.890 0.908 0.892 0.898 0.912 0.880 0.872 0.886
Panel D: DGP is an AR(2) Process - p1 = p2 = 0.
=4 [=6 =10 [=12 [I=15 1=20 1[1=25 1=30 1 =50 =60
600 p 0.680 0.780 0.855 0.845 0.860 0.865 0.845 0.840 0.865 0.800
1 0.765 0.850 0.890 0.890 0.875 0.880 0.880 0.845 0.875 0.825
P2 0.710 0.825 0.845 0.840 0.850 0.860 0.875 0.835 0.855 0.805
=4 [=10 =15 1=20 [=25 1=30 1[=40 1[1=50 1 =60 [ =100
1200 p 0.515 0.765 0.850 0.905 0.900 0.840 0.900 0.880 0.900 0.880
1 0.605 0.820 0.900 0.910 0.925 0.870 0.915 0.900 0.935 0.850
P2 0.640 0.855 0.850 0.885 0.885 0.885 0.885 0.865 0.915 0.840
l=4 [=10 [=20 [1=30 [=40 [=50 [=60 1[=80 [1=100 1[1=120
2400 p 0.315 0.755 0.870 0.920 0.895 0.900 0.885 0.910 0.875 0.850
1 0.400 0.780 0.895 0.905 0.885 0.925 0.875 0.925 0.880 0.840
P2 0.445 0.775 0.915 0.860 0.905 0.880 0.895 0.850 0.865 0.880

(*) Notes: See notes to Table 1. Entries correspond to those reported in Table 1 under the rec bootstrap, except that no

adjustment term is included. See above for further details.
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Table 6: Finite Sample Properites of the Bootstrap for Parameter Estimation Error: Recursive

Scheme without Adjustment Terms: Part I(*)

Panel A: DGP is an AR(1) Process - p = 0.6

smpl  coeff l=4 1=6 1=10 (=12 (=15 1=20 1=25 1=30 1=50 [=60
600 p 0.055 0.310 0.605 0.645 0.690 0.800 0.805 0.825 0.830 0.830
1 0.190 0.505 0.720 0.730 0.800 0.875 0.860 0.840 0.850 0.830
P2 0.845 0.905 0.880 0.910 0.840 0.905 0.915 0.850 0.840 0.845
=4 [=10 [=15 1=20 [=25 1=30 1[=40 1=50 1 =60 1 =100
1200 p 0.000 0.400 0.630 0.675 0.795 0.765 0.815 0.825 0.860 0.870
1 0.045 0.505 0.750 0.795 0.855 0.840 0.890 0.870 0.865 0.840
P2 0.895 0.930 0.900 0.910 0.920 0.890 0.925 0.880 0.895 0.845
l=4 [=10 [=20 [1=30 [=40 [=50 [=60 1[=80 [1=100 1[=120
2400 p 0.000 0.155 0.540 0.750 0.810 0.870 0.815 0.855 0.875 0.865
1 0.000 0.290 0.670 0.770 0.875 0.855 0.865 0.865 0.890 0.860
P2 0.925 0.950 0.935 0.880 0.885 0.920 0.890 0.890 0.865 0.875
Panel B: DGP is an AR(2) Process - p1 = p2 = 0.3
=4 [=6 =10 [=12 [I=15 [1=20 1[=25 1[1=30 1 =50 [ =60
600 p 0.000 0.035 0.280 0.465 0.540 0.640 0.660 0.765 0.760 0.800
/1 0.100 0.365 0.675 0.755 0.815 0.890 0.850 0.840 0.850 0.780
P2 0.925 0.975 0.920 0.920 0.910 0.920 0.885 0.885 0.905 0.800
l=4 [=10 [=15 [=20 [=25 1=30 1[=40 1[=50 [ =60 [ =100
1200 p 0.000 0.045 0.315 0.455 0.575 0.680 0.725 0.790 0.820 0.830
1 0.000 0.405 0.620 0.755 0.775 0.860 0.860 0.870 0.870 0.870
P2 0.975 0.915 0.895 0.905 0.945 0.895 0.895 0.870 0.875 0.835
l=4 [=10 [=20 [=30 [=40 =50 [=60 [=80 [=100 1[=120
2400 p 0.000 0.000 0.235 0.545 0.580 0.700 0.790 0.815 0.815 0.815
1 0.000 0.190 0.610 0.775 0.805 0.865 0.905 0.855 0.890 0.900
P2 0.950 0.935 0.925 0.940 0.935 0.935 0.935 0.870 0.915 0.915
Panel C: DGP is an AR(1) Process - p = 0.8
=4 =6 =10 =12 =15 [=20 1[=25 1=30 =50 =60
600 p 0.405 0.635 0.775 0.800 0.790 0.850 0.825 0.815 0.850 0.825
1 0.535 0.760 0.885 0.855 0.885 0.895 0.855 0.870 0.840 0.840
P2 0.665 0.755 0.855 0.880 0.870 0.885 0.880 0.865 0.850 0.825
=14 =10 [=15 [=20 [=25 1[=30 [=40 1[=50 I =60 [ =100
1200 p 0.195 0.630 0.855 0.830 0.825 0.865 0.850 0.835 0.850 0.845
1 0.345 0.750 0.885 0.895 0.855 0.880 0.865 0.905 0.835 0.835
P2 0.395 0.800 0.875 0.870 0.880 0.865 0.850 0.865 0.895 0.855
=14 =10 [=20 [=30 [=40 1[=50 [=60 [=80 1[=100 1[=120
2400 p 0.055 0.630 0.785 0.810 0.875 0.865 0.840 0.880 0.865 0.835
/1 0.145 0.720 0.820 0.835 0.915 0.885 0.855 0.890 0.920 0.855
P2 0.140 0.685 0.870 0.920 0.890 0.870 0.935 0.905 0.870 0.870
Panel D: DGP is an AR(2) Process - p1 = p2 = 0.4
=4 [=6 =10 [=12 [I=15 1=20 1[1=25 1=30 1 =50 =60
600 p 0.165 0.350 0.660 0.620 0.750 0.780 0.770 0.775 0.800 0.820
1 0.570 0.695 0.840 0.830 0.870 0.885 0.845 0.835 0.835 0.865
P2 0.510 0.725 0.825 0.840 0.875 0.880 0.865 0.845 0.805 0.830
=4 [=10 =15 1=20 [=25 1=30 1[=40 1[1=50 1 =60 [ =100
1200 p 0.035 0.515 0.670 0.720 0.770 0.795 0.770 0.885 0.870 0.810
1 0.215 0.775 0.855 0.870 0.880 0.875 0.880 0.925 0.895 0.815
P2 0.225 0.740 0.780 0.790 0.875 0.910 0.850 0.845 0.880 0.820
l=4 [=10 [=20 [1=30 [=40 [=50 [=60 1[=80 [1=100 1[1=120
2400 p 0.000 0.290 0.635 0.770 0.800 0.865 0.840 0.855 0.865 0.890
1 0.030 0.665 0.815 0.850 0.850 0.920 0.875 0.880 0.920 0.890
P2 0.035 0.465 0.805 0.860 0.905 0.885 0.855 0.850 0.835 0.875

(*) Notes: See notes to Table 5.
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