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Propensity score matching is widely used in treatment evaluation to estimate average 
treatment effects. Nevertheless, the role of the propensity score is still controversial. Since 
the propensity score is usually unknown and has to be estimated, the efficiency loss arising 
from not knowing the true propensity score is examined. Hahn (1998) derived the asymptotic 
variance bounds for known and unknown propensity scores. Whereas the variance of the 
average treatment effect is unaffected by knowledge of the propensity score, the bound for 
the treatment effect on the treated changes if the propensity score is known. However, the 
reasons for this remain unclear. In this paper it is shown that knowledge of the propensity 
score does not lead to a “dimension reduction”. Instead it enables a more efficient estimation 
of the distribution of the confounding variables. 
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4 Lqwurgxfwlrq

Surshqvlw| vfruh pdwfklqj lv d whfkqltxh zlgho| xvhg lq elrphwulfv/ hfrqrphwulfv dqg rwkhu

vrfldo vflhqfhv wr hvwlpdwh wkh h�hfwv ri wuhdwphqw uhfhlsw14 Lwv srsxodulw| vwhpv iurp wkh

idfw wkdw/ lqvwhdg ri frqwuroolqj iru doo frqirxqglqj idfwruv [/ lw vx!fhv wr frqwuro iru d

rqh0glphqvlrqdo surshqvlw| vfruh wr uhpryh doo vhohfwlrq eldv +Urvhqedxp dqg Uxelq 4<;6,1

H{sorlwlqj wklv *glphqvlrq0uhgxfwlrq* surshuw|/ pdq| vwxglhv xvhg pdwfklqj rq wkh surshqvlw|

vfruh wr hvwlpdwh dyhudjh wuhdwphqw h�hfwv1

Krzhyhu/ lq dssolfdwlrqv wkh surshqvlw| vfruh +zklfk lv wkh frqglwlrqdo suredelolw| ri

wuhdwphqw uhfhlsw, lv xvxdoo| xqnqrzq/ dqg wkhuhiruh surshqvlw| vfruh pdwfklqj surfhhgv

rq dq hvwlpdwhg surshqvlw| vfruh1 Wklv jdyh ulvh wr d ghedwh rq zkhwkhu pdwfklqj rq

wkh surshqvlw| vfruh lv suhihudeoh wr pdwfklqj rq doo frqirxqglqj yduldeohv [ +Khfnpdq/

Lfklpxud/ dqg Wrgg 4<<;,1 Vxevwdqwldo uhvhdufk kdv uhfhqwo| ehhq ghyrwhg wr foduli| wkh uroh

ri wkh surshqvlw| vfruh/ dqg d sduwlfxodu txhvwlrq lv/ krz pxfk ohvv suhflvh lv pdwfklqj rq wkh

hvwlpdwhg surshqvlw| vfruh/ lqvwhdg ri pdwfklqj rq wkh wuxh surshqvlw| vfruhB Lq rwkhu zrugv/

zkdw lv wkh ydoxh ri nqrzlqj wkh wuxh surshqvlw| vfruhB

Kdkq +4<<;, ghulyhg wkh
s
q0dv|pswrwlf yduldqfh erxqgv iru qrqsdudphwulf hvwlpdwlrq ri

wkh dyhudjh wuhdwphqw h�hfw dqg wkh dyhudjh wuhdwphqw h�hfw rq wkh wuhdwhg/ dv zhoo iru nqrzq

dv iru xqnqrzq surshqvlw| vfruh1 Kh irxqg wkdw wkh yduldqfh erxqg iru hvwlpdwlqj wkh dyhudjh

wuhdwphqw h�hfw +DWH, lv wkh vdph zlwk dqg zlwkrxw nqrzohgjh ri wkh wuxh surshqvlw| vfruh1

Rq wkh rwkhu kdqg/ nqrzohgjh ri wkh surshqvlw| vfruh uhgxfhv wkh dv|pswrwlf yduldqfh iru wkh

dyhudjh wuhdwphqw h�hfw rq wkh wuhdwhg +DWHW,1 Kh vkrzhg wkdw qrqsdudphwulf lpsxwdwlrq

hvwlpdwruv fdq dwwdlq wkhvh erxqgv1 Kludqr/ Lpehqv/ dqg Ulgghu +5333, ghprqvwudwhg wkdw

Kruylw} dqg Wkrpsvrq +4<85,0w|sh hvwlpdwruv ri dyhudjh wuhdwphqw h�hfwv fdq dwwdlq wkhvh

erxqgv/ wrr1 Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, dqdo|}hg orfdo sro|qrpldo pdwfklqj hvwl0

pdwruv ri wkh wuhdwphqw h�hfw rq wkh wuhdwhg dqg ghulyhg wkhlu dv|pswrwlf glvwulexwlrqv/ zklfk

kdyh d yduldqfh whup fruuhvsrqglqj wr wkh yduldqfh erxqg ri Kdkq +4<<;,15

4Vhh iru h{dpsoh/ Eurgdw|/ Fuìsrq/ dqg Irxjëuh +5334,/ Ghkhmld dqg Zdked +4<<<,/ Iuùolfk/ Khvkpdwl/ dqg

Ohfkqhu +5333,/ Jhu�q dqg Ohfkqhu +5333,/ Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<:,/ Khfnpdq/ Lfklpxud/ Vplwk/

dqg Wrgg +4<<;,/ Lpehqv +5333,/ Mdodq dqg Udydoolrq +5335,/ Oduvvrq +5333,/ Ohfkqhu +4<<<,/ Sxkdql +4<<<,/

Urvhqedxp dqg Uxelq +4<;6/ 4<;8, dqg Uxelq dqg Wkrpdv +4<<5/ 4<<9, dprqj rwkhuv1
5Dedglh dqg Lpehqv +5334, dqdo|}h wkh dv|pswrwlf h!flhqf| ri &0qhduhvw0qhljkerxuv pdwfklqj hvwlpdwruv/

zkhq & grhv qrw jurz zlwk lqfuhdvlqj vdpsoh vl}h +dv lw lv wkh fdvh zlwk wkh frpprq sdlu0pdwfklqj hvwlpdwru,1
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Krzhyhu/ wkh uhdvrq zk| nqrzohgjh ri wkh surshqvlw| vfruh d�hfwv wkh yduldqfh erxqg ri wkh

DWHW exw qrw ri wkh DWH kdv qrw ehhq ixoo| xqghuvwrrg1 Kdkq +4<<;, dujxhv wkdw wkh uhgxfwlrq

lq wkh yduldqfh ri wkh DWHW �fdq eh vroho| dwwulexwhg wr wkh *glphqvlrq uhgxfwlrq* ihdwxuh ri

wkh surshqvlw| vfruh�1 \hw/ wklv uhdvrqlqj idlov wr h{sodlq/ zk| wkh glphqvlrq uhgxfwlrq wkurxjk

nqrzohgjh ri wkh surshqvlw| vfruh kdv qr h�hfw rq wkh yduldqfh ri wkh DWH1 Li lqghhg wkh orzhu

glphqvlrq ri wkh surshqvlw| vfruh zrxog khos wr dyrlg wkh fxuvh ri glphqvlrqdolw|/ nqrzlqj wkh

surshqvlw| vfruh vkrxog eh dgydqwdjhrxv iru hvwlpdwlqj wkh DWHW dv zhoo dv iru hvwlpdwlqj wkh

DWH1

Lq wklv sdshu/ L surylgh d gl�huhqw h{sodqdwlrq wr foduli| zk| nqrzohgjh ri wkh surshqvlw|

vfruh d�hfwv wkh yduldqfh erxqg ri wkh DWHW exw qrw ri wkh DWH1 L dujxh wkdw wkh surshqvlw|

vfruh lv dqfloodu| iru wkh hvwlpdwlrq ri wkh frqglwlrqdo h{shfwhg wuhdwphqw rxwfrphv H^\ m[`/

exw wkdw lw lv lqirupdwlyh iru hvwlpdwlqj wkh glvwulexwlrq ixqfwlrq ri wkh frqirxqglqj yduldeohv [

lq wkh wuhdwhg vxesrsxodwlrq1 Wklv glvwulexwlrq ixqfwlrq lv wkh zhljkwlqj ixqfwlrq iru wkh dyhudjh

wuhdwphqw h�hfw rq wkh wuhdwhg +DWHW,1 Li wkh surshqvlw| vfruh lv xqnqrzq/ wkh glvwulexwlrq

ixqfwlrq If�|oe@|e_ lv lghqwl�hg e| wkh revhuydwlrqv [ ri wkh wuhdwhg lqglylgxdov rqo|1 Wkh

frqwuro revhuydwlrqv duh qrw xvhixo iru hvwlpdwlqj wkh glvwulexwlrq If�|oe@|e_1 Rq wkh rwkhu

kdqg/ li wkh surshqvlw| vfruh lv nqrzq/ wkh frqwuro revhuydwlrqv duh lqirupdwlyh wr hvwlpdwh

wkh glvwulexwlrq If�|oe@|e_/ vlqfh wkh surshqvlw| vfruh lv sursruwlrqdo wr wkh ghqvlw| udwlr ri

[ dprqj wuhdwhg dqg frqwuro1 Khqfh lq dgglwlrq wr wkh wuhdwhg revhuydwlrqv/ dovr wkh frqwuro

revhuydwlrqv fdq eh xvhg wr hvwlpdwh If�|oe@|e_1 Iru h{dpsoh lq wkh fdvh ri udqgrp dvvljqphqw

+zlwk suredelolw| 318,/ wkh glvwulexwlrq ri [ lv wkh vdph dprqj wkh wuhdwhg dqg wkh frqwuro/

dqg wkxv wkh qxpehu ri h�hfwlyh revhuydwlrqv zklfk fdq eh xvhg wr hvwlpdwh If�|oe@|e_ lqfuhdvhv

iurp q|oe@|e_ wr 5q|oe@|e_ zkhq lw lv nqrzq wkdw wkh lqglylgxdov zhuh udqgrpo| dvvljqhg1

Iurp wklv lw lv dssduhqw/ zk| nqrzohgjh ri wkh surshqvlw| vfruh kdv qr h�hfw rq wkh yduldqfh

erxqg ri wkh DWH/ ehfdxvh lw lv wkh h�hfw iru wkh zkroh srsxodwlrq dqg qrw iru d vxesrsxodwlrq1

Wkh hvwlpdwlrq ri wkh dyhudjh wuhdwphqw h�hfw lv edvhg rq zhljkwlqj wkh frqglwlrqdo srwhqwldo

rxwfrphv e| wkh glvwulexwlrq If ri [ lq wkh zkroh srsxodwlrq1 Vlqfh If lv qdwxudoo| hvwlpdwhg

iurp doo frqwuro dqg doo wuhdwhg revhuydwlrqv/ qr rwkhu vxesrsxodwlrqv fdq eh olqnhg xs yld wkh

Wkh| ghprqvwudwh wkdw wkhvh hvwlpdwruv gr qrw dwwdlq wkh dv|pswrwlf yduldqfh erxqg1 Lfklpxud dqg Olqwrq

+5334, ghulyhg kljkhu rughu h{sdqvlrqv iru wkh Kruylw} dqg Wkrpsvrq +4<85,0w|sh hvwlpdwru wkdw fdq eh xvhixo

iru fkrrvlqj wkh edqgzlgwk sdudphwhu1
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surshqvlw| vfruh wr hvwlpdwh If 1

Wr vxssruw wklv h{sodqdwlrq/ L vkrz wkdw wkh gl�huhqw yduldqfh erxqgv ri wkh DWHW +zlwk

dqg zlwkrxw nqrzohgjh ri wkh surshqvlw| vfruh, kdyh wkh vdph vwuxfwxuh dv wkh yduldqfh erxqgv

iru hvwlpdwlqj wkh glvwulexwlrq ixqfwlrq If�|oe@|e_1 Khqfh nqrzohgjh ri wkh surshqvlw| vfruh

d�hfwv wkh suhflvlrq wkh glvwulexwlrq ixqfwlrq If�|oe@|e_ fdq eh hvwlpdwhg zlwk1 Ilqdoo| lw lv

vkrzq/ wkdw li wkh surshqvlw| vfruh lv nqrzq/ wkh frxqwhuidfwxdo rxwfrph iru wkh wuhdwhg fdq

eh hvwlpdwhg qrqsdudphwulfdoo| iurp wkh frqwuro revhuydwlrqv/ hyhq li qrw d vlqjoh wuhdwhg

revhuydwlrq lv dydlodeoh1 Wklv lv qrw srvvleoh/ li wkh surshqvlw| vfruh lv xqnqrzq1

Khqfh wkh rqo| ydoxh ri nqrzlqj wkh surshqvlw| vfruh lv wkdw lw khosv wr hvwlpdwh wkh glvwul0

exwlrq ri wkh frqirxqglqj yduldeohv [ dprqj wkh wuhdwhg pruh suhflvho|1 Iurp dq dv|pswrwlf

shuvshfwlyh/ pdwfklqj rq wkh surshqvlw| vfruh grhv qrw ohdg wr dq| glphqvlrq uhgxfwlrq1

5 H!flhqf| erxqgv dqg wkh surshqvlw| vfruh

Wuhdwphqw hydoxdwlrq dlpv wr hvwlpdwh wkh fdxvdo h�hfwv ri d sduwlfxodu wuhdwphqw +h1j1 guxj

wuhdwphqw/ dfwlyh oderxu pdunhw surjudpphv/ vfkrro hgxfdwlrq, e| frpsdulqj wkh vlwxdwlrq

zlwk dqg zlwkrxw uhfhlsw ri wkh wuhdwphqw1 Gh�qh \ f
� > \

�
� dv wkh srwhqwldo rxwfrphv ri lqglylgxdo

l/ zkhuh \ f
� lv wkh rxwfrph wkdw lqglylgxdo l zrxog uhdol}h li qrw uhfhlylqj wkh wuhdwphqw/ dqg

\ �
� lv wkh rxwfrph wkdw lqglylgxdo l zrxog uhdol}h li uhfhlylqj wkh wuhdwphqw/ vhh Qh|pdq +4<56,

dqg Uxelq +4<:7/ 4<::,16 Iru hdfk lqglylgxdo rqo| rqh ri wkh wzr srwhqwldo rxwfrphv \ f
� > \

�
�

fdq eh revhuyhg/ exw qhyhu erwk1 Wkh dyhudjh fdxvdo lpsdfw ri wkh wuhdwphqw fdq eh phdvxuhg

e| wkh dyhudjh wuhdwphqw h�hfw +DWH,

� @ H^\ � � \ f`/ +4,

zklfk lv wkh gl�huhqfh ehwzhhq wkh rxwfrph h{shfwhg zkhq uhfhlylqj wkh wuhdwphqw dqg wkh

rxwfrph h{shfwhg zkhq qrw uhfhlylqj wkh wuhdwphqw/ iru dq lqglylgxdo udqgrpo| gudzq iurp
6Wkh h{whqvlrq wr wkh fdvh zkhuh wkh wuhdwphqw frqvlvwv ri gl�huhqw ydulhwlhv/ h1j1 gl�huhqw guxj yduldqwv ru

gl�huhqw oderxu pdunhw surjudpphv/ lv vwudljkwiruzdug dqg frqvlghuhg lq Lpehqv +5333, dqg Ohfkqhu +5334,1

Lpsolflw lq wkh srwhqwldo rxwfrphv t f
� c t

�
� qrwdwlrq lv wkh dvvxpswlrq ri *qr lqwhuihuhqfh ehwzhhq gl�huhqw xqlwv*

+Fr{ 4<8;/ s14<, ru vwdeoh0xqlw0wuhdwphqw0ydoxh dvvxpswlrq +VXWYD, dv fdoohg e| Uxelq +4<;3,= Lw lv dvvxphg

wkdw wkh srwhqwldo rxwfrphv t f
� c t

�
� ri lqglylgxdo � duh qrw d�hfwhg e| wkh wuhdwphqw uhfhlsw ri rwkhu lqglylgxdov1
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wkh srsxodwlrq1 Vlploduo|/ wkh dyhudjh wuhdwphqw h�hfw rq wkh wuhdwhg +DWHW,

�A @ H^\ � � \ fmG @ 4` +5,

lv wkh h{shfwhg rxwfrph gl�huhqfh iru dq lqglylgxdo udqgrpo| gudzq iurp wkh vxesrsxodwlrq

ri wuhdwphqw uhflslhqwv1 G� 5 i3> 4j lqglfdwhv zkhwkhu dq lqglylgxdo uhfhlyhg wuhdwphqw ru qrw1

Qhlwkhu ri wkhvh wzr dyhudjh h�hfwv +� ru �A , lv lghqwl�hg e| revhuydwlrqdo gdwd/ vlqfh \ � fdq

rqo| eh revhuyhg iru wkh wuhdwphqw uhflslhqwv +G� @ 4,/ zkhuhdv \ f lv rqo| revhuydeoh iru qrq0

uhflslhqwv +G� @ 3,1 Jhqhudoo|/ H^\ �mG @ 3` 9@ H^\ �mG @ 4` dqg H^\ fmG @ 4` 9@ H^\ fmG @ 3`

li lqglylgxdov vhohfw +ru duh dvvljqhg, wr wuhdwphqw lq d qrq0udqgrp zd|1 Wklv lv wkh zhoo0nqrzq

vhohfwlrq sureohp/ zklfk surklelwv hvwlpdwlqj wuhdwphqw h�hfwv e| vlpsoh phdq frpsdulvrqv

+Uxelq 4<:7/ Khfnpdq dqg Uree 4<;8/ Pdqvnl 4<<6,1 Rqh dssurdfk wr dyrlg vhohfwlrq eldv lv wr

frpsduh wkh revhuyhg rxwfrphv frqglwlrqdo rq doo frqirxqglqj yduldeohv/ zkhuh wkh frqirxqglqj

yduldeohv duh doo yduldeohv [/ wkdw lq xhqfh wuhdwphqw dvvljqphqw dv zhoo dv wkh srwhqwldo

rxwfrphv17 Khqfh frqglwlrqdo rq [/ wkh suredelolw| ri uhfhlylqj wuhdwphqw lv vwrfkdvwlfdoo|

lqghshqghqw +BB, ri wkh srwhqwldo rxwfrphv=

\ f> \ �BBG m[/ +6,

zklfk lv nqrzq dv vhohfwlrq rq revhuydeohv +Eduqrz/ Fdlq/ dqg Jrogehujhu 4<;4,/ ljqrudeoh

wuhdwphqw dvvljqphqw +Urvhqedxp dqg Uxelq 4<;6, ru frqglwlrqdo lqghshqghqfh dvvxpswlrq

+Ohfkqhu 4<<<,1 Vxssrvh ixuwkhu wkdw [ kdv wkh vdph vxssruw lq wkh wuhdwhg dqg wkh xqwuhdwhg

+frqwuro, vxesrsxodwlrq1 Wklv lv htxlydohqw wr dvvxplqj wkdw wkh suredelolw| ri wuhdwphqw

uhfhlsw lv erxqghg dzd| iurp 3 dqg 4=

3 ? s+{, � S +G @ 4m[ @ {, ? 4 ;{ 5 Vxss+[,/ +7,

zkhuh s+{, lv uhihuuhg wr dv wkh surshqvlw| vfruh +Urvhqedxp dqg Uxelq 4<;6,/ l1h1 wkh surshq0

vlw| wr uhfhlyh wuhdwphqw jlyhq fkdudfwhulvwlfv [1

Dvvxpswlrqv +6, dqg +7, lghqwli| wkh wuhdwphqw h�hfwv � dqg �A = Vlqfh wkh h{shfwhg

srwhqwldo rxwfrphv frqglwlrqdo rq [ duh lqghshqghqw ri wuhdwphqw vwdwxv e| +6,/ � dqg �A

duh lghqwl�hg e| dq lwhudwhg h{shfwdwlrqv dujxphqw18 Hvwlpdwlrq ri H^\ f` dqg H^\ fmG @ 4`
7 Lq d udqgrpl}hg h{shulphqw zlwk ixoo frpsoldqfh wkh vhw ri frqirxqglqj yduldeohv lv hpsw|1
8Ehfdxvh .dt fo ' .d.dt f�foo ' .d.dt f�fc( ' �oo dqg .dt f�( ' �o ' .d.dt f�fc( ' �o�( ' �o '

.d.dt f�fc( ' fo�( ' �o1
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wkxv uhtxluhv rqo| d surshu zhljkwlqj ri wkh frqglwlrqdo h{shfwdwlrq ixqfwlrqv e| wkh uhohydqw

glvwulexwlrq ixqfwlrq ri [1 Gh�qh wkh frqglwlrqdo phdq ixqfwlrq

p�+{, � H^\ �m[ @ {` @ H^\ �m[ @ {>G @ 4`/

dqg pf+{, dqdorjrxvo|1 Wkh dyhudjh wuhdwphqw h�hfw � dqg wkh dyhudjh wuhdwphqw h�hfw rq

wkh wuhdwhg �A fdq eh zulwwhq dv

H
�
\ � � \ f

�
@

]
+p�+{,�pf+{,, � gIf+{, +8,

H
�
\ � � \ fmG @ 4

�
@

]
+p�+{,�pf+{,, � gIf�('�+{,/

zkhuh if � gIf lv wkh ghqvlw| ri [ lq wkh zkroh srsxodwlrq/ dqg if�('� � gIf�('� lv wkh

ghqvlw| ri [ lq wkh wuhdwhg vxesrsxodwlrq1 Wkh frqglwlrqdo h{shfwdwlrq ixqfwlrqv p�+{, dqg

pf+{, duh vhsdudwho|9 lghqwl�hg iurp wkh wuhdwhg dqg wkh frqwuro revhuydwlrqv/ uhvshfwlyho|1

Wkh glvwulexwlrqv If+{, dqg If�('�+{, duh lghqwl�hg iurp wkh [ revhuydwlrqv ri wuhdwhg dqg

frqwurov1 Iurp +8, lw fdq eh vhhq wkdw wkh rqo| gl�huhqfh ehwzhhq wkh dyhudjh wuhdwphqw h�hfw �

dqg wkh dyhudjh wuhdwphqw h�hfw rq wkh wuhdwhg �A lv/ wkdw lq wkh iruphu wkh frqglwlrqdo phdqv

gl�huhqfh p�+{,�pf+{, lv zhljkwhg e| wkh ghqvlw| gIf / zkhuhdv lw lv zhljkwhg e| gIf�('�

lq wkh odwwhu h�hfw1 Zkloh gIf lv wkh ghqvlw| ri [ lq wkh zkroh srsxodwlrq/ gIf�('� lv wkh

ghqvlw| lq d sduwlfxodu vxesrsxodwlrq1 Dv zloo eh vhhq ehorz/ wklv lv wkh uhdvrq zk| nqrzohgjh

ri wkh surshqvlw| vfruh d�hfwv wkh yduldqfh erxqg ri �A exw qrw ri �= Li wkh surshqvlw| vfruh lv

nqrzq/ gIf�('� lv lghqwl�hg iurp wkh wuhdwhg dqg wkh frqwuro revhuydwlrqv/ zkhuhdv wkh frqwuro

revhuydwlrqv duh qrw lqirupdwlyh iru hvwlpdwlqj gIf�('� li wkh surshqvlw| vfruh lv xqnqrzq1

Rq wkh rwkhu kdqg/ gIf lv dozd|v lghqwl�hg iurp wkh wuhdwhg dqg wkh frqwuro revhuydwlrqv

wrjhwkhu/ uhjdugohvv ri nqrzohgjh derxw wkh surshqvlw| vfruh1 Lq rwkhu zrugv/ nqrzohgjh ri wkh

surshqvlw| vfruh lpsuryhv xsrq wkh hvwlpdwlrq ri gIf�('�/ exw grhv qrw d�hfw dq| rwkhu whup

lq +8,1

Qrqsdudphwulf hvwlpdwlrq ri p�+{, dqg pf+{, fdq eh gl!fxow lq �qlwh vdpsohv li wkh gl0

phqvlrq ri [ lv kljk/ zklfk pd| riwhq eh wkh fdvh zkhq qxphurxv idfwruv ghwhuplqh wuhdwphqw

uhfhlsw +h1j1 rffxuuhqfh ri qrq0frpsoldqfh lq guxj wuldov/ vhoi0vhohfwlrq wr dfwlyh oderxu pdunhw

surjudpphv,1 Wkhuhiruh Urvhqedxp dqg Uxelq +4<;6, lqwurgxfhg wkh surshqvlw| vfruh s+{, dv
9Wkh mrlqw glvwulexwlrq ri t fc t � lv qrw lghqwl�hg/ vlqfh iru hdfk lqglylgxdo rqo| rqh ri wkh srwhqwldo rxwfrphv

fdq eh revhuyhg1

8



d zd| wr uhgxfh wkh glphqvlrq ri wkh hvwlpdwlrq sureohp1 Wkh| vkrzhg wkdw li lqghshqghqfh

ri wkh srwhqwldo rxwfrphv \ f> \ � dqg wuhdwphqw dvvljqphqw G krogv frqglwlrqdo rq [/ wkhq lw

grhv dovr krog frqglwlrqdo rq wkh suredelolw| ri wuhdwphqw uhfhlsw s+{, � S +G @ 4m[ @ {,=

\ f> \ �BBG m[ , \ f> \ �BBG ms+[,1 +9,

Dv d uhvxow/ wkh wuhdwphqw h�hfwv � dqg �A lv dovr lghqwl�hg dv

H
�
\ � � \ f

�
@

]
+O�+�,�Of+�,, � gIR+�, +:,

H
�
\ � � \ fmG @ 4

�
@

]
+O�+�,�Of+�,, � gIR�('�+�,/

zkhuh O�+�, � H^\ �ms+[, @ �` @ H^\ �ms+[, @ �>G @ 4` e| +9,/ dqg Of+�, gh�qhg dqdor0

jrxvo|1 gIR lv wkh ghqvlw| glvwulexwlrq ri s+[, lq wkh zkroh srsxodwlrq/ dqg gIR�('� wkh ghq0

vlw| glvwulexwlrq lq wkh wuhdwhg vxesrsxodwlrq1 Wkh frqglwlrqdo h{shfwdwlrqv O�+�, dqg Of+�,

fdq eh hvwlpdwhg e| qrqsdudphwulf uhjuhvvlrq rq wkh rqh0glphqvlrqdo surshqvlw| vfruh s+{,/

dqg zhljkwlqj e| wkh fruuhvsrqglqj ghqvlw| ixqfwlrq ri wkh surshqvlw| vfruh |lhogv khqfh d frq0

vlvwhqw hvwlpdwh ri wkh wuhdwphqw h�hfwv � dqg �A 1 Lq wklv vhqvh/ surshqvlw| vfruh pdwfklqj

flufxpyhqwv wkh glphqvlrqdolw| sureohp ri gluhfw pdwfklqj rq [/ dv lq +8,/ dqg lv wkhuhiruh

zlgho| xvhg lq dssolhg hydoxdwlrq vwxglhv1 Lq wkh fdvh zkhuh wkh surshqvlw| vfruh lv xqnqrzq/

surshqvlw| pdwfklqj surfhhgv rq dq hvwlpdwhg surshqvlw| vfruh1

Iru hvwlpdwlqj dyhudjh wuhdwphqw h�hfwv riwhq d qrqsdudphwulf lpsxwdwlrq hvwlpdwru lv

hpsor|hg1 Ohw i+[�>G�> \�,j?�'� eh dq llg vdpsoh ri vl}h q @ qf . q�/ zkhuh qf lv wkh qxpehu

ri frqwuro revhuydwlrqv dqg q� lv wkh qxpehu ri wuhdwhg revhuydwlrqv1 Frqvlghu wkh dyhudjh

wuhdwphqw h�hfw rq wkh wuhdwhg �A 1 D phwkrg ri prphqw hvwlpdwru ri �A edvhg rq +8, lv

4

q�

[
+\� � apf +[�,, �G�/

zkhuh apf lv d qrqsdudphwulf hvwlpdwh ri pf/ rewdlqhg iurp wkh qf frqwuro revhuydwlrqv1 Wkh

dqdorjrxv surshqvlw| vfruh pdwfklqj hvwlpdwru lv

4

q�

[
+\� � aOf +as +[�,,, �G�/

zkhuh aOf lv dq hvwlpdwh ri Of dqg as+{, lv wkh +hvwlpdwhg, surshqvlw| vfruh1 Riwhq apf dqg

aOf duh hvwlpdwhg e| �uvw0qhduhvw0qhljkerxu uhjuhvvlrq +@sdlu0pdwfklqj,1: Krzhyhu/ pdwfklqj
:Wklv lv wkh uhdvrq/ zk| wkhvh hvwlpdwruv duh fdoohg *pdwfklqj* hvwlpdwruv/ vlqfh �uvw0qhduhvw0qhljkerxu

uhjuhvvlrq 	6f Ef�� pdwfkhv sdluv ri wuhdwhg dqg frqwuro revhuydwlrqv1

9



hvwlpdwruv edvhg rq �uvw0qhduhvw0qhljkerxu uhjuhvvlrq duh lqh!flhqw +Dedglh dqg Lpehqv 5334,/

dqg Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, dqdo|}hg orfdo sro|qrpldo uhjuhvvlrq hvwlpdwruv apf

dv d pruh h!flhqw dowhuqdwlyh1;

Wr dqdo|}h wkh h!flhqf| ri wuhdwphqw h�hfw hvwlpdwruv/ Kdkq +4<<;, ghulyhg wkh vhplsdud0

phwulf h!flhqf| erxqgv iru qrqsdudphwulf hvwlpdwlrq ri � dqg �A / dv zhoo iru nqrzq dv iru

xqnqrzq surshqvlw| vfruh1< Wkh yduldqfh erxqg ri wkh dyhudjh wuhdwphqw h�hfw � lv

4

qf . q�
�H

�
�2�+[,

s+[,
.

�2f+[,

4� s+[,
. +p�+[,�pf+[,� �,2

�
/ +;,

zkhuh �2�+{, @ Y du
�
\ �m[ @ {

�
@ Y du

�
\ �m[ @ {>G @ 4

�
1 Wkh pxowlsolfdwlyh whup �

?fn?�

lq iurqw ri +;, lv dwwdfkhg wr ghprqvwudwh wkdw wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfw

ydqlvkhv dw udwh q3� @ +qf . q�,
3�1

Wklv yduldqfh erxqg ri � lv wkh vdph iru nqrzq dqg iru xqnqrzq surshqvlw| vfruh1 Lq rwkhu

zrugv/ nqrzohgjh ri wkh wuxh surshqvlw| lv qrw lqirupdwlyh iru hvwlpdwlqj �1 Ixuwkhupruh/

d surmhfwlrq rq wkh surshqvlw| vfruh +l1h1 pdwfklqj rq wkh surshqvlw| vfruh dv lq +:,, lv qrw

qhfhvvdu| wr dwwdlq wkh yduldqfh erxqg +;,/ dv vkrzq lq Kdkq +4<<;,1 Wkxv iurp dq dv|pswrwlf

shuvshfwlyh/ surshqvlw| vfruh pdwfklqj +:, dqg pdwfklqj rq [ dv lq +8, duh htxlydohqw/ hyhq li

wkh surshqvlw| vfruh lv nqrzq1

Rq wkh rwkhu kdqg/ wkh yduldqfh erxqg ri wkh dyhudjh wuhdwphqw h�hfw rq wkh wuhdwhg �A

ghshqgv rq wkh nqrzohgjh ri wkh surshqvlw| vfruh1 Li wkh surshqvlw| vfruh lv xqnqrzq/ wkh

yduldqfh erxqg ri �A lv

4

qf . q�

4

S 2
�H

�
�2�+[,s+[, .

�2f+[,s+[,2

4� s+[,
. s+[, +p�+[,�pf+[,� �A ,

2

�
+<,

zkhuh S @ S +G @ 4, @ olp ?�
?fn?�

lv wkh iudfwlrq ri wuhdwhg lqglylgxdov1 Zkhq wkh surshqvlw|

vfruh lv nqrzq/ wkh yduldqfh erxqg ri �A lv

4

qf . q�

4

S 2
�H

�
�2�+[,s+[, .

�2f+[,s+[,2

4� s+[,
. s2+[, +p�+[,�pf+[,� �A ,

2

�
1 +43,

Djdlq/ d surmhfwlrq rq wkh surshqvlw| vfruh lv qrw qhfhvvdu| wr dwwdlq wkhvh erxqgv/ l1h1 dv|ps0

wrwlfdoo| surshqvlw| vfruh pdwfklqj +:, grhv qrw surylgh dq| dgydqwdjh wr pdwfklqj rq [ dv lq
;Iuùolfk +5333, frpsduhg wkh �qlwh0vdpsoh surshuwlhv ri ydulrxv surshqvlw| vfruh pdwfklqj hvwlpdwruv dqg

irxqg wkdw vljql�fdqw suhflvlrq jdlqv duh srvvleoh ylv0d0ylv �uvw0qhduhvw0qhljkerxu uhjuhvvlrq1
<Vhplsdudphwulf h!flhqf| erxqgv zhuh lqwurgxfhg e| Vwhlq +4<89, dqg ghyhorshg e| Nrvkhyqln dqg Ohylw

+4<:9,/ Sidq}djo dqg Zhihoph|hu +4<;5,/ Ehjxq/ Kdoo/ Kxdqj/ dqg Zhooqhu +4<;6, dqg Elfnho/ Noddvvhq/ Ulwry/

dqg Zhooqhu +4<<6,1 Vhh dovr wkh vxuyh| ri Qhzh| +4<<3,1

:



+8,1 Qhyhuwkhohvv/ Kdkq dwwulexwhv wkh uhgxfwlrq ri wkh yduldqfh iurp +<, wr +43, wr wkh *glphq0

vlrq uhgxflqj* surshuw| ri wkh surshqvlw| vfruh1 Dv d khxulvwlf dujxphqw/ kh qrwhv wkdw nqrzo0

hgjh ri wkh surshqvlw| vfruh lpsolhv nqrzohgjh ri wkh htxlydohqfh fodvvhv [S @ i{ = s+{, @ fj/
zklfk duh wkh vhwv ri { zlwk wkh vdph surshqvlw| vfruh ydoxh1 Dv dq h{wuhph h{dpsoh iru wkh gl0

phqvlrq uhgxfwlrq gxh wr nqrzohgjh ri wkh htxlydohqfh fodvvhv/ kh frqvlghuv wkh fdvh ri udqgrp

wuhdwphqw dvvljqphqw/ zklfk lpsolhv � @ �A / s+{, @ s iru doo lqglylgxdov dqg [R @ Vxss+[,1

Lq wklv fdvh wkh erxqgv +;, dqg +43, duh lghqwlfdo/ zkhuhdv wkh yduldqfh erxqg ri �A zlwk xq0

nqrzq surshqvlw| vfruh +<, lv odujhu/ vhh Wkhruhp 6 lq Kdkq +4<<;,1 Wkh gl�huhqfh ehwzhhq

+<, dqg +43, lv dwwulexwhg e| Kdkq wr wkh glphqvlrq uhgxfwlrq surshuw| ri wkh surshqvlw| vfruh1

Krzhyhu/ wklv lqwhusuhwdwlrq lv udwkhu plvohdglqj1 Iluvw ri doo/ li wkh surshqvlw| vfruh zrxog

lqghhg frqwulexwh wr d glphqvlrq uhgxfwlrq/ lw vkrxog dovr lpsuryh wkh hvwlpdwlrq ri �1 D

pruh vxlwdeoh h{sodqdwlrq vhhpv wr eh/ wkdw nqrzohgjh ri wkh wuxh surshqvlw| vfruh khosv

lq hvwlpdwlqj wkh glvwulexwlrq ixqfwlrq If�('� ri [ lq wkh wuhdwhg vxesrsxodwlrq1 Zlwkrxw

nqrzohgjh ri wkh surshqvlw| vfruh/ wkh glvwulexwlrq If�('� fdq rqo| eh hvwlpdwhg iurp wkh [

revhuydwlrqv ri wkh q� wuhdwhg lqglylgxdov1 Wkh [ ydoxhv ri wkh frqwuro revhuydwlrqv frqwdlq

qr lqirupdwlrq derxw If�('�1 Rq wkh rwkhu kdqg/ li wkh surshqvlw| vfruh lv nqrzq/ dovr wkh

[ revhuydwlrqv ri wkh frqwuro lqglylgxdov duh lqirupdwlyh derxw wkh glvwulexwlrq ri [ dprqj

wkh wuhdwhg/ vlqfh wkh surshqvlw| vfruh uhodwhv wkh ghqvlw| ri [ ehwzhhq wkh wuhdwhg dqg wkh

frqwuro vxesrsxodwlrqv= E| Ed|hv* wkhruhp s+{, @ if�('�+{,S +G @ 4,@if+{, dqg wkxv

s+{,

4� s+{,
@

if�('�+{,

if�('f+{,

S +G @ 4,

S +G @ 3,
/ +44,

zkhuh if�('f lv wkh ghqvlw| lq wkh frqwuro vxesrsxodwlrq1 Zlwk wklv uhodwlrqvkls doo qf . q�

revhuydwlrqv fdq eh xvhg wr hvwlpdwh If�('�1

Wklv dovr h{sodlqv zk| nqrzohgjh ri wkh surshqvlw| vfruh lv ri qr xvh iru hvwlpdwlqj wkh

dyhudjh wuhdwphqw h�hfw �/ zklfk lv wkh dyhudjh rxwfrph gl�huhqfh p� �pf zhljkwhg e| wkh

glvwulexwlrq If ri [ lq wkh srsxodwlrq/ vhh +8,1 Vlqfh If fdq eh hvwlpdwhg iurp wkh hpslulfdo

glvwulexwlrq ixqfwlrq ri doo qf . q� revhuydwlrqv/ lwv hvwlpdwlrq fdqqrw eh lpsuryhg xsrq e|

nqrzohgjh ri wkh surshqvlw| vfruh1 Khqfh wkh ydoxh ri wkh surshqvlw| vfruh lv/ wkdw lw hqdeohv

xvlqj wkh [ revhuydwlrqv ri rqh vxesrsxodwlrq +wkh frqwuro, wr hvwlpdwh wkh glvwulexwlrq ri

[ lq d gl�huhqw vxesrsxodwlrq +wkh wuhdwhg,1 Frqvhtxhqwo|/ wkh lpsdfw ri nqrzlqj wkh wuxh

surshqvlw| vfruh rq wkh yduldqfh erxqg lv }hur/ zkhq wkh odwwhu *vxesrsxodwlrq* lv wkh zkroh

;



srsxodwlrq +dv lq wkh hvwlpdwlrq ri wkh srsxodwlrq dyhudjh wuhdwphqw h�hfw �1,

E| wklv h{sodqdwlrq lw lv dovr reylrxv zk| wkh yduldqfh erxqgv +;, dqg +43, frlqflgh lq

wkh udqgrp dvvljqphqw vhwwlqj +s+{, @ s,/ dqg zk| +<, grhv qrw +dv qrwlfhg lq Wkhruhp 6

ri Kdkq +4<<;, dqg glvfxvvhg deryh,1 Zlwk udqgrp dvvljqphqw � @ �A dqg wkh glvwulexwlrq

ri [ lv lghqwlfdo dprqj wkh wuhdwhg dqg wkh frqwuro= If�('� @ If�('f @ If 1 Hvwlpdwlrq

ri � zrxog surfhhg e| hvwlpdwlqj If iurp wkh hpslulfdo glvwulexwlrq ixqfwlrq ri doo qf . q�

revhuydwlrqv dqg frpsxwlqj +8,1 Wkh hvwlpdwlrq ri �A ghshqgv rq wkh nqrzohgjh derxw wkh

surshqvlw| vfruh1 Li wkh surshqvlw| vfruh lv nqrzq/ wkh glvwulexwlrq If�('� fdq eh hvwlpdwhg

iurp wkh hpslulfdo glvwulexwlrq ixqfwlrq ri doo qf . q� revhuydwlrqv/ wrr/ vlqfh +44, lpsolhv

if�('�+{,@if�('f+{, @ 41 Khqfh wkh erxqgv +;, dqg +43, frlqflgh1 Rq wkh rwkhu kdqg/

li wkh surshqvlw| vfruh lv xqnqrzq/ wkh glvwulexwlrq If�('� lv hvwlpdwhg iurp wkh hpslulfdo

glvwulexwlrq ixqfwlrq ri wkh q� wuhdwhg revhuydwlrqv/ dqg wkh [ revhuydwlrqv ri wkh frqwurov

duh frpsohwho| qhjohfwhg/ dowkrxjk wkh| kdyh wkh vdph glvwulexwlrq ri [1 Wkh hvwlpdwru ri �A

zlwk xqnqrzq surshqvlw| vfruh qhjohfwv qf ri wkh dydlodeoh revhuydwlrqv iru hvwlpdwlqj If�('�1

Wkxv wkh yduldqfh ri �A ydqlvkhv dw udwh �
?�

lqvwhdg ri �
?f3?�

/ zklfk h{sodlqv wkh gl�huhqfh

ehwzhhq +<, dqg +43,143 Nqrzohgjh ri wkh surshqvlw| grhv qrw ohdg wr d glphqvlrq uhgxfwlrq1

Lw vlpso| doorzv d pruh h!flhqw hvwlpdwlrq ri If�('�1

Wr h{dplqh wkh fdvh ri qrq0udqgrp dvvljqphqw +s+{, 9@ s,/ wkh wkuhh yduldqfh erxqgv +;,

wr +43, fdq eh uhzulwwhq dv

4

q�
H
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.

4
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H
sf
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.

4

qf . q�
H
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l
+45d,

4
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H
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�
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�
.

4

qf
H
sf

%
�2f+[,

i2
f�('�+[,

i2
f�('f+[,

&
.

4

q�
H
s�

k
+p�+[,�pf+[,� �A ,

2
l

+45e,

4

q�
H
s�

�
�2�+[,

�
.

4

qf
H
sf

%
�2f+[,

i2
f�('�+[,

i2
f�('f+[,

&
.

4

qf . q�
H
s�

�
if�('�+[,

if+[,
+p�+[,�pf+[,� �A ,

2

�

+45f,

zkhuh Hs� ^�` @
U �if�('�+{,g{ uhihuv wr wkh h{shfwhg ydoxh lq wkh wuhdwhg vxesrsxodwlrq/ Hsf^�`

wr wkh h{shfwhg ydoxh lq wkh frqwuro vxesrsxodwlrq/ dqg S @ S +G @ 4, @ olp ?�
?fn?�

lv dssur{0

lpdwhg e| ?�
?fn?�

1 Wkh �uvw urz fruuhvsrqgv wr wkh erxqg +;, ri wkh dyhudjh wuhdwphqw h�hfw
43Qrwlqj wkdw �

?4
3 �

?3n?4
' �

?3n?4

?3
?4

s �
?3n?4

�3�
�

/ zklfk fruuhvsrqgv wr wkh gl�huhqfh ehwzhhq +<, dqg +43,=
�

?3n?4

�3�
�

u . �
E6�Ef�36fEf�3 kA �

2� zkhq RE%� ' � 1

<



� +zlwk dqg zlwkrxw nqrzohgjh ri wkh surshqvlw| vfruh,1 Wkh vhfrqg urz uhihuv wr wkh dyhudjh

wuhdwphqw h�hfw rq wkh wuhdwhg �A zlwk xqnqrzq surshqvlw| vfruh +<,/ dqg wkh wklug urz uhihuv

wr wkh erxqg ri �A zlwk nqrzq surshqvlw| vfruh +43,1 Wkh �uvw whup lq hdfk ri wkhvh erxqgv

fdswxuhv wkh yduldqfh gxh wr hvwlpdwlqj p�+{,/ uh0zhljkwhg e| wkh ghqvlw| ri [ lq wkh uhohydqw

srsxodwlrq1 Wklv whup ydqlvkhv dw udwh �
?�
/ vlqfh rqo| wkh q� wuhdwhg revhuydwlrqv duh lqirupd0

wlyh iru hvwlpdwlqj p�1 Dqdorjrxvo|/ wkh vhfrqg whup uhsuhvhqwv wkh yduldqfh gxh wr hvwlpdwlqj

pf+{, dqg ydqlvkhv dw udwh �
?f
/ vlqfh rqo| wkh frqwuro revhuydwlrqv fdq eh xvhg iru hvwlpdwlqj

pf1 Wkh wklug whup vwhpv iurp hvwlpdwlqj wkh glvwulexwlrqv If dqg If�('�/ uhvshfwlyho|/ dqg

ydqlvkhv hlwkhu dw udwh �
?�

ru �
?fn?�

1

Vlqfh nqrzohgjh ri wkh surshqvlw| vfruh grhv qrw d�hfw wkh �uvw wzr whupv ri wkh erxqgv

+45e, dqg +45f,/ wkh rqo| fkdqqho wkurxjk zklfk wkh surshqvlw| vfruh lq xhqfhv wkh yduldqfh

erxqg lv wkurxjk wkh wklug whup/ zklfk fruuhvsrqgv wr wkh hvwlpdwlrq ri If�('�1 Wr hdvh wkh

iroorzlqj glvfxvvlrq/ frqvlghu wkh fdvh zkhuh wkh frqglwlrqdo h{shfwdwlrq ixqfwlrqv pf dqg p�

duh nqrzq1 Wkhq wkh �uvw wzr whupv ri +45d,0+45f, duh }hur/44 dqg wkh fruuhvsrqglqj yduldqfh

erxqg iru � lv
4

qf . q�
�H

k
+p�+[,�pf+[,� �,2

l
/ +46,

dqg wkh erxqgv iru �A +zlwkrxw dqg zlwk nqrzohgjh ri wkh wkh surshqvlw| vfruh, duh

4

q�
�H
s�

k
+p�+[,�pf+[,� �A ,

2
l

+47d,

4

qf . q�
�H
s�

�
if�('�+[,

if+[,
+p�+[,�pf+[,� �A ,

2

�
1 +47e,

Wkh yduldqfh ri � ydqlvkhv dw udwh �
?fn?�

/ vlqfh wkh glvwulexwlrq ri [ lq wkh srsxodwlrq lv

lghqwl�hg iurp doo revhuydwlrqv1 Rq wkh rwkhu kdqg/ wkh pdlq gl�huhqfh ehwzhhq wkh yduldqfh

erxqg ri �A zlwk nqrzohgjh +47e, dqg zlwkrxw nqrzohgjh ri wkh surshqvlw| vfruh +47d, lv/

wkdw wkh yduldqfh ydqlvkhv dw udwh �
?�

lq +47d,/ zkloh lw ydqlvkhv dw udwh �
?fn?�

lq +47e,1 Djdlq

wkh uhdvrq iru wklv lv/ wkdw zlwk xqnqrzq surshqvlw| vfruh wkh glvwulexwlrq If�('� lv lghqwl�hg

iurp wuhdwhg revhuydwlrqv rqo|/ zkhuhdv wuhdwhg dqg frqwuro revhuydwlrqv duh lqirupdwlyh iru

If�('� zkhq wkh surshqvlw| vfruh lv nqrzq/ vxfk wkdw lwv hvwlpdwlrq fdq eh edvhg rq doo q�.qf

revhuydwlrqv1 Li wkh glvwulexwlrq ri [ gl�huv lq wkh frqwuro dqg wkh wuhdwhg vxesrsxodwlrq +qrq0

udqgrp dvvljqphqw,/ wkh frqwuro revhuydwlrqv duh ohvv *h!flhqw* lq hvwlpdwlqj wkh glvwulexwlrq
44Wklv iroorzv lpphgldwho| e| uhshdwlqj wkh surriv ri Kdkq +4<<;,1
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If�('�/45 zklfk lv hperglhg lq wkh fruuhfwlrq whup if�('�@if lq +47e,1 Lq fdvh ri udqgrp

dvvljqphqw +If�('� @ If,/ wkh frqwuro revhuydwlrqv duh dv *h!flhqw* lq hvwlpdwlqj If�('�

dv wkh wuhdwhg revhuydwlrqv/ dqg wkh erxqgv +47e, dqg +46, djuhh1 Wkh yduldqfh erxqg ri

wkh dyhudjh wuhdwphqw h�hfw � lv xqd�hfwhg e| wkh surshqvlw| vfruh/ vlqfh lw lv edvhg rq wkh

glvwulexwlrq If lq wkh zkroh srsxodwlrq/ vxfk wkdw qr rwkhu vxesrsxodwlrqv fdq eh olqnhg xs

iru lwv hvwlpdwlrq yld wkh surshqvlw| vfruh1

Wklv uhodwlrqvkls ehwzhhq wkh surshqvlw| vfruh dqg wkh glvwulexwlrq ixqfwlrq If�('� eh0

frphv hyhq pruh dssduhqw/ zkhq h{dplqlqj wkh yduldqfh erxqgv ri wkh hvwlpdwhg glvwulexwlrq

ixqfwlrq If�('�+d,1 Zkhq wkh surshqvlw| vfruh lv xqnqrzq/ wkh yduldqfh erxqg iru hvwlpdwlqj

If�('�+d, lv

4

qf . q�
�H

�
s+{,

S 2

�
4 +{ � d,� If�('�+d,

�2�

@
4

q�
�H
s�

k�
4 +[ � d,� If�('�+d,

�2l / +48,

dqg zkhq wkh surshqvlw| vfruh lv nqrzq lw lv

4

qf . q�
�H

%
s2+{,

�
4 +{ � d,� If�('�+d,

�2
S 2

&

@
4

qf . q�
�H
s�

�
if�('�+[,

if+[,

�
4 +[ � d,� If�('�+d,

�2� / +49,

+Surri lq Dsshqgl{,1 Wkhvh yduldqfh erxqgv kdyh wkh vdph vwuxfwxuh dv wkh erxqgv +47d, dqg

+47e,1 Li wkh surshqvlw| vfruh lv xqnqrzq/ wkh yduldqfh +48, ydqlvkhv dw udwh �
?�
/ zkhuhdv wkh

yduldqfh +49, ydqlvkhv dw udwh �
?fn?�

iru nqrzq surshqvlw| vfruh/ ehfdxvh lq wkh odwwhu fdvh wkh

frqwuro revhuydwlrqv dvvlvw lq hvwlpdwlqj If�('� +djdlq zlwk if�('�@if dv fruuhfwlrq idfwru

dv lq +47e,,1 Khqfh nqrzohgjh ri wkh surshqvlw| vfruh pdnhv d pruh h!flhqw hvwlpdwru ri wkh

glvwulexwlrq If�('�+d, dydlodeoh1

Wklv hvwlpdwru xvhv wkh hpslulfdo glvwulexwlrq ixqfwlrq ri wkh frqwuro dqg wkh wuhdwhg re0

vhuydwlrqv/ wr hvwlpdwh wkh glvwulexwlrq If�('�1 Frqvlghu wkh hvwlpdwlrq ri wkh frxqwhuidfwxdo

phdq rxwfrph H^\ fmG @ 4`/ zklfk lv wkh fuxfldo lqjuhglhqw lq wkh dyhudjh wuhdwphqw h�hfw rq
45Ehfdxvh wkh ghqvlw| pdvv ri wkh frqwuro revhuydwlrqv pd| eh orfdwhg wr d odujh h{whqw lq gl�huhqw uhjlrqv

wkdq wkh pdvv ri wkh wuhdwhg revhuydwlrqv1
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wkh wuhdwhg �A 146 Wkh frpprq pdwfklqj hvwlpdwru ri H^\ fmG @ 4` @
U
pf+{, � gIf�('�+{, lv

_H ^\ fmG @ 4` @
4

q�

[
�G(�'�

apf+[�,/ +4:,

zkhuh apf+{, lv hvwlpdwhg iurp wkh frqwuro revhuydwlrqv dqg lpsxwhg iru doo wuhdwhg revhuydwlrqv

+G� @ 4,1 Krzhyhu/ li wkh surshqvlw| vfruh lv nqrzq/ wkh h!flhqw hvwlpdwru ri H^\ fmG @ 4` lv

_H ^\ fmG @ 4` @

�
?�n?f

S
�

apf+[�,s+[�,

�
?�n?f

S
�

s+[�,
/ +4;,

zklfk/ lq frqwudvw wr +4:,/ lv d zhljkwhg dyhudjh ri pf iru wkh wuhdwhg dqg wkh frqwuro revhu0

ydwlrqv1 Wkh hvwlpdwru +4;, lv prwlydwhg rq

H^\ fmG @ 4` @

]
pf+{,if�('�+{,g{ @

]
pf+{,

s+{,if+{,

S +G @ 4,
g{ @

U
pf+{,s+{,if+{,g{U

s+{,if+{,g{
+4<,

dqg fruuhvsrqgv wr wkh h!flhqw hvwlpdwru lq Sursrvlwlrq : ri Kdkq +4<<;,1

Wkh ydoxh ri nqrzlqj wkh surshqvlw| vfruh iru hvwlpdwlqj If�('� ehfrphv hyhq pruh reyl0

rxv/ zkhq uhzulwlqj +4<, e| xvlqj +44,47 dv

H^\ fmG @ 4` @

]
pf+{,

s+{,

4� s+{,

S +G @ 3,

S +G @ 4,
if�('f+{,g{ @

U
pf+{,

RE%�
�3RE%�if�('f+{,g{U RE%�

�3RE%�if�('f+{,g{
/

iru s+{, 9@ 4/ zklfk vxjjhvwv wkh hvwlpdwru

_H ^\ fmG @ 4` @

�
?f

S
�G(�'f

apf+[�,
REf��

�3REf��

�
?f

S
�G(�'f

REf��
�3REf��

1 +53,

Dowkrxjk wkh hvwlpdwru +53, lv lqh!flhqw/ lw ghprqvwudwhv wkdw/ zlwk nqrzohgjh ri wkh surshq0

vlw| vfruh/ wkh frxqwhuidfwxdo phdq iru wkh wuhdwhg +H^\ fmG @ 4`, fdq eh hvwlpdwhg iurp wkh

frqwuro revhuydwlrqv/ hyhq zlwkrxw d vlqjoh wuhdwhg revhuydwlrq dydlodeoh/ ehfdxvh wkh frqwuro

revhuydwlrqv lghqwli| wkh glvwulexwlrq ixqfwlrq If�('�1 Wklv lv qrw srvvleoh/ li wkh surshqvlw|

vfruh lv xqnqrzq1

Khqfh iurp dq dv|pswrwlf srlqw ri ylhz/ nqrzlqj wkh surshqvlw| vfruh ohdgv wr d pruh h!0

flhqw hvwlpdwru ri wkh glvwulexwlrq ixqfwlrq ri [ dprqj wkh wuhdwhg/ exw lw grhv qrw frqwulexwh

wr dq| glphqvlrq uhgxfwlrq1
46Ehfdxvh .dt ��( ' �o fdq eh hvwlpdwhg vlpso| e| wkh vdpsoh phdq rxwfrph ri wkh wuhdwhg1
47Dqg wkdw

U
RE%�

�3RE%�sf�('fE%�_% '
U
RE%� s[E%�

s
[mG@3E%�� E('f�

sf�('fE%�_% ' �
� E('f�

U
RE%�sfE%�_% ' � E('��

� E('f� 1
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D Dsshqgl{

Ehorz wkh vhplsdudphwulf yduldqfh erxqg iru wkh hvwlpdwlrq ri wkh glvwulexwlrq ri [ dprqj

wkh wuhdwhg/ If�('�+d,/ lv ghulyhg/ iroorzlqj forvho| wkh surri lq Kdkq +4<<;,1 H{dplqh �uvw

wkh fdvh zkhuh wkh surshqvlw| vfruh lv xqnqrzq1

Wkh mrlqw ghqvlw| ri +G>[, fdq eh zulwwhq dv

i +g> {, @ i+gm{,i+{, @ s+{,_+4� s+{,,�3_i+{,1 +54,

Frqvlghu d uhjxodu sdudphwulf vxeprgho lqgh{hg e| �

i +g> {> �, @ s+{> �,_+4� s+{> �,,�3_i+{> �,/

vxfk wkdw i +g> {> �f, @ i +g> {,1 Wkh vfruh ri i +g> {> �, lv

V+g> {> �, @
C oq i +g> {> �,

C�
@ g

Cs+{> �,@C�

s+{> �,
� +4� g,

Cs+{> �,@C�

4� s+{> �,
.

Ci+{> �,@C�

i+{> �,

@
g� s+{> �,

s+{> �, +4� s+{> �,,

Cs+{> �,

C�
.

Ci+{> �,@C�

i+{> �,

@
g� s+{> �,

s+{> �, +4� s+{> �,,
bs+{> �, .

bi+{> �,

i+{> �,
/

zkhuh bs+{> �, @ YRE%cw�
Yw

dqg bi+{> �, @ YsE%cw�
Yw

Wkh wdqjhqw vsdfh ri wkh prgho lv

@ @ i*+{, � +g� s+{> �,, . v+{,j

iru doo vtxduh0lqwhjudeoh ixqfwlrqv *+{, dqg doo ixqfwlrqv v+{, vdwlvi|lqj
U
v+{,i+{,g{ @ 31

Wkh vhplsdudphwulf yduldqfh erxqg ri If�('�+d, lv wkh h{shfwhg vtxduh ri wkh surmhfwlrq

rq @ ri d ixqfwlrq )+g> {,/ zklfk vdwlv�hv iru doo uhjxodu sdudphwulf vxeprghov

CIf�('�+d> �,

C� �w'wf
@ H ^)+G>[, � V+G>[> �,m� @ �f` 1 +55,

Wkh glvwulexwlrq ixqfwlrq If�('�+d> �, fdq eh zulwwhq dv

If�('�+d> �, @ Hw ^4 +[ � d, mG @ 4` @

]
4 +{ � d, if�('�+{> �,g{ @

U
4 +{ � d, s+{> �,i+{> �,g{U

s+{> �,i+{> �,g{
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vlqfh s+{, @ if�('�+{,S@i+{, zlwk S @ H^G` @
U
s+{,i+{,g{1 Lwv sdwkzlvh ghulydwlyh lv

CIf�('�+d> �,

C� �w'wf
@

�U
4 +{ � d,

�
YRE%cw�

Yw
i+{> �, . YsE%cw�

Yw
s+{> �,

�
g{

�
S

S 2
+56,

�
�U

4 +{ � d, s+{> �,i+{> �,g{
� �U �

YRE%cw�
Yw

i+{> �, . YsE%cw�
Yw

s+{> �,
�
g{

�
S 2 �w'wf

+57,

@

U
4 +{ � d,

�
YRE%cwf�

Yw
i+{, . YsE%cwf�

Yw
s+{,

�
g{

S
+58,

�
If�('�+d,

U �
YRE%cwf�

Yw
i+{, . YsE%cwf�

Yw
s+{,

�
g{

S
+59,

@

U �
4 +{ � d,� If�('�+d,

� �YRE%cwf�
Yw

i+{, . YsE%cwf�
Yw

s+{,
�
g{

S
+5:,

@
4

S

] �
4 +{ � d,� If�('�+d,

� �
bs+{,i+{, . s+{, bi+{,

�
g{/ +5;,

zkhuh bs+{, @ YRE%cw�
Yw �w'wf

dqg bi+{, @ YsE%cw�
Yw �w'wf

1

Ohw

)+g> {, @
g

S

�
4 +{ � d,� If�('�+d,

�
/

zklfk vdwlv�hv +55, ehfdxvh

H ^)+G>[, � V+G>[> �,m� @ �f`

@
�[

_'f

] �
g

S

�
4 +{ � d,� If�('�+d,

��#
g� s+{,

s+{, +4� s+{,,
bs+{, .

bi+{,

i+{,

$
i +g> {, g{

@
�[

_'f

]
g

S

�
4 +{ � d,� If�('�+d,

�# g� s+{,

s+{, +4� s+{,,
bs+{, .

bi+{,

i+{,

$
s+{,_+4� s+{,,�3_i+{,g{

@
4

S

] �
4 +{ � d,� If�('�+d,

�# 4� s+{,

s+{, +4� s+{,,
bs+{, .

bi+{,

i+{,

$
s+{,i+{,g{

@
4

S

] �
4 +{ � d,� If�('�+d,

� �
bs+{,i+{, . s+{, bi+{,

�
g{ @

CIf�('�+d> �,

C� �w'wf

diwhu lqvhuwlqj +54,/ lqwhjudwlqj rxw g dqg frpsdulqj zlwk +5;,1

Wkh yduldqfh erxqg lv wkh h{shfwhg vtxduh ri wkh surmhfwlrq ri )+g> {, rq wkh

wdqjhqw vsdfh @1 Qrwlfh wkdw )+g> {, 5 @/ ehfdxvh lw fdq eh zulwwhq dv )+g> {, @�
4 +{ � d,� If�('�+d,

� _3RE%cwf�
�

.
�
4 +{ � d,� If�('�+d,

� RE%cwf�
�

1 Khqfh wkh surmhfwlrq ri
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)+g> {, lv )+g> {, dqg wkh yduldqfh erxqg +zlwk xqnqrzq surshqvlw| vfruh, lv wkxv

H
�
)+G>[,2

�
@ H

�
G2

S 2

�
4 +{ � d,� If�('�+d,

�2�

@ H

�
s+{,

S 2

�
4 +{ � d,� If�('�+d,

�2� 1

Qrz/ frqvlghu wkh fdvh zkhuh wkh surshqvlw| vfruh lv nqrzq1 Wkh sdudphwulf vxeprgho

fkdqjhv wr

i +g> {> �, @ s+{,_+4� s+{,,�3_i+{> �,/

dqg wkh vfruh lv

V+g> {> �, @
C oq i +g> {> �,

C�
@

Ci+{> �,@C�

i+{> �,
1

Wkh wdqjhqw vsdfh ri wkh prgho lv wkxv

@ @

�
v+{, =

]
v+{,i+{,g{ @ 3

�
1

Frpsxwh wkh sdwkzlvh ghulydwlyh ri

If�('�+d> �, @

U
4 +{ � d, s+{,i+{> �,g{U

s+{,i+{> �,g{

CIf�('�+d> �,

C� �w'wf
@

�U
4 +{ � d, s+{,YsE%cw�

Yw
g{

�
S

S 2
�

�U
4 +{ � d, s+{,i+{> �,g{

� �U
s+{,YsE%cw�

Yw
g{

�
S 2 �w'wf

@

U
4 +{ � d, s+{,YsE%cwf�

Yw
g{

S
�

If�('�+d,
�U

s+{,YsE%cwf�
Yw

g{
�

S

@
4

S

] �
4 +{ � d,� If�('�+d,

�
s+{,

�
Ci+{> �f,@C�

i+{> �f,

�
i+{> �f,g{

@ H

%#
s+[,

�
4 +[ � d,� If�('�+d,

�
S

$
V+G>[> �f,m� @ �f

&
1

Khqfh

)+g> {, @
s+{,

�
4 +{ � d,� If�('�+d,

�
S

zlwk )+g> {, 5 @1 Dffruglqjo| wkh yduldqfh erxqg ri If�('�+d, zlwk nqrzq surshqvlw| vfruh

lv

H
�
)+G>[,2

�
@ H

%
s2+{,

�
4 +{ � d,� If�('�+d,

�2
S 2

&
1
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Uhihuhqfhv

Dedglh/ D1/ dqg J1 Lpehqv +5334,= �Vlpsoh dqg Eldv0Fruuhfwhg Pdwfklqj Hvwlpdwruv iru Dyhudjh

Wuhdwphqw H�hfwv/� plphr/ Kduydug Xqlyhuvlw|1

Eduqrz/ E1/ J1 Fdlq/ dqg D1 Jrogehujhu +4<;4,= �Vhohfwlrq rq Revhuydeohv/� Hydoxdwlrq Vwxglhv

Uhylhz Dqqxdo/ 8/ 76�8<1

Ehjxq/ M1/ Z1 Kdoo/ Z1 Kxdqj/ dqg M1 Zhooqhu +4<;6,= �Lqirupdwlrq dqg Dv|pswrwlf H!flhqf|

lq Sdudphwulf0Qrqsdudphwulf Prghov/� Dqqdov ri Vwdwlvwlfv/ 44/ 765�7851

Elfnho/ S1/ F1 Noddvvhq/ \1 Ulwry/ dqg M1 Zhooqhu +4<<6,= H!flhqw dqg Dgdswlyh Hvwlpdwlrq

iru Vhplsdudphwulf Prghov1 Mrkq Krsnlqv Xqlyhuvlw| Suhvv/ Edowlpruh1

Eurgdw|/ W1/ E1 Fuìsrq/ dqg G1 Irxjëuh +5334,= �Xvlqj pdwfklqj hvwlpdwruv wr hydoxdwh dowhuqd0

wlyh |rxwk hpsor|phqw surjudpphv= Hylghqfh iurp Iudqfh/ 4<;904<;;/� lq Hfrqrphwulf Hydoxdwlrq

ri Oderxu Pdunhw Srolflhv/ hg1 e| P1 Ohfkqhu/ dqg I1 Sihl�hu/ ss1 ;8�4571 Sk|vlfd2Vsulqjhu/ Khlgho0

ehuj1

Fr{/ G1 +4<8;,= Sodqqlqj ri H{shulphqwv1 Zloh|/ Qhz \run1

Ghkhmld/ U1/ dqg V1 Zdked +4<<<,= �Fdxvdo H�hfwv lq Qrq0h{shulphqwdo Vwxglhv= Uhhydoxdwlqj wkh

Hydoxdwlrq ri Wudlqlqj Surjudpphv/� Mrxuqdo ri Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <7/ 4386�43951

Iuùolfk/ P1 +5333,= �Qrqsdudphwulf Fryduldwh Dgmxvwphqw= Sdlu0pdwfklqj yhuvxv Orfdo Sro|qrpldo

Pdwfklqj/� Xqlyhuvlw| ri Vw1 Jdoohq Hfrqrplfv Glvfxvvlrq Sdshu Vhulhv/ 533304:1

Iuùolfk/ P1/ D1 Khvkpdwl/ dqg P1 Ohfkqhu +5333,= �D Plfurhfrqrphwulf Hydoxdwlrq ri Uhkd0

elolwdwlrq ri Orqj0whup Vlfnqhvv lq Vzhghq/� Xqlyhuvlw| ri Vw1 Jdoohq Hfrqrplfv Glvfxvvlrq Sdshu

Vhulhv/ 53330371

Jhuilq/ P1/ dqg P1 Ohfkqhu +5333,= �Plfurhfrqrphwulf Hydoxdwlrq ri wkh Dfwlyh Oderxu Pdunhw

Srolf| lq Vzlw}huodqg/� Xqlyhuvlw| ri Vw1 Jdoohq Hfrqrplfv Glvfxvvlrq Sdshu Vhulhv/ 53330431

Kdkq/ M1 +4<<;,= �Rq wkh Uroh ri wkh Surshqvlw| Vfruh lq H!flhqw Vhplsdudphwulf Hvwlpdwlrq ri

Dyhudjh Wuhdwphqw H�hfwv/� Hfrqrphwulfd/ 99/ 648�6641
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