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4 Lqwurgxfwlrq
Lq wklv sdshu zh frqvlghu dq ryhuodsslqj jhqhudwlrqv hfrqrp| zlwk lqfuhdvlqj
uhwxuqv wr vfdoh gxh wr srvlwlyh surgxfwlrq h{whuqdolwlhv1 Rxu dlp lv wr dqdo|vh
wkh h�hfwv ri wudgh xqlrqv rq wkh shuirupdqfh ri wklv hfrqrp|1 Zh vwxg|
wkh uroh ri xqlrqv zlwk uhvshfw wr vwhdg| vwdwh ohyhov ri hpsor|phqw/ fdslwdo
dffxpxodwlrq/ fdslwdo shu zrunhu dqg zhoiduh1 Zh dovr vwxg| wkh lpsdfw ri
xqlrqv rq wkh hphujhqfh ri pxowlsoh vwhdg| vwdwhv1 Pruhryhu zh dqdo|vh wkh
hphujhqfh ri orfdo lqghwhuplqdf|/ elixufdwlrqv dqg hqgrjhqrxv  xfwxdwlrqv/
l1h1  xfwxdwlrqv gulyhq e| vhoi ixo�olqj yrodwloh h{shfwdwlrqv +ghwhuplqlvwlf ru
vwrfkdvwlf gxh wr h{wulqvlf xqfhuwdlqw|,1

Zh �qg wkdw/ dowkrxjk wkh vwhdg| vwdwh xwlolw| ri doo djhqwv pd| lqfuhdvh
zkhq xqlrqv duh suhvhqw/ xqlrqv pd| dovr ehfrph dq dgglwlrqdo vrxufh ri
lqvwdelolw|/ hqkdqflqj wkh hphujhqfh ri  xfwxdwlrqv1 Dorqj wudmhfwrulhv h{0
klelwlqj hqgrjhqrxv  xfwxdwlrqv vrph jhqhudwlrqv duh ehwwhu wkdq lq wkh
vwhdg| vwdwh exw rwkhuv duh zruvw1 Khqfh/ wkh suhvhqfh ri xqlrqv pd| eulqj
ehqh�wv iru wkh hfrqrp| dw wkh vwhdg| vwdwh/ exw pd| dovr eh sureohpdwlf
iurp dq lqwhujhqhudwlrqdo htxlw| srlqw ri ylhz1

Wkh h�hfwv ri xqlrqv rq wkh dffxpxodwlrq ri fdslwdo/ wkurxjk wkhlu lp0
sdfw rq zdjhv dqg hpsor|phqw/ kdyh ehhq uhfrjql}hg iru d orqj wlph1 Wkh
frqyhqwlrqdo ylhz vwdwhv wkdw dv xqlrqv lqfuhdvh zdjhv/ wklv zloo lqgxfh iurp
wkh w|slfdo frpshwlwlyh �up d vxevwlwxwlrq rxw ri oderxu lqwr fdslwdo1 Krz0
hyhu/ dv dq lqfuhdvh lq zdjhv surgxfhv d qhjdwlyh rxwsxw h�hfw/ erwk wkh
ghpdqg iru oderxu dqg fdslwdo idoo/ pdnlqj wkh qhw h�hfw rq fdslwdo dpeljx0
rxv1 Hyhq wkrxjk/ wkh grplqdqw rslqlrq vhhpv wr eh wkdw wkh qhw h�hfw
lv qhjdwlyh/ vr wkdw xqlrqv kdup fdslwdo dffxpxodwlrq dqg wkhuhiruh jurzwk
dqg zhoiduh14 Pruh uhfhqwo| Ghyhuhx{ dqg Orfnzrrg +4<<4,/ xvlqj dq ROJ
prgho/ kdyh vkrzq wkdw lq d jhqhudo htxloleulxp vhwwlqj wkh qhjdwlyh qhw
uhvxow pd| eh uhyhuvhg1 Lq d sduwldo htxloleulxp iudphzrun lqwhuhvw udwhv duh
h{rjhqrxvo| �{hg1 Krzhyhu/ lq d jhqhudo htxloleulxp iudphzrun wkh lqwhuhvw
udwh fkdqjh zkhq xqlrqv duh suhvhqw1 Wklv phdqv wkdw wkh �qdo rxwfrph
ehfrphv dpeljxrxv/ vr wkdw dq lqfuhdvh lq xqlrq srzhu pd| zhoo lqfuhdvh

4Jurxw +4<;7, vkduhv wkh vdph ylhz/ vwuhvvlqj krzhyhu d gl�huhqw phfkdqlvp1 Wkh
edvlf lghd lv wkdw zkhq xqlrqv dqg �upv edujdlq ryhu erwk wkh zdjh dqg hpsor|phqw +wkh
h!flhqw edujdlq fdvh,/ lq wkh devhqfh ri elqglqj zdjh frqwudfwv dv d xqlrq fdqqrw frpplw
lq dgydqfh wr d jlyhq zdjh sdwk/ zdjhv zloo eh ghwhuplqhg wdnlqj wkh fdslwdo vwrfn dv
jlyhq1 D kljkhu fdslwdo vwrfn lqgxfhv wkhuhiruh kljkhu zdjh ghpdqgv iurp wkh xqlrq/ zlfk
lq wxuq ghfuhdvh sur�wv dqg wkhuhiruh lqyhvwphqw1
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fdslwdo dffxpxodwlrq1 Lqghhg/ lq vwdqgdug ROJ prghov/ fdslwdo dffxpx0
odwlrq lq wkh hfrqrp| xvxdoo| frphv rxw iurp zdjhv1 Dv xqlrqv w|slfdoo|
duh deoh wr lqfuhdvh zdjhv lw lv qrw vwudqjh wkdw fdslwdo lqfuhdvhv pd| eh
rewdlqhg zkhq xqlrqv kdyh d kljkhu edujdlqlqj srzhu1 Ghyhuhx{ dqg Orfn0
zrrg/ xvlqj d Free0Grxjodv surgxfwlrq ixqfwlrq zlwkrxw h{whuqdolwlhv dqg
frqvlghulqj hpsor|phqw frqvwdqw/ vkrzhg wkdw xqlrqv qrw rqo| kdyh d srvl0
wlyh h�hfw rq fdslwdo dfxpxodwlrq exw dovr rq wkh xwlolw| ohyho ri zrunhuv dw
wkh vwhdg| vwdwh1

Lq wklv sdshu zh h{whqg Ghyhuhx{ dqg Orfnzrrg*v sdshu lq wzr gl�huhqw
gluhfwlrqv= zh ghyhors wkhlu prgho dqg zh h{whqg wkh irfxv ri dqdo|vlv1 Rq
rqh kdqg/ lq rxu prgho/ oderxu vxsso| ghflvlrqv duh hqgrjhqrxv1 Lq wklv
vhwwlqj/ wkh lpsdfw ri xqlrqv rq vwhdg| vwdwh zhoiduh/ dovr ghshqgv rq wkhlu
h�hfw rq wkh hpsor|phqw ohyho1 Zh dovr frqvlghu d pruh jhqhudo surgxfwlrq
ixqfwlrq/ zkhuh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg oderxu qhhg
qrw eh frqvwdqw ru lghqwlfdo wr rqh1 Lq wklv fdvh zkhwkhu xqlrqv duh deoh ru
qrw wr lqfuhdvh wkh vwhdg| vwdwh ohyho ri fdslwdo shu zrunhu dovr ghshqgv rq
wkh ydoxh ri wklv hodvwlflw|15 Pruhryhu/ zh frqvlghu srvlwlyh h{whuqdolwlhv lq
surgxfwlrq1 Dv lw lv zhoo nqrzq/ lq wklv fdvh lw lv ohvv olnho| wkdw d shuihfwo|
frpshwlwlyh hfrqrp| zloo eh g|qdplfdoo| lqh!flhqw1 Wkhuhiruh/ dq lqfuhdvh
lq fdslwdo shu zrunhu pd| kdyh dq dgglwlrqdo srvlwlyh lpsdfw rq zhoiduh1
Rxu uhvxowv vkrz wkdw d voljkw lqfuhdvh lq wkh edujdlqlqj srzhu ri xqlrqv
pd| lqfuhdvh hpsor|phqw/ fdslwdo dqg fdslwdo shu zrunhu/ dv zhoo dv zhoiduh
dw wkh vwhdg| vwdwh iru uhdvrqdeoh ydoxhv ri wkh sdudphwhuv ri wkh prgho1 Dv
zh vkdoo dovr vhh rxu hfrqrp| pd| kdyh pxowlsoh vwhdg| vwdwhv1

Rq wkh rwkhu kdqg/ wkh irfxv ri rxu dqdo|vlv lv qryhoo dv lw kdv dovr wr
gr zlwk wkh lpsolfdwlrqv ri xqlrqv iru wkh orfdo g|qdplfv ri wkh prgho dqg
iru wkh hphujhqfh ri hqgrjhqrxv  xfwxdwlrqv +ghwhuplqlvwlf dqg vwrfkdvwlf,1
Lqghhg/ wkh suhvhqw vwxg| ghyhorsv wkh h{lvwlqj vwxglhv ri hqgrjhqrxv  xfwx0
dwlrqv lq hfrqrplhv zlwk fdslwdo dffxpxodwlrq wr wkh fdvh zkhuh wkh oderxu
pdunhw lv qrw shuihfwo| frpshwlwlyh1 Zlwklq dq ROJ iudphzrun wkh slrqhhu
zrun rq hqgrjhqrxv  xfwxdwlrqv lq hfrqrplhv zlwk fdslwdo dffxpxodwlrq
lv Uhlfkolq +4<;9,16 Kh vkrzhg wkdw hqgrjhqrxv  xfwxdwlrqv pd| hphujh

5Krzhyhu/ dv zh vkdoo vhh/ iru uhdvrqdeoh ydoxhv ri wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
fdslwdo dqg oderxu lq surgxfwlrq dq lqfuhdvh lq wkh edujdlqlqj srzhu ri xqlrqv dovr lq0
fuhdvhv fdslwdo shu zrunhu dw d vwhdg| vwdwh1 Vhh Kdphuphvk +4<<6, zhuh hpslulfdo ydoxhv
ri wklv hodvwlflw| duh jlyhq dqg w|slfdoo| udqjh ehwzhhq 317 dqg 51

6Wkh vwdqgdug ROJ prgho/ dv lq Uhlfkolq/ jhqhudwhv vlplodu g|qdplfv wr wkh Zrrgirug
prgho +4<;9,/ zkhq d Ohrqwlhi whfkqrorj| lv frqvlghuhg1 gh Yloghu +4<<9, xvhv erwk prghov
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gxh wr wkh rffxuuhqfh ri Krsi elixufdwlrqv/ zkhq frqvwdqw uhwxuqv wr vfdoh
duh frqvlghuhg/ exw rqo| iru d vx!flhqwo| orz hodvwlflw| ri vxevwlwxwlrq eh0
wzhhq fdslwdo dqg oderxu1 Pruh uhfhqwo|/ Oor|g0Eudjd +4<<8, dqg Fd}}dyloodq
dqg Slqwxv +4<<;, vkrzhg wkh frpsdwlelolw| ehwzhhq hqgrjhqrxv  xfwxdwlrqv
dqg kljkhu ydoxhv ri wkh hodvwlflw| ri idfwru vxevwlwxwlrq zkhq wkh prgho lv
dphqghg wr lqfrusrudwh lqfuhdvlqj uhwxuqv17 Lq Frlpeud +4<<<,/ wkh lqglylv0
leoh oderxu k|srwkhvlv +Kdqvhq +4<;8,, wrjhwkhu zlwk lqfuhdvlqj uhwxuqv zdv
lqwurgxfhg18 Kh vkrzhg wkdw wkh hphujhqfh ri hqgrjhqrxv f|fohv lv txlwh
sodxvleoh/ rffxuulqj zlwk erwk dq hodvwlflw| ri lqsxwv vxevwlwxwlrq dqg dq
dprxqw ri lqfuhdvlqj uhwxuqv lq frqvrqdqfh zlwk hpslulfdo hylghqfh19

Lq wklv sdshu zh sxuvxh wklv odwwhu dqdo|vlv/ l1h1/ zh frqvlghu wkh h{lvwhqfh
ri lqfuhdvlqj uhwxuqv gxh wr srvlwlyh h{whuqdolwlhv lq surgxfwlrq dqg lqglylv0
leoh oderxu1 Zh dvvxph wkdw djhqwv duh lghqwlfdo dqg lqgl�huhqw ehwzhhq
zrunlqj d �{hg qxpehu ri krxuv ru qrw zrunlqj li zdjhv duh lghqwlfdo wr wkh
uhvhuydwlrq zdjh1 Pruhryhu/ zh frqvlghu wkh h{lvwhqfh ri dq +h!flhqw, edu0
jdlqlqj/ ehwzhhq xqlrqv dqg �upv/ ryhu zdjhv dqg hpsor|phqw1: Wkh fdvh
ri d shuihfwo| frpshwlwlyh hfrqrp| lv uhfryhuhg dv wkh fdvh zkhuh xqlrqv
edlujdlqlqj srzhu lv qxoo1 Xqghu wklv vhw xs/ dw htxloleulxp/ ixoo hpsor|0
phqw pd| qrw eh rewdlqhg1 Lqghhg/ hyhq xqghu shuihfw frpshwlwlrq lq wkh
oderxu pdunhw/ dv lq g*Dvsuhprqw hw do1 +4<<8,;/ xqghuhpsor|phqw lv olnho|
wr hphujh dqg zh uhvwulfw rxu dqdo|vlv wr wklv w|sh ri htxloleuld1 Zh rewdlq
wkh shuihfw iruhvljkw g|qdplf v|vwhp dqg dqdo|vh wkh orfdo vwdelolw| surshu0

wr suhvhqw d orfdo dqg joredo g|qdplf dqdolv|v1
7Fd}}dyloodq hw do +4<<;, jrw vlplodu uhvxowv lq d Zrrgirug�v +4<;9, w|sh ri prgho1

Lqfuhdvlqj uhwxuqv pd| eh lqwhuqdo wr wkh �up ru gxh wr srvlwlyh h{whuqdolwlhv lq surgxfwlrq1
Lq wkh �uvw fdvh lpshuihfw frpshwlwlrq vkrxog eh frqvlghuhg1 Qrwh/ krzhyhu/ wkdw xqghu
lpshuihfw frpshwlwlrq pdunxs yduldelolw| pd| dovr eh lpsruwdqw iru wkh hphujhqfh ri
hqgrjhqrxv  xfwxfwlrqv1 Jdol +4<<7, xvlqj d prgho zkhuh djhqwv kdyh dq lq�qlwh krul}rq
kdv vkrzq wkdw orfdo lqghwhuplqdf| pd| dsshdu gxh wr pdunxs yduldelolw|1

8Lq Frlpeud +4<<<, wkh h!flhqf| zdjhv vwuxfwxuh lv frqvlghuhg dqg wkh ohyho ri h�ruw lv
hqgrjhqrxvo| rewdlqhg1 Vhh dovr Slqwxv +4<<:, zkhuh h!flhqf| zdjhv duh dovr frqvlghuhg1

9Dowkrxjk wkhuh lv vrph hpslulfdo hylghqfh iru wkh h{lvwhqfh ri lqfuhdvlqj uhwxuqv/ wkh
ghjuhh ri uhwxuqv wr vfdoh vhhpv wr eh qrw pxfk kljkhu wkdq 41 Vhh iru lqvwdqfh Fdedoohur
dqg O|rqv +4<<3,1

:Vhh dovr Mdfrevhq +5333, zkhuh wkh lq xhqfh ri lpshuihfw frpshwlwlrq +zkhuh �upv
vhw sulfhv dqg xqlrqv vhw zdjhv, rq wkh hphujhqfh ri f|fohv lv dqdo|vhg/ xvlqj d prgho
zlwkrxw fdslwdo1

;g*Dvsuhprqw hw do +4<<8, dovr vwxglhg wkh h�hfwv ri lqfuhdvlqj uhwxuqv rq hqgrjhqrxv
 xfwxdwlrqv lq d prgho zkhuh wkhuh lv xqghuhpsor|phqw/ exw wkh| glg qrw frqvlghu fdslwdo
dffxpxodwlrq1
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wlhv ri wkh vwhdg| vwdwh/ dv zhoo dv wkh rffxuhqfh ri orfdo elixufdwlrqv1 Zh
xvh d jhrphwulfdo phwkrg/ dv lq Judqgprqw hw do1 +4<<;,/ zklfk surylghv
d vlpsoh exw frpsuhkhqvlyh zd| ri dqdo|vlqj wkh hphujhqfh ri hqgrjhqrxv
 xfwxdwlrqv durxqg d vwhdg| vwdwh1 Zh �qg wkdw xqlrq*v edujdlqlqj srzhu
gudpdwlfdoo| lq xhqfhv wkh orfdo g|qdplfv ri wkh v|vwhp1 Dv zh vkdoo vhh
dq lqfuhdvh lq wkh edujdlqlqj srzhu ri xqlrqv uhgxfhv wkh vfrsh iru orfdo lq0
ghwhuplqdf|1 Dovr/ wkh hphujhqfh ri hqgrjhqrxv  xfwxdwlrqv/ wkurxjk Krsi
elixufdwlrqv/ ehfrph pruh olnho| zkhq xqlrqv duh suhvhqw1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh ghvfuleh
wkh prgho dqg rewdlq wkh g|qdplf htxdwlrqv1 Lq vhfwlrq 6 zh gr wkh vwhdg|
vwdwh dqdo|vlv dqg glvfxvv wkh vwhdg| vwdwh h�hfwv ri xqlrq srzhu1 Lq vhfwlrq
7 zh suhvhqw wkh orfdo g|qdplfv dqg elixufdwlrq dqdo|vlv1 Ilqdoo| lq vhfwlrq
8 zh suhvhqw vrph frqfoxglqj uhpdunv1

5 Wkh Prgho
Zh frqvlghu dq ryhuodsslqj jhqhudwlrqv prgho ri wzr0shulrg olyhg djhqwv1 Lq
hdfk shulrg/ | ' �c 2���4c d frqwlqxxp ri lghqwlfdo lqglylgxdov +krxvhkrogv,
ri pdvv � lv eruq1 Wkhuhiruh lq hdfk shulrg | wkhuh duh wzr jhqhudwlrqv dolyh/
wkh |rxqj eruq dw | dqg wkh rog eruq dw |� �1 Lqglylgxdov pd| frqvxph lq
|rxwk dqg lq rog djh exw fdq rqo| zrun zkhq |rxqj1 \rxqj lqglylgxdov fdq
hlwkhu zrun d �{hg dprxqw ri krxuv iru d �up/ uhfhlylqj d zdjh `|/ ru qrw
zrun dw doo1< Wkh| duh rqo| zloolqj wr zrun li zdjhv duh vhw deryh d fhuwdlq
ydoxh/ wkh uhvhuydwlrq zdjh ` |143 Lq hdfk shulrg wkhuh lv d vlqjoh rxwsxw/
h{fkdqjhg xqghu shuihfw frpshwlwlrq/ zklfk lv hlwkhu frqvxphg ru dgghg wr
wkh fdslwdo vwrfn1 Rxwsxw lv wkh qxphudluh1 Lq hyhu| shulrg | wkhuh duh 6
lghqwlfdo �upv44 hdfk surgxflqj d txdqwlw| ri rxwsxw xvlqj oderxu/ u|c dqg
fdslwdo/ g|1 Fdslwdo vhuylfhv duh uhqwhg hdfk shulrg lq d shuihfwo| frpshwlwlyh
pdunhw1 Zdjhv dqg hpsor|phqw duh ghwhuplqhg wkurxjk d edujdlqlqj surfhvv
+h�flhqw edujdlqlqj, ehwzhhq xqlrqv dqg �upv1

<Wklv phdqv wkdw/ dv lq Frlpeud +4<<<, zh frqvlghu wkh lqglylvleoh oderxu k|srwkhvlv1
43Zkhq Zw @ Z w |rxqj lqglylgxdov duh lqgl�huhqw ehwzhhq zrunlqj ru qrw1 Qrwh wkdw

dv krxvhkrogv duh lghqwlfdo wkh| doo idfh wkh vdph Z w1
44Zh dvvxph wkdw lq hdfk shulrg �upv*v rzqhuvkls lv h{rjhqrxvo| glvwulexwhg dprqj

wkh rog jhqhudwlrq1 Wkhuhiruh/ zh gr qrw frqvlghu wkh h{lvwhqfh ri d vwrfn pdunhw/ vr wkdw/
dv lq vwdqgdug ROJ prghov zlwk fdslwdo/ fdslwdo lv wkh xqltxh dvvhw1

8



514 Xqlrqv dqg �upv

51414 Xqlrqv

Xqlrqv duh �up0vshfl�f/ l1h1 zh kdyh rqh xqlrq shu �up1 Xqlrqv uhsuhvhqw
doo |rxqjvwhuv1 Zh dvvxph wkdw dw wkh ehjlqlqj ri hdfk shulrg | wkh |rxqj
duh pdwfkhg h{rjhqrxvo| dqg xqlirupo| zlwk xqlrqv45 vr wkdw hdfk ri wkh
6 lghqwlfdo xqlrqv uhsuhvhqwv ? ' �*6 |rxqj lqglylgxdov1 Zh dvvxph wkdw
xqlrqv duh xwlolwduldq1 Vhh Rvzdog +4<;5,1 Wklv phdqv wkdw hdfk xqlrq wuhdwv
doo phpehuv v|pphwulfdoo| dqg pd{lplvhv wkh vxp ri doo ri lwv phpehuv xwlo0
lwlhv/ zkhwkhu hpsor|hg ru qrw1 Lq rxu fdvh/ dv lw zloo ehfrph dssduhqw odwhu
rq/ wklv lv htxlydohqw wr frqvlghu wkh iroorzlqj remhfwlyh iru wkh uhsuhvhqwdwlyh
xqlrq=

l| � �
�
`| �` |

�
u| +4,

zkhuh � : f lv d frqvwdqw dqg u| lv hpsor|phqw dw wkh �up1

51415 Ilupv

Zh dvvxph wkdw wkh sulydwh surgxfwlrq ixqfwlrq ri d uhsuhvhqwdwlyh �up
h{klelwv frqvwdqw uhwxuqv wr vfdoh1 Krzhyhu/ lqfuhdvlqj uhwxuqv dw wkh vrfldo
ohyho pd| h{lvw/ gxh wr srvlwlyh h{whuqdo h�hfwv lq wkh surgxfwlrq surfhvv=
[Eg|c u|�c zkhuh [ lv dq lqfuhdvlqj ixqfwlrq ri wkh dyhudjh fdslwdo vwrfn g/
dqg hpsor|phqw lq wkh hfrqrp| u146 Zh xvh h{whuqdolwlhv wr frpelqh d vrfldo
whfkqrorj| wkdw glvsod|v lqfuhdvlqj uhwxuqv zlwk d frpshwlwlyh ehkdylrxu lq
wkh rxwsxw pdunhw147 Hdfk vpdoo lqglylgxdo surgxfhu +6 elj, wdnhv g dqg
u dv jlyhq zkhq vroylqj klv rswlplvlqj sureohp1

Dffruglqjo|/ zh frqvlghu wkh iroorzlqj surgxfwlrq ixqfwlrq=

[Eg|c u|��8 Eg|c u|� ' [Eg|c u|��u|sEf|� +5,

zkhuh f ' g*u lv wkh fdslwdo oderxu udwlr dqg � : f lv d vfdolqj idfwru1
Wkh vhfrqg h{suhvvlrq iroorzv iurp wkh frqvwdqw uhwxuqv wr vfdoh dvvxpswlrq1
Zh ixuwkhu dvvxph wkdw=

45Zrunhuv fdqqrw pryh ehwzhhq �upv ru xqlrqv1
46Srvlwlyh h{whuqdolwlhv duh xvxdoo| mxvwl�hg e| ohduqlqj e| grlqj/ ohduqlqj vslooryhuv ru

sxeolf nqrzohgjh dujxphqwv1
47Wklv ghylfh kdv ehhq zlgho| xvhg lq pdfur g|qdplf prghov1 Vhh/ iru lqvwdqfh/ Iduphu

dqg Jxr +4<<7,/ Ehqkdele dqg Iduphu +4<<7, dqg Fd}}dyloodq hw do1 +4<<;,1

9



Dvvxpswlrq 4 sEf� lv d uhdo/ frqwlqxrxv ixqfwlrq iru f � fc srvlwlyho|
ydoxhg dqg gl�huhqwldeoh dv pdq| wlphv dv qhhghg iru f : f/ zlwk s�Ef� : fc
s���Ef� 	 f dqg sEf�� s�Ef�f : f� [ lv d uhdo/ srvlwlyho| ydoxhg ixqfwlrq/
frqwlqxrxv rq ?2

nc �
o rq ?2

nnc iru u odujh hqrxjk1 Zh dovr dvvxph wkdw
0[cg ' [

�

&

&
[
� f dqg 0[cu ' [

�

,

,
[
� f1 Pruhryhu [ lv krprjhqhrxv ri ghjuhh

v/ zkhuh v ' 0[cg n 0[cu phdvxuhv wkh ghjuhh ri lqfuhdvlqj uhwxuqv wr vfdoh/
zklfk lv }hur li wkhuh duh qr h{whuqdolwlhv +[ frqvwdqw,1

Lq hdfk shulrg surgxfhuv pd{lpl}h sur�wv= Z| � [Eg|c u|��u|sEf|� �
`|u| � o|gc zkhuh o| lv wkh uhqwdo sulfh ri fdslwdo1 Surgxfhuv/ zkhq pd{0
lplvlqj sur�wv/ vroyh d wzr0vwdjh sureohp1 Iluvw/ dw wkh ehjlqlqj ri shulrg
| surgxfhuv/ jlyhq o|c uhqw fdslwdo rq wkh hfrqrp|0zlgh fdslwdo pdunhw1 Di0
whu wklv zdjhv dqg hpsor|phqw duh ghwhuplqhg wkurxjk d edujdlq ehwzhhq
xqlrqv dqg �upv rq wkh glvwulexwlrq ri wkh vxusoxv ryhu dqg deryh fdslwdo
uhqwdo frvwv148 Ilqdoo| surgxfwlrq wdnhv sodfh1 Wkh lqfrph jhqhudwhg lq sur0
gxfwlrq/ diwhu wkh sd|phqw ri wkh uhqwdo frvw ri fdslwdo/ lv wkhq glvwulexwhg
dprqj zrunhuv dqg wkh rzqhuv ri wkh �upv1

D uhohydqw lvvxh lq wkh prgholvdwlrq ri wklv sureohp frqfhuqv wkh gh0
juhh ri frpplwphqw doorzhg iru wkh zdjh0hpsor|phqw frqwudfw1 Zh dvvxph
wkdw zrunhuv fdqqrw vljq elqglqj zdjh frqwudfwv/ vr wkdw wkh zdjh dqg hp0
sor|phqw duh ghwhuplqhg diwhu wkh fdslwdo vwrfn ghflvlrq kdv ehhq pdgh1
Wkhuhiruh wr hqvxuh wlph frqvlvwhqf| ri wkh htxloleulxp zh vroyh wkh sureohp
edfnzdugv/ vwduwlqj zlwk wkh zdjh0hpsor|phqw edujdlq1

51416 Zdjh/ hpsor|phqw dqg fdslwdo ghflvlrqv

Zh prgho wkh edujdlqlqj surfhvv xvlqj wkh jhqhudolvhg Qdvk edujdlqlqj vr0
oxwlrq149 Wklv phdqv wkdw �uvw zh kdyh wr vshfli| wkh idooedfn sd|r�v ri hdfk
sduw|/ lq wkh hyhqw wkdw qr djuhhphqw lv uhdfkhg1 Iru wkh xqlrq wkh idoo0
edfn xwlolw| lv }hur/ l1h1/ dv zh vkdoo vhh/ wkh ohyho ri xwlolw| ri dq xqhpsor|hg

48Qrwh wkdw/ e| frqvlghulqj d edujdlq ryhu zdjhv dqg hpsor|phqw zh duh dvvxplqj wkh
h!flhqw edujdlqlqj vwuxfwxuh udwkhu wkdq wkh uljkw0wr0pdqdjh rqh1 Wklv fkrlfh lv pdlqo|
gxh wr dqdo|wlfdo wudfwdelolw|1 Lqghhg/ li zh kdg dgrswhg wkh uljkw0wr0pdqdjh edujdlq0
lqj iudphzrun/ wkh dqdo|vlv ri orfdo g|qdplf surshuwlhv lq vhfwlrq 7 zrxog lqyroyh wklug
rughu ghulydwlyhv ri wkh surgxfwlrq ixqfwlrq1 Krzhyhu wkh uljkw0wr0pdqdjh dvvxpswlrq
lv yhu| dsshdolqj wr vwxg| rwkhu skhqrphqd1 Vhh/ iru lqvwdqfh/ Ehqdvv| +4<<:, zkhuh
xqhpsor|phqw k|vwhuhvlv pd| eh olqnhg wr wklv w|sh ri edujdlq1

49Qrwh wkdw wklv vroxwlrq fdq ehhq vhhq dv d olplw vroxwlrq ri d qrq0frrshudwlyh edujdlq0
lqj jdph1 Vhh Vxwwrq +4<;9,1

:



zrunhg1 Iru wkh �up/ dv zh kdyh frqvlghuhg qrq0elqglqj zdjh frqwudfwv/ wkh
idoo edfn sur�w lv plqxv wkh uhqwdo frvw ri fdslwdo E�o|g|��

4: Khqfh/ wkh zdjh
dqg hpsor|phqw dw wkh w|slfdo �up vroyh wkh iroorzlqj sureohp=

�@%
E`|cu|�M^2

nn

ZW
k

| l
E�3k�
| +6,

zkhuh f 	 k � � phdvxuhv wkh �up�v edujdlqlqj srzhu dqg zkhuh=

ZW| � Z| � E�o|g|� ' [Eg|c u|��u|sEf|��`|u|�

Iurp wkh �uvw rughu frqglwlrqv ri sureohp +6, zh rewdlq=

` | ' [Eg|c u|��
k
sEf|�� s

�

Ef|�f|

l
+7,

`| ' [Eg|c u|��
k
sEf|�� ks

�

Ef|�f|

l
� +8,

Zh dvvxph wkdw u| 	 ? ' �*6c;|� Wklv phdqv wkdw wkhuh lv dozd|v vrph
ghjuhh ri xqghuhpsor|phqw lq rxu hfrqrp|1

Wkh �up wkhq fkrrvhv g| : f wr pd{lpl}h sur�wv wkdw/ xvlqj +8,/ fdq eh
zulwwhq dv=

Z| ' k[Eg |c u|��s
�

Ef|�g| � o|g| +9,

zkhuh f| vdwlv�hv +7,1 Wklv |lhogv wkh �uvw rughu frqglwlrq=4;

k[Eg|c u|��s
�

Ef|� ' o|� +:,

Vxevwlwxwlqj qrz E.� lq ES� zh fdq vhh wkdw sur�wv duh }hur/ l1h1 wkhuh
duh qr sxuh sur�wv lq htxloleulxp14< Wkhuhiruh/ wkhuh duh qr glylghqgv wr eh
sdlg1

4:Zlwk elqglqj frqwudfwv wkh idoo edfn sur�w zrxog eh }hur dv Z dqg O frxog kdyh
ehhq ghwhuplqhg ehiruh lqvwdoolqj wkh fdslwdo vwrfn1 Lqghhg/ dv wkh uhdghu fdq fkhfn/ li
zrunhuv frxog vljq elqglqj frqwudfwv wkh vroxwlrq/ lq rxu fdvh/ zrxog eh htxlydohqw wr wkh
frpshwlwlyh rxwfrph1 Wklv lv gxh wr wkh lqglylvleoh oderxu dvvxpswlrq dqg wr wkh idfw wkdw
wkh uhvhuydwlrq zdjh lv hqgrjhqrxv lq rxu prgho1

4;Qrwh wkdw/ jlyhq +7,/ wkh ghulydwlyh ri ��+Nw> Ow,Di
3

+[w, zlwk uhvshfw wr Nw lv }hur1
4<Wkh dvvxpswlrq ri frqvwdqw uhwxuqv wr vfdoh lv fuxfldo iru wklv uhvxow1 Lqghhg/ zlwk

ghfuhdvlqj uhwxuqv wr vfdoh sur�wv zrxog eh srvlwlyh/ dv lq Ghyhuhx{ dqg Orfnzrrg +4<<4,1

;



Qrwh wkdw zkhq wkh �up kdv doo wkh srzhu lq wkh edujdlqlqj surfhvv
Ek ' �� zh rewdlq wkh frpshwlwlyh rxwfrph= l1h1/ wkh uhqwdo frvw ri fdslwdo
lv lghqwlfdo wr wkh pdujlqdo surgxfwlylw| ri fdslwdo +vhh +:,, dqg wkh zdjh
htxdov erwk wkh pdujlqdo surgxfwlylw| ri oderxu dqg wkh uhvhuydwlrq zdjh
+vhh +7, dqg +8,,1

AIurp +7, zh vhh wkdw hpsor|phqw lv ghwhuplqhg e| wkh htxdolw| eh0
wzhhq wkh pdujlqdo surgxfwlylw| ri oderxu E��u� dqg wkh uhvhuydwlrq zdjh/
iru doo k1 Wklv phdqv wkdw wkh frqwudfw fxuyh lv yhuwlfdo/53 vr wkdw lq d sdu0
wldo htxloleulxp iudphzrun/ xqlrq srzhu zrxog kdyh qr h�hfw rq wkh ohyho
ri hpsor|phqw1 Vhh �jxuh 41 Krzhyhu/ dv zh vkdoo vhh lq vhfwlrq 616/ lq
rxu prgho xqlrq srzhu lq xhqfhv hpsor|phqw wkurxjk jhqhudo htxloleulxp
h�hfwv1 Pruhryhu iurp +7, dqg +8, zh kdyh wkdw xqlrqv duh deoh wr vhw zdjhv
deryh wkh uhvhuydwlrq zdjh1 Wklv pdun0xs ghshqgv srvlwlyho| rq xqlrqv edu0
jdlqlqj srzhu dqg rq wkh udwlr ehwzhhq wkh pdujlqdo frqwulexwlrqv ri fdslwdo
dqg oderxu iru rxwsxw1

+lqvhuw Iljxuh 4 khuh,

ur uhsuhvhqwv wkh oderxu vxsso| fxuyh dqg `Ek� uhsuhvhqwv wkh frqwudfw
fxuyh1 Qrwh wkdw iru k 	 � xqhpsor|phqw lv lqyroxqwdu| dw wkh lqglylgxdo
ohyho/ vlqfh lq wklv fdvh doo lqglylgxdov duh zloolqj wr zrun dw wkh h{lvwlqj
zdjh1 Krzhyhu/ xqghuhpsor|phqw lv dovr suhvhqw zkhq wkh oderxu pdunhw lv
shuihfwo| frpshwlwlyh1 Zkhwkhu lq wklv fdvh xqhpsor|phqw lv yroxqwdu| ru
lqyroxqwdu| lv pruh d txhvwlrq ri vhpdqwlf1 Lqghhg/ dv zh vkdoo vhh lq vhfwlrq
6 ehorz/ hyhq lq wklv fdvh dq lqfuhdvh lq hpsor|phqw pd| eh ghvludeoh iurp
d vrfldo zhoiduh srlqw ri ylhz1

Ilqdoo|/ iru ixwxuh uhihuhqfh/ qrwh wkdw/ xvlqj +8, dqg +5,/ zh rewdlq wkh
iroorzlqj h{suhvvlrq iru wkh oderxu vkduh ri rxwsxw=

ru '

�
sEf�� ks

�

Ef�f
�

sEf�
+;,

zkhuh � : ruEf� : �� k/ iurp Dvvxpswlrq 41

515 Krxvhkrogv

Zh dvvxph wkdw suhihuhqfhv ri d uhsuhvhqwdwlyh krxvhkrog eruq dw | � � duh
dgglwlyho| vhsdudeoh ehwzhhq frqvxpswlrq dqg oderxu vxssolhg zkhq |rxqj1

53Qrwh wkdw wklv uhvxow iroorzv iurp wkh olqhdulw| ri  lq Z 1

<



Zh ixuwkhu dvvxph Free0Grxjodv suhihuhqfhv ryhu frqvxpswlrq zkloh |rxqj
dqg rog/ uhvshfwlyho| ��| dqg �2|n�� Hdfk lqglylgxdo hlwkhu ghflghv wr zrun
d �{hg dprxqw ri krxuv zkhq |rxqj E_| ' ��c uhfhlylqj d zdjh `|c ru qrw
zrun dw doo E_| ' f�1 Wkh zdjh lqfrph uhfhlyhg e| d |rxqj zrunhu lq shulrg |
lv vshqw lq fxuuhqw frqvxpswlrq ru vdyhg wkurxjk wkh sxufkdvh ri surgxfwlyh
fdslwdog�

|n�c dydlodeoh iru surgxfwlrq dw wkh rxwvhw ri shulrg |n�1 Zh dvvxph
wkdw fdslwdo ixoo| ghsuhfldwhv diwhu d shulrg ri xvh lq surgxfwlrq1 Zkhq rog/
lqglylgxdov uhqw wr �upv wkh fdslwdo jrrgv/ sxufkdvhg zkloh |rxqj/ dw wkh
h{shfwhg udwh o|n�� Wkh sureohp vroyhg e| d uhsuhvhqwdwlyh lqglylgxdo eruq
dw | � � lv wkhq wkh iroorzlqj=54

4@ �q
�|�

E�3q�
2|n� � @_| +<,

r�|� ��| ng�
|n� ' `|_| +43,

�2|n� ' o|n�g
�
|n� +44,

zkhuh @ : f lv wkh ghvxwlolw| ri zrun dqg f � q 	 �1
Wkhq/ iru dq hpsor|hg |rxqj lqglylgxdo E_| ' �� zh kdyh wkdw=

��| ' q`| +45,

�2|n� ' E�� q�`|o|n�

dqg=

g�
|n� ' E�� q�`|� +46,

Vxevwlwxwlqj E�2� lq Eb� zh fdq zulwh wkh lqgluhfw xwlolw| ixqfwlrq ri hdfk
hpsor|hg lqglylgxdo eruq dw | dv=

T| ' T E`|c o|n�� ' qqE�� q�E�3q�o
E�3q�
|n� `| � @� +47,

Li xqhpsor|hg wkh xwlolw| ri dq lqglylgxdo eruq dw | lv }hur/ vlqfh _| '
��| ' �2|n� ' f1

Dq |rxqj lqglylgxdo zloo rqo| eh zloolqj wr zrun li T| : f� Wklv phdqv
wkdw dq lqglylgxdo zloo ghflgh wr zrun rqo| zkhq `| : ` |/ zkhuh ` | lv wkh
uhvhuydwlrq zdjh jlyhq e|=

` | ' @
�
qqE�� q�E�3q�

�3�
o
Eq3��
|n� ' BE@cq�o

Eq3��
|n� � +48,

54Zh dvvxph wkdw wkh jhqhudwlrq eruq rog dw wkh ehjlqlqj ri wklv hfrqrp| +w @ 4, rzqv
doo wkh h{lvwlqj surgxfwlyh fdslwdo dqg vshqgv doo wkh uhqwdov lq frqvxpswlrq1

43



Xvlqj wkh suhylrxv h{suhvvlrqv/ lw ehfrphv qrz fohdu wkdw dq xwlolwduldq
xqlrq/ wkdw wdnhv lqwr dffrxqw wkh xwlolwlhv ri doo lwv phpehuv/ zkhwkhu hp0
sor|hg ru qrw/ pd{lplvhv wkh iroorzlqj ixqfwlrq=

l| ' qqE�� q�E�3q�o
E�3q�
|n�

�
`| �` |

�
u| ' �

�
`| �` |

�
u|

vlqfh wkh xqlrq wuhdwv o|n� dv jlyhq155

516 Htxloleulxp

Htxloleulxp lq wkh oderxu dqg fdslwdo pdunhwv uhtxluhv wkdw6g|n� ' g�
|n�6u|c

l1h1 lq dq| shulrg wkh fdslwdo vwrfn lq wkh hfrqrp| lv suhghwhuplqhg e| wkh
vdylqjv ri wkh suhylrxv |rxqj jhqhudwlrq1 Pruhryhu/ vlqfh doo �upv duh lghq0
wlfdo/ lq htxloleulxp g| ' g| dqg u| ' u|� Wkhuhiruh/ xvlqj +8, dqg +46,/ lq
htxloleulxp zh kdyh=

g|n� ' E�� q�u|[Eg|c u|��
k
sEf|�� ks

�

Ef|�f|

l
+49,

Dovr xvlqj +7,/ +:, dqg +48, zh rewdlq=

[Eg|n�c u|n���s
�

Ef|n�� '

5
7B3

�
Eq3��

E@cq�

k

6
8q[Eg|c u|��

k
sEf|�� s

�

Ef|�f|

lr �
q3�

�

+4:,

Htxdwlrqv +49, dqg +4:, jryhuq wkh g|qdplfv ri wkh prgho156 Wkhvh
htxdwlrqv lpsolflwo| gh�qh d wzr glphqvlrqdo g|qdplf v|vwhp zlwk rqh suh0
ghwhuplqhg yduldeoh/ g�

Gh�qlwlrq 4 Dq lqwhuwhpsrudo htxloleulxp zlwk shuihfw iruhvljkw lv d vh0
txhqfh Eg|/ u|� 5 ?2

nnc | ' �c 2c ����4/ vxfk wkdw +49, dqg +4:,/ zkhuh
f ' g*uc duh vdwlv�hg1

55Wkh ixqfwlrq w/ ehlqj wkh vxp ri doo lwv phpehuv xwlolwlhv zloo dozd|v kdyh wklv
ixqfwlrqdo irup dv orqj dv frqvxpswlrq lv d olqhdu ixqfwlrq ri zdjhv1 Wklv zloo kdsshq li
suhihuhqfhv ryhu frqvxpswlrq zkloh |rxqj dqg rog duh uhsuhvhqwhg e| d ixqfwlrq wkdw lv
krprjhqhrxv ri ghjuhh rqh1 Zh fkrvh d Free0Grxjodv vshfl�fdwlrq lq rughu wr vlpsoli|
wkh dqdo|vlv1

56Qrwh wkdw wkh rxwsxw pdunhw dovr fohduv e| Zdoudv odz1
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6 Vwhdg| Vwdwh Dqdo|vlv
Lq wklv vhfwlrq zh vwxg| wkh h{lvwhqfh/ xqltxhqhvv ru pxowlsolflw| ri wkh vwd0
wlrqdu| vwdwhv iru rxu g|qdplf v|vwhp1 Rxu dqdo|vlv zloo forvho| iroorz Fd}0
}dyloodq hw do1 +4<<;, dqg Dorl hw do1 +5333,1

614 H{lvwhqfh

H{lvwhqfh lv hdvlo| hvwdeolvkhg e| vfdolqj wkh wzr sdudphwhuv � dqg @ wr
qrupdolvh wkh vwhdg| vwdwh ydoxhv ri fdslwdo dqg oderxu1

D vwhdg| vwdwh vroxwlrq Egcu� iru doo | lv d vroxwlrq ri +49,0+4:,/ zlwk
f ' g*u/ vxfk wkdw=

g ' E�� q�u[Egcu��
k
sEf�� ks

�

Ef�f
l

+4;,

[Egcu��s
�

Ef� '

5
7B3

�
Eq3��

E@cq�

k

6
8q[Egcu�� ksEf�� s

�

Ef�f
lr �

q3�
+4<,

zkhuh +vhh +48,, BE@cq� ' @
�
qqE�� q�E�3q�

�3�
1

Lq zkdw iroorzv zh hqvxuh wkh h{lvwhqfh ri d vwhdg| vwdwh/ qdpho| zlwk
g ' �c u ' � e| fkrrvlqj dssursuldwh ydoxhv ri wkh vfdolqj sdudphwhuv � : f
dqg @ : f/ vr wkdw=

� ' E�� q�[E�c ���
k
sE��� ks

�

E��
l

+53,

[E�c ���s
�

E�� '

5
7B3

�
Eq3��

E@cq�

k

6
8q[E�c ��� ksE��� s

�

E��
lr �

q3�
+54,

Jlyhq Dvvxpswlrq 4 wkhuh lv d xqltxh vroxwlrq � : f wr +53,1 Vlqfh k : f
dqg BE@cq� lv dq lqfuhdvlqj ixqfwlrq ri @ 5 -nn/ wdnlqj ydoxhv lq Efcn4� wkhuh
lv dovr d xqltxh vroxwlrq @ : f wr +54,/ jlyhq �1 Wkhuhiruh=

Sursrvlwlrq 4 H{lvwhqfh ri wkh vwhdg| vwdwh
Xqghu Dvvxpswlrq 4/ ohw � : f dqg @ : f eh wkh xqltxh vroxwlrqv ri

+53,0+54, iru jlyhq ydoxhv ri k dqg q> wkhq Egcu� ' E�c �� lv d vwdwlrqdu|
vroxwlrq ri wkh g|qdplf v|vwhp +49,0+4:,1
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615 Xqltxhqhvv yhuvxv pxowlsolflw|

Lq ylhz ri +4;,0+4<, �qglqj d vwdwlrqdu| vroxwlrq iru wkh g|qdplfv ri wkh
v|vwhp uhtxluhv �qglqj d ydoxh iru f wkdw vdwlv�hv=

CEf� '
ks

�

Ef�

B3
�

Eq3��

+
fE23q�

�
sEf�� s

�

Ef�f
�

E�� q�E23q� dsEf�� ks �Ef�foE23q�

, �
�3q

' � +55,

zkhuh CEf� lv d frqwlqxrxv srvlwlyh ixqfwlrq iru f : f1 Khqfh/ vwxg|lqj wkh
h{lvwhqfh ri pxowlsoh vwhdg| vwdwhv lqyroyhv vwxg|lqj wkh qxpehu ri vroxwlrqv
lq f iru +55,157 Lq sduwlfxodu li CEf� lv prqrwrqlf +l1h1 li hlwkhu C

�

Ef� : f
iru doo f ru C

�

Ef� 	 f iru doo f, wkhuh h{lvwv dw prvw rqh vwhdg|0vwdwh/ l1 h1
wkh rqh gh�qhg lq Sursrvlwlrq 41 Dovr li C�Ef� fkdqjhv lwv vljq rqo| rqfh/
wkhq/ dw prvw/ wzr vwhdg| vwdwh vroxwlrqv jhqhulfdoo| h{lvw1 Ilqdoo|/ li CEf�
lv frqvwdqw wkhq/ e| Sursrvlwlrq 4/ CEf� ' CE�� ' � iru doo ydoxhv ri f dqg
wkhuh lv d frqwlqxxp ri vwhdg| vwdwhv1

Wr fkhfn zkhwkhu CEf� lv prqrwrqlf ru qrw/ zh qrz dqdo|vh wkh vljq ri
C

�

Ef�1 Gl�huhqwldwlqj CEf� zh rewdlq=

C
�

Ef�f

CEf�
' MEf� '

E�� ruEf��ruEf� n Ek� � n ruEf��
�
E2� q�EjEf� � �� n ruEf�

�
E�� q�kjEf�ruEf�

+56,

zkhuh ruEf� lv wkh oderxu vkduh dw wkh vwhdg| vwdwh/ jlyhq e| +;,/ dqg jEf�

lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg oderxu lq surgxfwlrq dw
wkh vwhdg| vwdwh/ wkdw lv jlyhq e|=

�

j
' � sEf�s ��Ef�f

s �Ef� dsEf�� s �Ef�fo
+57,

Qrwh wkdw/ e| Dvvxpswlrq 4/ jEf� 5 Efcn4�� Vlqfh f : f dqg CEf� : f/
vwxg|lqj wkh vljq ri C

�

Ef� lv htxlydohqw wr vwxg|lqj wkh vljq ri wkh ixqfwlrq
MEf�1 Wkh iroorzlqj sursrvlwlrq suhvhqwv wkh pdlq uhvxowv1

Sursrvlwlrq 5 Xqltxhqhvv ri wkh vwhdg| vwdwh
57Lqghhg e| Dvvxpswlrq 4 dqg xvlqj +4;, dqg +4<, zh nqrz wkdw wkhuh lv d xqltxh vwhdg|

vwdwh ydoxh ri +N>O, fruuhvsrqglqj wr d jlyhq [ zkhq  A 31
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Xqghu wkh dvvxpswlrqv ri Sursrvlwlrq 4/ wkhuh lv d xqltxh vwhdg| vwdwh/
Egcu� ' E�c ��c li rqh ri wkh iroorzlqj frqglwlrqv lv vdwlv�hg=

+l, jEf� : j� ' �� kruEf�

E23q�Ek3�nruEf��
/ l1h1 MEf� : f iru doo f : f1

+ll, f 	 jEf� 	 j� ' �� kruEf�

E23q�Ek3�nruEf��
/ l1h1 MEf� 	 f iru doo f : f1

Wkh sursrvlwlrq deryh vkrzv wkdw zkhq j lv frqvwdqw +wkh FHV fdvh, wkh
fdvhv zkhuh j � � idoo lqwr frq�jxudwlrq +l, dqg/ wkhuhiruh/ wkh vwhdg| vwdwh
lv xqltxh158 Pruhryhu/ li k ' � +wkh frpshwlwlyh fdvh, xqlflw| ri wkh vwhdg|
vwdwh lv dovr rewdlqhg lq wkh FHV fdvh/ vlqfh hlwkhu +l, ru +ll, duh jhqhulfdoo|
vdwlv�hg1 Wkhvh uhvxowv phdq wkdw iru d frqvwdqw j 	 �c wkh vwhdg| vwdwh lv
xqltxh li k ' �c zkhuhdv pxowlsolflw| pd| rqo| dulvh lq wkh suhvhqfh ri xqlrqv
l1h1 zkhq k 	 �1

Zh dguhvv qrz wkh lvvxh ri pxowlsolflw| yhuvxv xqlflw| e| dqdo|vlqj wkh
flufxpvwdqfhv xqghu zklfk wkh frqglwlrqv vwdwhg lq Sursrvlwlrq 5 duh ylr0
odwhg1 Zh irfxv rxu dwwhqwlrq lq wkh fdvhv zkhuh MEf� fkdqjhv vljq dw prvw
rqo| rqfh1 Lq wklv fdvh CEf� lv hlwkhu vlqjoh0fdyhg ru vlqjoh0shdnhg/ vr wkdw
wkhuh duh dw prvw wzr vwhdg| vwdwhv1

Sursrvlwlrq 6 Pxowlsolflw| ri vwhdg| vwdwhv
Wkhuh duh/ dw prvw/ wzr vwhdg| vwdwhv li hlwkhu=
+l, jEf�E2� q�Ek� �n ruEf��� ruEf� d2� Ek n q�o lv lqfuhdvlqj lq f ru>
+ll, jEf�E2� q�Ek� � n ruEf��� ruEf� d2� Ek n q�o lv ghfuhdvlqj lq f�

Xqghu wkhvh frqglwlrqvMEf� fkdqjhv vljq dw prvw rqfh1 Xqghu frqglwlrq
+l, MEf� lv dq lqfuhdvlqj ixqfwlrq1 Li MEf� 	 f dqg MEn4� : f/ wkhqMEf�
furvvhv wkh ydoxh }hur h{dfwo| rqfh +iurp ehorz,/ dqg wkh CEf� ixqfwlrq lv
vlqjoh0fdyhg1 Xqghu fdvh +ll, MEf� lv dq ghfuhdvlqj ixqfwlrq1 Khqfh li
MEf� : f dqg MEn4� 	 f/ wkhq MEf� furvvhv wkh ydoxh }hur h{dfwo| rqfh
+iurp deryh,/ dqg wkh CEf� ixqfwlrq lv vlqjoh0shdnhg1

Wkhuhiruh/ li wkh dvvxpswlrqv ri Sursrvlwlrq 4 duh vdwlv�hg dqg MEf�
grhv qrw ydqlvk dw f ' �/ wkhuh duh h{dfwo| wzr vwhdg| vwdwhv zkhqhyhu

58Qrwh wkdw dw wkh vwhdg| vwdwh ZO+4 � �, @ N vlqfh fdslwdo lv dffxpxodwhg wurxjk
vdylqjv ri wkh |rxqj hpsor|hg zrunhuv1 Khqfh/ dw wkh vwhdg| vwdwh Z@[ @ +4� �,1 De0
vwudfwlqj iurp h{whuqdolwlhv/ wkdw gr qrw lq xhqfh rxu uhvxowv rq wkh xqlflw| ru pxowlsolflw|
ri vwhdg| vwdwhv/ zh nqrz wkdw Z lv d ixqfwlrq ri [ +vhh +8,,1 Lw lv hdv| wr fkhfn wkdw
Z@[ lv d ghfuhdvlqj ixqfwlrq ri [ iru doo [ A 3 li � � 41 Wkhuhiruh/ lq wklv fdvh/ Z@[
fdq qrw furvv pruh wkdq rqfh wkh ydoxh +4� �,1
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E�� ru E��� ri Sursrvlwlrq 6 krogv/ surylghg wkdw wkh dssursuldwh erxqgdu|
frqglwlrqv duh vdwlv�hg +qdpho| wkdw CEf�� � kdv wkh vdph vljq iru f forvh
wr }hur dqg f forvh wr n4,1

Lq wkh qrqjhqhulf fdvh zkhuhME�� ' f wkhuh lv h{dfwo| rqh vwhdg| vwdwh159

Odwhu rq lq wkh sdshu/ zkhq orfdo g|qdplfv dqg elixufdwlrqv durxqg wkh
vwhdg| vwdwh duh vwxglhg/ lw fdq eh fkhfnhg wkdw wkh fdvh mxvw ghvfulehg/ l1 h1
ME�� ' f/ fruuhvsrqgv wr wkh dsshdudqfh ri d wudqvfulwlfdo elixufdwlrq1

616 Vwhdg| vwdwh h�hfwv ri xqlrq srzhu

Lq wklv vhfwlrq/ dvvxplqj wkdw d vwhdg| vwdwh h{lvwv +Sursrvlwlrq 4,/ zh dqdo|vh
wkh h�hfwv ri xqlrq srzhu/ E��k�/ rq vwhdg| vwdwh zhoiduh1 Lq rughu wr gr wklv
lw lv frqyhqlhqw wr eh pruh vshfl�f derxw wkh h{whuqdolw| ixqfwlrq frqvlghuhg1
Iroorzlqj Fd}}dyloodq dqg Slqwxv +4<<;, zh zloo dvvxph/ iurp qrz rq/ wkdw
wkh h{whuqdo h�hfwv gxh wr wkh dyhudjh oderxu vwrfn duh htxdo wr }hur dw wkh
vwhdg| vwdwh1 Lw lpsolhv wkdw 0[cu ' f dqg 0[cg ' D : f +vhh Dvvxpswlrq
4,5:1

Zh duh pdlqo| lqwhuhvwhg lq xqghuvwdqglqj li dq lqfuhdvh lq xqlrqv*v srzhu
kdv d fohdu srvlwlyh h�hfw rq hfrqrplf shuirupdqfh dw d vwhdg| vwdwh1 Wklv
zloo eh wkh fdvh li xqlrqv duh deoh wr lqfuhdvh vwhdg| vwdwh hpsor|phqw dqg wkh
uhsuhvhqwdwlyh zrunhu*v xwlolw|1 Lq wklv fdvh/ li frqvxpswlrq ri wkrvh douhdg|
eruq rog dovr lqfuhdvhv/ vwhdg| vwdwh vrfldo zhoiduh5; zrxog dovr eh kljkhu1

Ghsduwlqj iurp d shuihfwo| frpshwlwlyh oderxu pdunhw vlwxdwlrq Ek ' ��c
d voljkw lqfuhdvh lq xqlrq*v srzhu zloo kdyh d srvlwlyh h�hfw rq wkh vwhdg|
vwdwh ohyho f ri fdslwdo shu zrunhu/ iru uhdvrqdeoh ydoxhv ri wkh hodvwlflw|

59Vhh Fd}}dyloodq hw do1 +4<<;, zkhuh lw lv h{sodlqhg zk|/ xqghu wkhvh frqglwlrqv/ wkh
xqlflw| ri wkh vwhdg| vwdwh grhv qrw shuvlvw1

5:Wklv dvvxpswlrq lv frpsdwleoh zlwk wkh vwdqgdug ohduqlqj0e|0grlqj dujxphqw +vhh
Duurz +4<95,/ Urphu +4<;9,, zkhuh wkh fdslwdo vwrfn rqo| lv dvvxphg wr ruljlqdwh vrfldo
lqfuhdvlqj uhwxuqv1

5;Khuh/ dv lq D}duldglv +4<<6,/ zh pljkw zdqw wr frqvlghu d vrfldo zhoiduh ixqfwlrq ri wkh
w|sh VZI @ e3F5 . e4 ^X+F4>F5,� d`O. e5+q � O,X5> zkhuh e3> e4> e5 duh qrq qhjdwlyh
zhljkwv dqg X5 lv wkh xwlolw| ohyho ri wkrvh xqhpsor|hg +}hur dw wkh pdunhw htxloleulxp,1
Wklv phdqv wkdw vrfldo zhoiduh lv d zhljkwhg dyhudjh ri wkh xwlolwlhv ri doo w|shv ri krxvhkrogv
wkdw pd| h{lvw lq d shulrg w zkhuh d vwhdg| vwdwh vroxwlrq lv revhuyhg1 Uhpdun wkdw wkh
remhfwlyh ixqfwlrq ri d uhsuhvhqwdwlyh xqlrq lv d vshfldo fdvh ri wkh VZI suhvhqwhg deryh/
zlwk e3 @ 3 dqg e4 @ e5= Krzhyhu/ xqlrqv ehlqj plrslf zloo qhyhu dfw dv d vrfldo sodqqhu
zlwk lghqwlfdo zhljwkv1 Lqghhg xqlrqv wuhdw u dv jlyhq dqg gr qrw lqwhuqdolvh surgxfwlrq
h{whuqdolwlhv1
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ri fdslwdo oderxu vxevwlwxwlrq +qdpho| iru j : j�Ek'�� ' E�� q�*E2� q�,15<

Vr zh zloo frqfhqwudwh lq wkh j : j� fdvh dqg dvn/ zkhwkhu lq wklv fdvh/
hpsor|phqw dqg wkh xwlolw| ri zrunhuv dovr lqfuhdvh1 Qrwh wkdw li erwk f
dqg u lqfuhdvh/ vwhdg| vwdwh fdslwdo vwrfn dovr lqfuhdvhv1

Wkh idfw wkdw xqlrqv pd| vlpxowdqhrxvo| lqfuhdvh wkh vwhdg| vwdwh ohyhov
ri fdslwdo shu zrunhu dqg vrfldo zhoiduh pd| eh dw �uvw vljkw sx}}olqj/ dw
ohdvw li wkh frpshwlwlyh pdunhw htxloleulxp lv g|qdplf lqh!flhqw163 Lq wklv
fdvh/ rq wkh frqwudu|/ d kljkhu ohyho ri vwhdg| vwdwh frqvxpswlrq +zhoiduh,
frxog rqo| eh rewdlqhg li f ghfuhdvhg1 Lq rwkhu zrugv/ f zdv wrr kljk
dw wkh frpshwlwlyh pdunhw htxloleulxp/ dqg ryhu0dffxpxodwlrq ri fdslwdo ru
xqghuhpsor|phqw ri oderxu irufh zhuh mxvw wzr vlghv ri wkh vdph frlq164

Krzhyhu/ h{whuqdolwlhv pd| uhyhuw wklv h�hfw1 Lqghhg li/ dv lq rxu fdvh/ srvlwlyh
fdslwdo h{whuqdolwlhv duh qhxwudo/ d�hfwlqj wkh sulydwh surgxfwlylw| ri oderxu
dqg fdslwdo dw wkh vdph udwh/ wkh dffxpxodwlrq ri fdslwdo pd| eh ehqh�fldo iru
hpsor|phqw/ vlqfh/ lq wklv fdvh/ wkh pdujlqdo surgxfwlylw| ri oderxu lqfuhdvhv1
Pruhryhu/ zkhq srvlwlyh fdslwdo h{whuqdolwlhv duh suhvhqw/ wkh ohyho ri fdslwdo
dw wkh frpshwlwlyh pdunhw htxloleulxppd| eh ehorz lwv h!flhqw ohyho1 Khqfh/
lq wkh suhvhqfh ri h{whuqdolwlhv lw lv qrw vwudqjh wkdw lqfuhdvhv lq f pd| eh
vrfldoo| ghvludeoh1 Zkhq dqg krz xqlrqv duh deoh wr lqfuhdvh vwhdg| vwdwh
hpsor|phqw/ fdslwdo shu zrunhu dqg wkh uhsuhvhqwdwlyh zrunhu*v zhoiduh lv
dqrwkhu txhvwlrq wkdw zh glvfxvv ehorz1

D fkdqjh lq k lq xhqfhv wkh vwdwlrqdu| vroxwlrqv Egcu�c jlyhq e| +4;,0
+4<,/ dqg wkhuhiruh vwhdg| vwdwh djhqwv* xwlolw|1 Frqvlghu �{hg ydoxhv iru
wkh sdudphwhuv @c � dqg q� Dvvxph wkdw EgWc uW� lv d vwhdg| vwdwh vroxwlrq
dvvrfldwhg zlwk d jlyhq kW vdwlvi|lqj +4;, dqg +4<,1 Wkhq/ dv vhhq ehiruh/
wkh vwhdg| vwdwh EgWc uW� lv jhqhulfdoo| orfdoo| xqltxh1 Pruhryhu/ jlyhq Dv0
vxpswlrq 4/ gWEk� dqg uWEk� duh �o ixqfwlrqv iru k forvh wr kW1 Dovr/ e|
frqwlqxlw|/ li k voljkwo| fkdqjhv iurp kWc wkh v|vwhp +4;,0+4<, vwloo kdv d
xqltxh vwhdg| vwdwh vroxwlrq forvh wr EgWc uW�� Wkhuhiruh/ xvlqj gl�huhqwldo
dqdo|vlv zh fdq vwxg| krz gW/ uW dv zhoo dv fW dqg T Wfkdqjh zkhq k lv
voljkwo| lqfuhdvhg iurp kW� Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh pdlq

5<Wklv uhvxow lv vkrzq lq wkh Dsshqgl{ ri Sursrvlwlrq 7 ehorz1 Wkh h{suhvvlrq ri �4 lv
jlyhq lq Sursrvlwlrq 51

63Lq wklv fdvh wkh ydoxh ri [ dw wkh frpshwlwlyh pdunhw htxloleulxp lv juhdwhu wkdq lwv
jroghq uxoh ydoxh +l1h wkh ydoxh ri [ vxfk wkdw wkh pdujlqdo surgxfwlylw| ri fdslwdo lq wkh
hfrqrp| lv lghqwlfdo wr rqh,1

64Lqghhg/ wkhvh uhdvrqlqjv duh iuhtxhqwo| xvhg lq rxu fxuuhqw gd|v zkhuh vrph srlqw dv
wkh fdxvh ri xqhpsor|phqw wkh xvh ri wrr pxfk fdslwdo1
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uhvxowv1

Sursrvlwlrq 7 Frqvlghu �{hg ydoxhv iru wkh sdudphwhuv @c �c � dqg q� Iru
d jlyhq k ' kW ohw EgWc uW� eh d vwhdg| vwdwh vroxwlrq ri +4;,0+4<,/ dqg
ru wkh fruuhvsrqglqj oderxu vkduh1 Wkhq/ d voljkw ghfuhdvh lq k +lqfuhdvh lq
xqlrq srzhu, iurp kWc lqfuhdvhv uWc fW dqg wkh fruuhvsrqglqj xwlolw| ri dq
hpsor|hg zrunhu li dqg rqo| li jEfW� : 4@ Ej2cj�� zkhuh=

j2 '
E�3ru�

2

E�3q�EkW3�nru�3E23q3ru�vkW
dqg j� ' �� kWru

E23q�EkW3�nru�nE�3kW�E23q3ru�

�

Surri1 Vhh wkh Dsshqgl{1

Lw lv dovr hdv| wr fkhfn wkdw/ xqghu wkhvh frqglwlrqv/ dq lqfuhdvh lq
xqlrq srzhu lpsolhv dq lqfuhdvh lq �2c l1h1 wkh ohyho ri xwlolw| ri wkrvh
eruq rog1 Wkhuhiruh/ frqwudu| wr frqyhqwlrqdo zlvgrp/ wkhvh uhvxowv lp0
so| wkdw dq hfrqrp| zlwk xqlrqv pd| kdyh dw wkh vwhdg| vwdwh d ehwwhu
hfrqrplf shuirupdqfh wkdq dq hfrqrp| zlwk d shuihfwo| frpshwlyh oderxu
pdunhw165 Iru wklv wr eh wuxh jEfW� pxvw vdwlvi| vlpxowdqhrxvo| wkh irorzlqj
frqglwlrqv= jEfW� : j2EkW'�� ' E�� ru�

2 *dE� � q�ru � E2 � q � ru�vo dqg
jEfW� : j�EkW'�� ' E�� q�*E2� q�1

Qrwh wkdw/ dowkrxjk Sursrvlwlrq 7 uhtxluhv ydoxhv ri wkh hodvwlflw| ri vxe0
vwlwxwlrq ehwzhhq fdslwdo dqg oderxu vx!flhqwo| kljk/ lw krogv iru ydoxhv ri
j ehorz rqh1 Vhh/ dv dq h{dpsoh/ Iljxuh 5 zkhuh zh kdyh ghslfwhg lq wkh
sodqh Ekc j� wkh j2 dqg j� olqhv/ iru ru ' f�Sec q ' fc dqg v ' f�f�1

+lqvhuw Iljxuh 5 khuh,

Ohw xv h{sodlq zk| d vx!flhqwo| kljk ydoxh iru j lv uhtxluhg lq rughu wkdw
xqlrqv pd| kdyh d srvlwlyh h�hfw rq zhoiduh1 Zrunhuv duh deoh wr rewdlq
kljkhu zdjhv zkhq xqlrq srzhu lqfuhdvhv1 Vhh +8,1 Idflqj dq lqfuhdvh lq wkh
uhodwlyh sulfh ri oderxu/ surgxfhuv zloo whqg wr idyrxu wkh xvh ri fdslwdo dqg
lqfuhdvh [/ gxh wr d vxevwlwxwlrq h�hfw1 Reylrxvo|/ wklv h�hfw zloo eh kljkhu
wkh kljkhu wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg oderxu/ j1 Dovr
wkh ulvh lq wkh pdujlqdo surgxfwlylw| ri oderxu rewdlqhg zkhq N lqfuhdvhv

65Krzhyhu/ dv douhdg| h{sodlqhg/ wklv uhvxow vkrxog qrw vxusulvh xv1 Rq wkh rqh kdqg
wkh jroghq uxoh lv qrw qhfhvvdulo| vdwlv�hg lq ROJ prghov1 Rq wkh rwkhu kdqg/ vlqfh wkhuh
duh h{whuqdolwlhv/ zh duh qrw lq d �uvw ehvw hqylurqphqw1 Lq wklv fdvh/ dv lw lv zhoo nqrzq/
wkh lqwurgxfwlrq ri dqrwkhu glvwruwlrq +xqlrqv, lv qrw qhfhvvdulo| d �edg wklqj�1
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lv kljkhu wkh kljkhu lv j1 Wklv srvlwlyh vkliw lq wkh pdujlqdo surgxfwlylw| ri
oderxu idyrxuv d ulvh lq hpsor|phqw wkdw r�vhwv d srvvleoh lqfuhdvh lq wkh
uhvhuydwlrq zdjh166 Vhh Iljxuh 41 Ilqdoo| lw lv hdv| wr fkhfn wkdw wkh xwlolw|
ri wkrvh hpsor|hg lv dq lqfuhdvlqj ixqfwlrq ri wkh xqlrq*v pdun0xs E`*` �1
Vhh +47, dqg +48,1 Dv douhdg| uhihuhg/ wklv pdun0xs ghshqgv srvlwlyho| rq
xqlrqv edujdlqlqj srzhu1 Vhh +7, dqg +8,1 Krzhyhu/ lw dovr ghshqgv rq wkh
udwlr ehwzhhq wkh pdujlqdo frqwulexwlrqv ri fdslwdo dqg oderxu iru rxwsxw/
zklfk pd| ghfuhdvh zlwk lqfuhdvhv lq [1 Qhyhuwkhohvv wklv ghfuhdvh zloo eh
vpdoo iru vx�flhqwo| kljk ydoxhv ri j1

7 Orfdo g|qdplfv dqg elixufdwlrq dqdo|vlv
Lq wklv vhfwlrq zh vwxg| wkh lq xhqfh ri xqlrqv edujdlqlqj srzhu E� � k�
dqg lqfuhdvlqj uhwxuqv Ev� rq wkh hphujhqfh ri ghwhuplqlvwlf ru vwrfkdvwlf
+vxqvsrwv, hqgrjhqrxv  xfwxdfwlrqv/ l1h1 qrq0h{sorvlyh  xfwxdwlrqv gulyhq
e| vhoi0ixo�oolqj yrodwloh h{shfwdwlrqv167

Lq rughu wr gr wklv zh vkdoo xvh d jhrphwulfdo phwkrg/ dv ghyhorshg lq
Judqgprqw hw do1 +4<<;,1 Wklv phwkrg / edvhg vroho| rq wkh ydoxhv ri wkh
uhohydqw sdudphwhuv/ hodvwlflwlhv dqg vkduhv dw wkh vwhdg| vwdwh/ surylghv d ixoo
fkdudfwhul}dwlrq ri wkh hphujhqfh ri hqgrjhqrxv  xfwxdwlrqv +ghwhuplqlvwlf
dqg vwrfkdvwlf, qhdu d vwhdg| vwdwh1

Wkh �uvw vwhs ri wkh jhrphwulfdo phwkrg lv wr frqvlghu wkh olqhdulvhg
g|qdplfv ri wkh v|vwhp +49,0+4:, durxqg d vwhdg| vwdwh dqg lwv dvvrfldwhg
Mdfreldq pdwul{1 Xvlqj +;, dqg +57, wkh Mdfreldq pdwul{ fdq eh zulwwhq

66Iru vpdoo ydoxhv ri  / zkhq[ lqfuhdvhv iroorzlqj dq lqfuhdvh lq xqlrq srzhu/ zh rewdlq
d uhgxfwlrq lq u> wkdw lq wxuq lqgxfhv d ulvh lq wkh uhvhuydwlrq zdjh1 Vhh +:, dqg +48,1
Krzhyhu/ zkhq h{whuqdolwlhv duh lpsruwdqw/ l1h1  elj/ wkh lqfuhdvh lq N pd| lpso| d ulvh
lq wkh pdujlqdo surgxfwlylw| ri fdslwdo/ vr wkdw u dovr lqfuhdvhv1 Lq wklv fdvh wkh uhvhuydwlrq
zdjh idoov/ dqg wkhuhiruh hpsor|phqw xqdpeljxrvo| lqfuhdvhv zlwk xqlrq srzhu1 Qrwh wkdw
lq rughu wr rewdlq d srvlwlyh h�hfw rq hpsor|phqw zh pxvw kdyh � A �5/ dqg wkdw �5 ? 3
iru  kljk hqrxjk1 Vhh Sursrvlwlrq 7 dqg wkh Dsshqgl{1

67Qrwh wkdw lq rxu prgho wkhuh lv rqh suhghwhuplqhg yduldeoh +Nw, dqg rqh qrq0
suhghwhuplqhg yduldeoh +Ow,> zkrvh htxloleulxp ydoxh ghshqgv rq wkh vwdwh ri zrunhu*v
h{shfwdwlrqv1 Pruh suhflvho|/ zrunhuv h{shfwdwlrqv derxw wkh ixwxuh uhdo uhqwdo frvw ri
fdslwdo d�hfw wkh htxloleulxp dprxqw ri oderxu +jlyhq d suhghwhuplqhg ydoxh iru Nw,
wkurxjk lwv lq xhqfh rq wkh uhvhuydwlrq zdjh1
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agg ' v n
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dE�� k� Ej � �� n ruo +58,
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u
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jkv � Ek� � n ru�
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Ek� � n ru�

�

auu ' �agu
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g

jkv � Ek� � n ru�

Ek� � n ru�
+5;,

� �

Eq � ��

E�� ru�

Ek� � n ru�

zkhuh vc j dqg ru uhsuhvhqw uhvshfwlyho| wkh hodvwlflw| ri wkh fdslwdo h{whu0
qdolw|/ wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg oderxu lq surgxfwlrq
dqg wkh oderxu vkduh ri rxwsxw/ doo hydoxdwhg dw wkh frqvlghuhg vwhdg| vwdwh
vroxwlrq> E��k� lv wkh xqlrq edujdlqlqj srzhu dqg q wkh surshqvlw| wr frq0
vxph zkhq |rxqj1 Pruhryhu uhfdoo wkdw v : fc j � fc � : ru : �� kc f �
E�� k� 	 � dqg f � q 	 ��

Lq rughu wr vlpsoli| wkh dqdo|vlv/ dqg dv wklv dvvxpswlrq grhv qrw fkdqjh
lq dq| vljql�fdqw zd| wkh uhvxowv/ zh zloo dvvxph iru wkh uhpdlqghu ri wkh
sdshu wkdw q ' fc l1h1 wkdw wkh |rxqj jhqhudwlrq grhv qrw frqvxph dqg ixoo|
ghyrwhv lwv oderxu lqfrph wr vdylqjv1 Wkh wudfh dqg wkh ghwhuplqdqw ri a
dv d ixqfwlrq ri wkh uhohydqw �sdudphwhuv� ri wkh prgho/ iru q ' fc duh wkhq
jlyhq e|=

A ' A� n A2j +5<,

( ' (� n(2j +63,
68Qrwh wkdw zh frqwlqxh wr frqvlghu wkdw %�>O @ 3 dqg %�>N @ � A 31
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zkhuh=

(2 ' �A2 ' v

ru
+64,

A� '
v Ek� � n ru� n kru

ruEk� � n ru�
+65,

(� '
dvE�� k� n ruo E�� ru�

ruEk� � n ru�
� +66,

A�Ekcvcru� dqg (�Ekcvcru� gh�qh uhvshfwlyho| wkh ydoxhv wdnhq e| A dqg ( zkhq
j ' f� Qrwh wkdw wkh wudfh dqg wkh ghwhuplqdqw ri a fruuhvsrqg uhvshfwlyho|
wr wkh vxp dqg surgxfw ri lwv hljhqydoxhv/ l1h1 wkh urrwv ri wkh dvvrfldwhg
fkdudfwhulvwlf srolqrpldo 'Eb� � b2 � bA n(�

Wkh edvlf lghd ri wkh phwkrg lv wr �{ doo sdudphwhuv h{fhsw rqh/ wkh
elixufdwlrq sdudphwhu/ dqg wr dqdo|vh krz wkh uhodwlrqvkls ehwzhhq ( dqg
A hyroyhv lq wkh sodqh EAc(� dv wklv sdudphwhu frqwlqxrxvo| fkdqjh1 Lq rxu
fdvh zh fkrvh j dv rxu elixufdwlrq sdudphwhu1 Iurp +5<, dqg +63,/ wkh orfxv
EAEj�c(Ej�� lv gh�qhg wkurxjk wkh iroorzlqj h{suhvvlrq +{ olqh,=

( ' {EA � '

�
(� � A�

A2
(2

�
n
(2

A2
A +67,

AIurp wkh deryh h{suhvvlrqv lw lv hdv| wr vhh wkdw wkh h{suhvvlrq { lv olqhdu
dqg qhjdwlyho| vorshg=

{
�

'
(2

A2
' �� +68,

Jlyhq wkdw j � f/ rqo| sduw ri wkh { olqh lv uhohydqw wr rxu dqdo|vlv1 Wkdw
lv wkh sduw ehjlqlqj dw EA�c (�� zkhq j ' f dqg hqglqj dw E�4cn4� iru
j ' n41 Wklv kdoi0olqh {/ uhsuhvhqwhg lq wkh vsdfh EAc(�c srlqwv xszdugv
wr wkh ohiw1 Vhh dq h{dpsoh lq �jxuh 61

+lqvhuw Iljxuh 6 khuh,

Wr surfhhg zlwk wkh jhrphwulfdo phwkrg lw lv frqyhqlhqw wr gh�qh lq
wkh sodqh EAc(� wkh iroorzlqj olqhv1 Wkh olqh �� +( ' A � �, zkhuh d
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orfdo hljhqydoxh lv htxdo wr 4> wkh olqh �� +( ' �A � ��/ zkhuh rqh hljhq
ydoxh lv htxdo wr 04> dqg wkh vhjphqw �� +( ' � dqg mA m 	 2, zkhuh wzr
hljhqydoxhv duh frpsoh{ frqmxjdwhv ri prgxoxv 41 Vhh �jxuh 61 Wkhvh olqhv
glylgh wkh sodqh EAc(� lqwr wkuhh gl�huhqw uhjlrqv= vlqn/ vrxufh dqg vdggoh69/
dffruglqj wr wkh ydoxhv dvvxphg e| wkh orfdo hljhqydoxhv ri wkh v|vwhp dqg
wkh uhvshfwlyh g|qdplf surshuwlhv qhdu wkh vwhdg| vwdwh16:

Xvlqj rxu kdoi0olqh {c dv lq �jxuh 6/ zh fdq lghqwli| zkhwkhu wkh vwhdg|
vwdwh lv d vlqn/ d vdggoh ru d vrxufh/ ghshqglqj rq wkh ydoxhv wdnhq e| j1
Li wkh vwhdg| vwdwh lv d vdggoh ru d vrxufh lw lv orfdoo| ghwhuplqdwh1 Zkhq
wkh vwhdg| vwdwh lv d vlqn wkh v|vwhp lv orfdoo| lqghwhuplqdwh16; Dv vkrzq
lq Judqgprqw hw do1 +4<<;, lq wklv fdvh wkhuh duh lq�qlwho| pdq| vwrfkdv0
wlf htxloleuld/ gulyhq e| vwrfkdvwlf vhoi0ixo�oolqj h{shfwdwlrqv +vxqvsrwv,/ lq
dq duelwudulo| vpdoo qhljkerxukrrg ri wkh vwhdg|0vwdwh1 Li wkh v|vwhp zhuh
olqhdu wklv zrxog eh wkh rqo| srvvlelolw| iru wkh hphujhqfh ri hqgrjhqrxv
 xfwxdwlrqv1 Krzhyhu/ lq qrq olqhdu v|vwhpv ghwhuplqlvwlf dqg vwrfkdvwlf
hqgrjhqrxv  xfwxdfwlrqv durxqg d vwhdg| vwdwh pd| dovr hphujh gxh wr wkh
rfxuuhqfh ri orfdo elixufdwlrqv16<

D orfdo Krsi elixufdwlrq jhqhulfdoo| rffxuv/ zkhq e| voljkwo| fkdqjlqj d
sdudphwhu ri wkh prgho/ wkh ydoxhv ri A dqg ( furvv wkh lqwhulru ri wkh vhj0
phqw �� +l1h1 wkh elixufdwlrq sdudphwhu furvvhv d fhuwdlq ydoxh jM,1 Lq wklv
fdvh/ iru vrph ydoxhv ri j forvh hqrxjk wr jM / wkhuh duh ghwhuplqlvwlf wudmhf0
wrulhv o|lqj ryhu dq lqyduldqw forvhg fxuyh vxuurxqglqj wkh vwdwlrqdu| vwdwh lq
wkh vwdwh vsdfh +ghwhuplqlvwlf hqgrjhqrxv  xfwxdfwlrqv gh�qhg e| shulrglf ru

69Wkh v|vwhp lv orfdoo| vwdeoh d vlqn +wkh wzr orfdo hljhqydoxhv kdyh prgxoxv ohvv wkdq
4, li dqg rqo| li wkh srlqw +W>G, olhv lq wkh lqwhulru ri wkh wuldqjoh DEF= Wkh vwdwlrqdu|
vwdwh lv d vrxufh zkhq erwk hljhqydoxhv kdyh prgxoxv kljkhu wkdq rqh1 Lw lv d vdggoh lq
doo rwkhu fdvhv1 Iru pruh ghwdlov vhh D}duldglv +4<<6,1

6:Qrwh wkdw zh duh xvlqj wkh olqhdu pds dvvrfldwhg wr wkh pdwul{ M wr vwxg| wkh orfdo
vwdelolw| surshuwlhv ri wkh vwhdg| vwdwh1 Wklv surfhgxuh lv ydolg iru qrq olqhdu v|vwhpv
dv orqj dv M lv lqyhuwleoh dqg qr hljhqydoxh furvvhv wkh xqlw flufoh +Kduwpdq0Jurepdq
Wkhruhp/ vhh iru lqvwdqfh Judqgprqw +4<;;, sj 5;/ Wkhruhp E1714 ru D}duldglv +4<<6,/
sj 8</ Wkhruhp 914,1

6;Lqghwhuplqdf| rffxuv zkhq wkh qxpehu ri hljhqydoxhv vwulfwo| orzhu wkdq rqh lq devr0
oxwh ydoh lv odujhu wkdq wkh qxpehu ri suhghwhuplqhg yduldeohv1 Khuh/ wklv phdqv wkdw iru d
jlyhq lqlwldo frqglwlrq ri wkh suhghwhuplqhg yduldeoh Nw/ forvh wr wkh vwhdg| vwdwh/ wkhuh lv
d frqwlqxxp ri ydoxhv iru Ow gh�qlqj htxloleulxp sdwkv wkdw frqyhujh wr wkh vwhdg| vwdwh1

6<D elixufdwlrq rffxuv zkhq/ e| voljkwo| fkdqjlqj rqh sdudphwhu ri wkh prgho/ wkhuh lv
d txdolwdwlyh fkdqjh lq wkh g|qdplf surshuwlhv ri wkh htxloleulxp wudmhfwrulhv qhdue| wkh
vwhdg| vwdwh1 Iru d pruh whfkqlfdo dssurdfk wkh uhdghu pd| zlvk wr frqvxow Judqgprqw
+4<;;, ru Kdoh dqg Nrêdn +4<<4,1
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txdvl0shulrglf ruelwv,1 Pruhryhu/ li wkh vwhdg| vwdwh lv ghwhuplqdwh/ vwrfkdv0
wlf hqgrjhqrxv  xfwxdfwlrqv pd| dovr hphujh zkhq wkhvh elixufdwlrqv duh
vxshufulwlfdo173 Lqghhg/ lq wklv fdvh/ wkhuh duh lq�qlwho| pdq| qrq0h{sorvlyh
vwrfkdvwlf htxloleuld +vxqvsrwv,/ zlwk d frpsdfw vxssruw frqwdlqlqj lq wkhlu
lqwhulru wkh lqyduldqw forvhg fxuyh +Krsi ,/ dv vkrzq lq Judqgprqw hw do1
+4<<;,1

D  ls elixufdwlrq rffxuv zkhq wkh ydoxhv ri A dqg ( furvv wkh �� olqh/
dqg d ghwhuplqlvwlf f|foh ri shulrg wzr qhdue| d vwhdg| vwdwh hphujhv174 Wklv
zloo qrw eh srvvleoh lq rxu prgho/ vlqfh wkh kdoi0olqh { lv sdudoho wr wkh olqh
��1

Ilqdoo|/ zkhq wkh ydoxhv ri A dqg( furvv wkh �� olqh/ dqg li Sursrvlwlrqv
4 dqg 6 duh vdwlv�hg/ d wudqvfulwlfdo elixufdwlrq rffxuv175 Lq wklv fdvh wkhuh
duh wzr vwhdg| vwdwhv h{fkdqjlqj vwdelolw| surshuwlhv1 Zkhq wkh wudqvfulwlfdo
rffxuv lq wkh lqwhulru ri vhjphqw �� rqh vwhdg| vwdwh lv d vdggoh dqg wkh rwkhu
lv d vlqn1 Wklv phdqv wkdw qhdue| d ghwhuplqdwh vwhdg| vwdwh +vdggoh, wkhuh
lv d lqghwhuplqdwh rqh +vlqn,/ dqg wkhuhiruh orwv ri vwrfkdvwlf hqgrjhqrxv
 xfwxdwlrqv durxqg lw1

714 Wkh uroh ri xqlrqv edujdlqlqj srzhu

Edfn wr rxu g|qdplf v|vwhp zh vkdoo qrz glvfxvv krz wkh wkh kdoi0olqh {
pryhv lq wkh vsdfh EAc(� dv k ydulhv iurp E�� ru� wr �176 Wklv dprxqwv wr
dqdo|vh krz wkh ruljlq EA�Ekcvcru�c (�Ekcvcru�� ri wkh kdoi0olqh { fkdqjhv zlwk
kc vlqfh lwv vorsh/ dv zh kdyh vhhq/ lv frqvwdqw +htxdo wr 04,1

AIurp qrz rq/ dqg iru dq h{srvlwlrq ghylfh ohw xv �{ uhohydqw udqjhv iru

73Li wkh Krsi elixufdwlrq lv vxshufulwlfdo wklv phdqv wkdw wkh lqyduldqw forvhg fxuyh
hphujhv zkhq wkh vwhdg| vwdwh ehfrphv d vrxufh +ghwhuplqdwh,1 Elixufdwlrqv duh vxshu0
fulwlfdo ru vxefulwlfdo ghshqglqj rq wkh ydoxhv ri kljkhu rughu ghulydwlyhv ri wkh g|qdplf
v|vwhp1 Vlqfh wklv lpsolhv frpsoh{ dqdolwlfdo frpsxwdwlrqv/ wkh xvxdo surfhgxuh lv lqvwhdg
wr fkhfn e| vlpxodwlrqv zkdw nlqg ri elixufdwlrq rffxuv1

74Lw lv dovr srvvleoh wr frqvwuxfw lq�qlwho| pdq| vwrfkdvwlf hqgrjhqrxv  xfwxdwlrqv
zlwklq d frpsdfw qhljkerxukrrg ri wkh vwhdg| vwdwh/ frqwdlqlqj wkh f|foh ri shulrg wzr/ li
wkh  ls lv vxshufulwlfdo dqg rffxuv zkhq W dqg G furvv wkh lqwhulru ri wkh vhjphqw DE1 Lq
wklv fdvh wkh f|foh ri shulrg wzr hphujhv zkhq wkh vwhdg| vwdwh lv d vdggoh +ghwhuplqdwh,1

75Zkhq W dqg G furvv wkh olqh DF rwkhu w|shv ri elixufdwlrqv pd| rffxu +slwfkirun ru
vdggoh0qrgh,1 Krzhyhu/ vlqfh zh kdyh dvvxphg wkh h{lvwhqfh ri dw ohdvw rqh vwhdg| vwdwh
+Sursrvlwlrq 4, dqg dw prvw ri wzr +Sursrvlwlrq 6, wkhvh rwkhu elixufdwlrqv duh uxoohg rxw1

76Uhphpehu wkdw/ e| frqvwuxfwlrq ri wkh prgho/ zh pxvw kdyh +4 � vO, ? � � 41 Vhh
+6, dqg +;,1
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rxu sdudpdwhuv kc ru dqg v=

Dvvxpswlrq 5 E�� ru� 	 k � �c �*2 	 ru 	 � dqg f 	 � 	 2E2ru � ��177

Iluvw qrwh wkdw A�Ekcvcru� dqg (�Ekcvcru� duh dozd|v srvlwlyh dqg wkdw erwk
ghfuhdvh zlwk k� Lqghhg EA�c (�� wdnh wkh ydoxhv En4cn4� iru k ' �� ru
dqg EEv n ��*ruc E�� ru�*ru� iru k ' �� Ixuwkhupruh wkh orfxv EA�Ek�c (�Ek��
olhv ryhu dq kdoi olqh {� zkrvh h{suhvvlrq lv jlyhq dv iroorzv=

(� ' {�EA�� ' A�E� n ��� �

ru
E2 n ��� � +69,

sJo A� 5 EE� n ��*rucn4�

Wklv kdoi olqh {� lv hdvlo| rewdlqhg vroylqj +65, iru k dqg vxevwlwxwlqj lw lq
+66,1 Vhh �jxuh 7 zkhuh zh uhsuhvhqw dq h{dpsoh ri wkh kdoi olqh {�1

+lqvhuw �jxuh 7 khuh,

Wkh vorsh ri wkh kdoi olqh {� lv juhdwhu wkdq 4 vlqfh � : f1 Lw lv dovr hdv|
wr fkhfn wkdw EA�Ek�c(�Ek�� lv d srlqw lq wkh vsdfh EAc(� o|lqj wr wkh ohiw ri
olqh �� E( ' A � ��c iru E�� ru� 	 k 	 k@/ dqg wr wkh uljkw ri wkh olqh ��
iru k@ 	 k 	 � zkhuh=

k@ '
2E�� ru�

E2� ru�
�

Iru k ' k@ wkh srlqw EA�Ek�c(�Ek�� olhv h{dfwo| rq wkh �� olqh1 Pruhryhu/
vxevwlwxwlqj k e| k@ lq h{suhvvlrqv +65, dqg +66, zh vhh wkdw A�Ek@� : 2 dqg
(�Ek@� : �c vlqfh v : f� Wkhuhiruh wkh kdoi olqh {�/ zlwk d vorsh juhdwhu wkdq
4/ pxvw furvv wkh olqh �� deryh srlqw �1 Vhh �jxuh 7 zkhuh zh kdyh dovr
uhsuhvhqwhg wkh kdoi olqh { iru k ' k@1 Qrwh dovr wkdw vlqfh A� dqg (� duh
ghfuhdvlqj ixqfwlrqv ri k/ wkh kdoi olqh { grhv +qrw, furvv wkh olqh DF iru
k : k@ +k 	 k@,1

77Wkh �uvw lqhtxdolw| iroorzv iurp +;,1 Qrwh dovr wkdw wklv dvvxpswlrq grhv qrw lpsrvh
vwudqjh ydoxhv qhlwkhu rq wkh oderxu vkduh qru rq fdslwdo h{whuqdolwlhv1 Lqghhg hpslulfdo
hylghqfh srlqwv wr ydoxhv ri vO kljkhu wkdq 4@5 dqg iru vpdoo ydoxhv ri y1 Pruhryhu/ wklv
dvvxpswlrq vlpsol�hv frqvlghudeo| rxu dqdo|vlv/ dv lw zloo ehfrph dssduhqw ehorz1
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Frqvlghu qrz wkh fulwlfdo ydoxh k ' kK vxfk wkdw kdoi0olqh { furvvhv srlqw
�� Vxevwlwxwlqj +64,/ +65, dqg +66, lq +67, zh rewdlq=

kK '
eE�� ru�

2� v
�

Qrwh wkdw xqghu Dvvxpswlrq 5/ � 	 2E2ru � ��c vr wkdw kK 	 �1 Dovr/ vlqfh
v : fc k@ 	 kK� Pruhryhu/ xvlqj +66,/ zh kdyh wkdw f 	 (�Ek'�� 	 ��
Wkhuhiruh/ vlqfh A�Ek�c(�Ek� duh ghfuhdvlqj zlwk k/ wkh kdoi0olqh { iru k ' �
pxvw eh ri wkh w|sh uhsuhvhqwhg lq �jxuh 61 Dovr iru k : kK wkh kdoi0olqh
{ furvvhv wkh vhjphqw �� lq lwv lqwhulru1 Wkh irorzlqj ohppd vxppdul}hv
wkhvh uhvxowv1

Ohppd 4 Frqvlghu Dvvxpswlrq 51 Wkhq/ wkh vorsh ri wkh kdoi olqh {� lv
juhdwhu wkdq 41 Wkh kdoi olqh {� furvvhv wkh olqh �� iru k ' k@ zlwk
A� : 2 dqg (� : �1 Wkh kdoi olqh { grhv +qrw, furvv wkh olqh �� iru
k : k@ Ek 	 k@�1 Dovr iru k : kK +k 	 kK, wkh kdoi0olqh { grhv +qrw, furvv
wkh vhjphqw �� lq lwv lqwhulru1 Pruhryhu kK : k@1

Zh fdq qrz vhh jhrphwulfdoo| krz wkh kdoi olqh { pryhv dv k ghfuhdvhv
iurp 4 wr E�� ru� � Vhh �jxuh 71 Dv k ghfuhdvhv wkh kdoi olqh { vkliwv lq d
sdudoho zd| +uhphpehu wkdw lwv vorsh lv 04,/ wr wkh uljkw/ zlwk lqlwldo srlqwv
prylqj xszdugv dorqj wkh kdoi olqh {�1

Frpelqlqj qrz doo wkhvh uhvxowv zh fdq vwdwh wkdw lq rxu prgho  ls elixu0
fdwlrqv duh dozd|v uxohg rxw1 Wkdw lv wr vd| wkdw wkh kdoi0olqh { qhyhu furvvhv
wkh olqh ��1 Krzhyhu/ Krsi elixufdwlrqv duh srvvleoh/ vlqfh wkh kdoi0olqh {
furvvhv wkh lqwhulru ri vhjphqw EF zkhq k : kK� Pruhryhu wudqvfulwlfdo elixu0
fdwlrqv dovr rffxu vlqfh wkh kdoi0olqh { lqwhuvhfwv wkh olqh �� iru k@ 	 k 	 ��
E| vwudljkwiruzdug fdofxodwlrqv zh fdq rewdlq wkh ydoxhv ri j vxfk wkdw wkh
kdoi0olqh { lqwhuvhfwv wkh �� dqg �� olqhv/ uhvshfwlyho| jA dqg jM =

jA ' �� kru
2Ek� � n ru�

+6:,

jM '
k dru n vE�� ru�o� E�� ru� d2ru n vo

�Ek� � n ru�
� +6;,

Wkh iroorzlqj sursrvlwlrq vxppdulvhv wkh uhvxowv rq orfdo vwdelolw| dqg
elixufdwlrq dqdo|vlv/ wkdw fdq qrz eh lpphgldwho| rewdlqhg e| lqvshfwlrq ri
�jxuh 71
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Sursrvlwlrq 8 Jlyhq �{hg ydoxhv iru v dqg ru vdwlvi|lqj Dvvxpswlrq 5 lw
iroorzv iurp Ohppd 4 wkdw wkh iroorzlqj jhqhulfdoo| krogv=

+l, iru E�� ru� 	 k 	 k@ wkh vwhdg| vwdwh lv dozd|v d vrxufh1
+ll, iru k@ 	 k 	 kK> wkh vwhdg| vwdwh lv d vdggoh zkhq f 	 j 	 jA >

xqghujrhv d wudqvfulwlfdo elixufdwlrq iru j ' jA ehfrplqj d vrxufh iru j : jA 1
+lll, iru kK 	 k 	 �> wkh vwhdg| vwdwh lv d vdggoh zkhq f 	 j 	 jA >

xqghujrhv d wudqvfulwlfdo elixufdwlrq iru j ' jA ehfrplqj d vlqn iru jA 	
j 	 jM > xqghujrhv d Krsi elixufdwlrq iru j ' jM ehfrplqj d vrxufh iru
j : jM1

Wklv phdqv wkdw iru k : kK ghwhuplqlvwlf dqg vwrfkdvwlf hqgrjhqrxv  xf0
wxdwlrqv pd| hphujh1 Zkhq d wudqvfulwlfdo elixufdwlrq rffxuv wzr vwhdg|
vwdwhv frh{lvw +iru j forvh wr jA , rqh ehlqj d vdggoh dqg wkh rwkhu d vlqn
+lqghwhuplqdwh,1 Khqfh wkhuh duh lq�qlwlo| pdq| vwrfkdvwlf hqgrjhqrxv  xf0
wxdwlrqv duelwudulo| qhdu wkh vlqn1 Dv j lv lqfuhdvhg/ d vwhdg|0vwdwh zklfk zdv
d vlqn/ ehfrphv d vrxufh/ dqg d Krsi elixufdwlrq rffxuv/ jhqhudwlqj ghwhu0
plqlvwlf shulrglf ru txdvlshulrglf g|qdplfv durxqg wkh vwhdg| vwdwh1 Lq wkh
vlpxodwlrqv zh shuiruphg wkh Krsi elixufdwlrq zdv vxshufulwlfdo/ wkh lqydul0
dqw forvhg fxuyh hphujlqj iru ydoxhv ri j vxfk wkdw wkh vwhdg|0vwdwh lv d vrxufh
+ghwhuplqdwh,1 Lq wklv fdvh/ dv uhihuhg deryh/ wkhuh duh orwv ri vwrfkdvwlf hq0
grjhqrxv  xfwxdwlrqv zkrvh frpsdfw vxssruw frqwdlqv wkh lqyduldqw forvh
fxuyh1 Wkhuhiruh/ hyhq zkhq wkh orfdo vwhdg| vwdwh xqghu dqdo|vlv lv ghwhu0
plqdwh +vdggoh ru vrxufh, hqgrjhqrxv  xfwxdwlrqv hphujh lq rxu prgho li j
lv forvh hqrxjk wr wkh vlqn erxqgdulhv +jA dqg jM,1

Wkh deryh �qglqjv rq orfdo vwdelolw|/ elixufdwlrqv dqg wkh hphujhqfh ri
hqgrjhqrxv  xfwxdwlrqv duh ghslfwhg lq �jxuh 81 Wkhuh/ iru jlyhq ydoxhv
ri v : f dqg ru vdwlvi|lqj Dvvxpswlrq 5/ zh kdyh sorwwhg jA dqg jM dv
ixqfwlrqv ri k1 Qrwh wkdw erwk jA dqg jM lqfuhdvh zlwk k� Iru k ' k@ zh
kdyh jA ' f dqg iru k ' � zh kdyh jA ' f�D dqg jM ' E2ru � ��*D : f�D178

Pruhryhu iru k ' kK zh kdyh wkdw jA ' jM 1

+lqvhuw Iljxuh 8 khuh,

715 Wkh uroh ri h{whuqdolwlhv

Sursrvlwlrq 8 vxppdul}hv wkh uhvxowv rq orfdo vwdelolw| dqg rq wkh rffxuuhqfh
ri elixufdwlrqv li Dvvxpswlrq 5 lv vdwlv�hg1 Wkhuhiruh lw rqo| dssolhv dv orqj

78Qrwh wkdw/ xqghu Dvvxpswlrq 5/ +5vO � 4,@� pd| hyhq eh juhdwhu wkdq rqh1
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dv wkhuh lv vrph ghjuhh ri fdslwdo h{whuqdolwlhv +v : f,1 Vlqfh lw lv d srlqw
riwhq pdgh wkdw h{whuqdolwlhv pd| h{lvw exw lq d orz ghjuhh/ dq lqwhuhvwlqj
txhvwlrq lv wr nqrz krz wkh uhvxowv vwdwhg ehiruh/ lq Sursrvlwlrq 8/ fkdqjh
dv v ghfuhdvhv dssurdfklqj }hur1

AIurp +6;, zh fdq vhh wkdw wkh olqh jM sorwwhg lq �jxuh 8 vkliwv xszdugv
+kK ghfuhdvhv, zkhq v glplqlvkhv1 Khqfh kljkhu ydoxhv ri j +dqg orzhu ydoxhv
ri k, duh uhtxluhg iru wkh rfxuuhqfh ri d Krsi elixufdwlrq zkhq h{whuqdolwlhv
duh orzhu1 Vlqfh ,�6

v<f
jM ' 4 zh pd| vxvshfw wkdw wkh h{lvwhqfh ri h{whu0

qdolwlhv +hyhq li rqo| e| dq lq�qlwhvlpdo dprxqw, lv d qhfhvvdu| frqglwlrq
iru wkh rfxuuhqfh ri Krsi elixufdwlrqv1 Wklv lv lqghhg wkh fdvh1 Zlwk frq0
vwdqw uhwxuqv wr vfdoh +l1h1 qr h{whuqdolwlhv/ v ' f, iurp +5<,0+66, zh kdyh
A2 ' (2 ' f� Qrwh dovr wkdw dv A ' A�Ekc v ' fc ru� dqg ( ' (�Ekc v ' fc ru�

wkh wudfh dqg wkh ghwhuplqdqw gr qrw ghshqg rq j� Pruhryhu zh kdyh wkdw
( ' A ��� Wklv phdqv wkdw wkh uhodwlrq ehwzhhq A dqg ( frlqflghv zlwk wkh
�� olqh1 Wkhuhiruh rqh ri wkh wzr hljhqydoxhv lv dozd|v htxdo wr rqh1 Wkh
rwkhu hljhqydoxh lv dozd|v srvlwlyh/ kljkhu wkdq rqh li E��ru� 	 k 	 2E��ru�c
ru orzhu wkdq rqh li 2E��ru� 	 k 	 �1 Khqfh lq wkh FUV prgho Krsi dqg  ls
elixufdwlrqv fdq qrw rffxu l1h1 orfdo ghwhuplqlvwlf hqgrjhqrxv  xfwxdwlrqv/
suhvhuyhg xqghu voljkw fkdqjhv ri wkh sdudphwhuv/ gr qrw h{lvw1 Krzhyhu/
zkhq 2E� � ru� 	 k 	 � lq�qlwho| pdq| vwrfkdvwlf hqgrjhqrxv  xfwxd0
wlrqv/ lq d duelwudulo| vpdoo qhljkerxukrrg ri wkh vwhdg| vwdwh/ pd| hphujh1
Lqghhg lq wkh FUV fdvh wkh g|qdplf v|vwhp xqghu vwxg| froodsvhv lqwr d
rqh glphqvlrqdo g|qdplf ixqfwlrq iru f| +vhh +4:,,1 Wklv phdqv wkdw or0
fdo lqghwhuplqdf| zloo hphujh zkhq lwv hljhqydoxh lv orzhu wkdq rqh l1h1 li
2E��ru� 	 k 	 �� Wkhvh uhvxowv duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 9 Wkh FUV hfrqrp|
Lq wkh FUV fdvh wkh g|qdplf v|vwhp xqghu vwxg| froodsvhv lqwr d rqh

glphqvlrqdo g|qdplf ixqfwlrq iru f|� Lwv hljhqydoxh lv dozd|v srvlwlyh/ kljkhu
wkdq rqh li E��ru� 	 k 	 2E��ru�c ru orzhu wkdq rqh +orfdoo| lqghwhuplqdwh,
li 2E��ru� 	 k 	 �1 Ghwhuplqlvwlf orfdo hqgrjhqrxv  xfwxdwlrqv +vwxfwxudoo|
vwdeoh, gr qrw rffxu1

716 Glvfxvvlrq ri wkh uhvxowv

Lq wklv vxevhfwlrq zh lqwhusuhw dqg glvfxvv wkh uhvxowv vwdwhg lq Sursrvl0
wlrqv 8 dqg 91 Iluvw ri doo zh kdyh vhhq wkdw h{whuqdolwlhv duh qhfhvvdu| iru
wkh hphujhqfh ri orfdo ghwhuplqlvwlf hqgrjhqrxv  xfwxdwlrqv1 Wkh udwlrqdoh
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iru wklv uhvxow kdv wr gr zlwk wkh idfw wkdw zlwkrxw h{whuqdolwlhv orfdo gh0
whuplqlvwlf wudmhfwrulhv fdq qrw eh qrq prqrwrqlf1 Wr looxvwudwh wklv srlqw
frqvlghu wkh fdvh ri wkh FUV hfrqrp|1 Vxssrvh wkdw wkh hfrqrp| lv dw lwv
vwhdg| vwdwh vroxwlrq iru vrph wlph dqg wkdw/ iru vrph uhdvrq/ wkh h{shfwhg
uhqwdo frvw ri fdslwdo/ o|n�c lqfuhdvhv e| d vpdoo dprxqw1 Wkhq/ +vhh +48,, wkh
uhvhuydwlrq zdjh ghfuhdvhv/ dqg wkhuhiruh iurp +7, f| dovr ghfuhdvhv1 Xqghu
shuihfw iruhvljkw o|n� kdv wr lqfuhdvh dqg lq wkh devhqfh ri h{whuqdolwlhv wklv
lv rqo| srvvleoh li f|n� ixuwkhu ghfuhdvhv +vhh +:,,1 Khqfh wkh h{lvwhqfh ri qrq
prqrwrqlf ghwhuplqlvwlf wudmhfwrulhv qhdu wkh vwhdg| vwdwh lv qrw srvvleoh1

Rq wkh frqwudu|/ zlwk fdslwdo h{whuqdolwlhv/ dq lqfuhdvh lq o|n� fruuhfwo|
iruhvhhq/ pd| eh dffrpsdqlhg e| dq lqfuhdvh lq f|n� li g|n� dovr lqfuhdvhv1
Iru wklv wr eh srvvleoh vdylqjv +wkh zdjh eloo, lq shulrg | pxvw ulvh iroorzlqj
wkh h{shfwhg lqfuhdvh lq o|n�� Dv zh kdyh vhhq/ wklv ulvh lq o|n� lpsolhv d
ghfuhdvh lqf|c zklfk jlyhq d suhghwhuplqhg ydoxh rig| lpsolhv dq lqfuhdvh lq
u|�Khqfh/ orfdo qrq prqrwrqlf htxoleuld wudmhfwrulhv pd| h{lvw li wkh zdjh eloo
lv dq lqfuhdvlqj ixqfwlrq ri u| qhdu wkh vwhdg| vwdwh l1h= j*k : fs �Ef�*sEf��
Pruhryhu/ wkh orzhu wkh ghjuhh ri fdslwdo h{whuqdolwlhv wkh pruh g|n� kdv wr
lqfuhdvh/ diwhu wkh ulvh lq d fruuhfwo| iruhvhhq o|n�/ lq rughu wkdw ghwhuplqlvwlf
hqgrjhqrxv  xfwxdfwlrqv rffxu1 Wklv phdqv wkdw vdylqjv kdyh wr lqfuhdvh
pruh lpso|lqj d kljkhu ydoxh iru j1 Wklv h{sodlqv wkh xszdug vkliw ri wkh
olqh jM +�jxuh 8, zkhq v glplqlvkhv/ dv uhihuhg lq wkh odvw vhfwlrq1

Dqrwkhu uhvxow zruwk glvfxvvlqj frqfhuqv wkh uroh ri xqlrqv edujdlqlqj
srzhu iru wkh hphujhqfh ri Krsi elixufdwlrqv dqg lqghwhuplqdf|1 Qrwh wkdw
iru d srvlwlyh vc hyhq iru k ' �c wkh frqglwlrq j*k : fs �Ef�*sEf� pd|
eh vdwlv�hg iru vx!flhqwo| kljk ydoxhv ri j� Ri frxuvh li k 	 �c j pd| eh
orzhu/ vlqfh wkh h{lvwhqfh ri xqlrqv edujdlqlqj vwuhqjkw whqgv wr gdpshq
wkh idoo lq wkh zdjh eloo wkdw pljkw rffxu zkhq hpsor|phqw lqfuhdvhv zlwk
d jlyhq ydoxh iru g1 Iru h{dpsoh/ iurp +6;, zh fdq vhh wkdw iru ydoxhv ri
j durxqg rqh dqg iru orz ydoxhv ri wkh h{whuqdolw| +v 	 2ru � �, d Krsi
elixufdwlrq rffxuv iru k 	 �1 Vhh dovr �jxuh 81 Wklv phdqv wkdw/ dowkrxjk
wkh h{lvwhqfh ri xqlrq edujdlqlqj srzhu lv qrw qhfhvvdu| iru wkh rfxuuhqfh
ri Krsi elixufdwlrqv lw pd| lqfuhdvh lwv olnholkrrg/ iru hpslulfdoo| sodxvleoh
ydoxhv ri wkh rwkhu sdudphwhuv1

Dovr/ e| gluhfw lqvshfwlrq ri �jxuh 8 zh vhh wkdw/ iru d �{hg ydoxh ri jc
dq lqfuhdvh lq xqlrqv edujdlqlqj srzhu uhgxfhv wkh vfrsh iru orfdo lqghwhupl0
qdf|1 Krzhyhu/ lw fuhdwhv srwhqwldo lqvwdelolwlhv dv wkh vwhdg| vwdwh ehfrphv
d vrxufh1 Vxssrvh wkdw iru d jlyhq j/ E� � k� lv elj hqrxjk/ vr wkdw wkh
vwhdg| vwdwh lv d vrxufh1 Dvvxph ixuwkhu wkdw iru vrph �pludfxorxv � uhdvrq
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wkh hfrqrp| lv dw wkh vwhdg| vwdwh1 Wkhq/ li wkhuh lv dq h{rjhqrxv vkrfn
wkh hfrqrp| pd| idfh vhyhuh dgmxvwphqw sureohpv1 Wkh htxloleulxp wudmhf0
wrulhv pd| ehfrph h{sorvlyh/ ru h{sorvlyhqhvv pd| ehfrph frqwdlqhg gxh
wr wkh h{lvwhqfh ri dq dwwudfwlqj lqyduldqw forvhg fxuyh +vxshufulwlfdo Krsi ,1
Qhyhuwkhohvv wkh hfrqrp| zrxog qhyhu uhfryhu lwv vwdwlrqdu| vwdwh1

Ilqdoo|/ zh pd| zrqghu zkhwkhu xqlrqv duh jrrg ru edg lqvwlwxwlrqv iurp
d vrfldo zhoiduh srlqw ri ylhz1 Dv zh kdyh vhhq lq vhfwlrq 6/ iru sodxvleoh ydo0
xhv ri wkh sdudphwhuv/ li wkh vwhdg| vwdwh lv wkh uhohydqw vroxwlrq wkhq xqlrqv
pd| eh d jrrg lghd= hpsor|phqw/ fdslwdo dqg zrunhuv* zhoiduh pd| eh kljkhu
dw wkh vwhdg| vwdwh lq wklv fdvh1 Krzhyhu/ zh vkrxog eh fduhixo lq rxu frq0
foxvlrqv/ vlqfh lqghwhuplqdf| dqg wkh h{lvwhqfh ri ghwhuplqlvwlf  xfwxdfwlrqv
pd| uhgxfh wkh vfrsh wr frqvlghu wkh vwhdg| vwdwh dv wkh uhohydqw vroxwlrq1
Li wkh h{lvwhqfh ri xqlrqv idflolwdwhv wkh hphujhqfh ri hqgrjhqrxv  xfwxd0
wlrqv/ wkhq vrfldo zhoiduh pd| lqghhg ghfuhdvh1 Dorqj d wudmhfwru| h{klelwlqj
hqgrjhqrxv  xfwxdwlrqv durxqg d vwhdg| vwdwh/ wkhuh pljkw eh iruwxqdwh jhq0
hudwlrqv zlwk kljkhu ohyhov ri zhoiduh1 Krzhyhu rwkhu jhqhudwlrqv zloo vx�hu1
Wkhuhiruh wkhuh pd| h{lvw dq lqwhujhqhudwlrqdo htxlw| dujxphqw djdlqvw wkh
h{lvwhqfh ri xqlrqv1

8 Frqfoxglqj Uhpdunv
Lq wklv sdshu zh dqdo|vh wkh hfrqrplf uroh ri xqlrqv zlwk uhvshfw wr vwhdg|
vwdwh htxloleuld dqg zlwk uhvshfw wr orfdo g|qdplfv1 Zh frqvlghu dq ryhu0
odsslqj jhqhudwlrqv hfrqrp| zlwk lqfuhdvlqj uhwxuqv wr vfdoh gxh wr srvlwlyh
surgxfwlrq h{whuqdolwlhv1 Zh dovr frqvlghu hqgrjhqrxv oderxu vxsso| ghfl0
vlrqv +lqglylvleoh oderxu, dqg hqgrjhqrxv fdslwdo dffxpxodwlrq1 Dv zh kdyh
vhhq/ d voljkw lqfuhdvh lq xqlrqv srzhu pd| lqfuhdvh wkh xwlolw| ohyhov ri doo
djhqwv lq dq hfrqrp| dw wkh vwhdg| vwdwh1 Krzhyhu pxowlsoh vwhdg| vwdwhv
pd| h{lvw1 Pruhryhu/ hqgrjhqrxv  xfwxdwlrqv pd| hphujh/ hlwkhu gxh wr
orfdo lqghwhuplqdf| ru wr wkh rffxuuhqfh ri Krsi elixufdwlrqv1 Wkh vfrsh iru
orfdo lqghwhuplqdf| pd| eh uhgxfhg/ exw Krsi elixufdwlrqv pd| ehfrph pruh
olnho| zkhq xqlrqv duh suhvhqw1 Li wkh uhohydqw wudmhfwru| h{klelwv hqgrjh0
qrxv  xfwxdwlrqv/ wkh vwhdg| vwdwh zhoiduh lv qr orqjhu wkh xqltxh lpsruwdqw
hohphqw iurp d vrfldo srlqw ri ylhz1 Lq wklv fdvh/ zkhwkhu xqlrqv duh *jrrg*
lqvwlwxwlrqv ru qrw pd| zhoo ghshqg rq wkh wudgh r� ehwzhhq h!flhqf| dqg
lqwhujhqhudwlrqdo htxlw| wkdw vrflhw| lv zloolqj wr wdnh1

Vrph h{whqvlrqv ri rxu dqdo|vlv ru ixuwkhu ghyhorsphqw ri wkh prgho
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frqvlghuhg pd| eh ghvludeoh1 Lq rxu ROJ hfrqrp| fdslwdo dffxpxodwlrq lv
rewdlqhg rxw ri zdjhv1 Vlqfh xvxdoo| zrunhuv duh deoh wr rewdlq kljkhu zdjhv
zkhq xqlrqv duh suhvhqw/ vrph ri rxu uhvxowv duh qrw frpsohwho| vxusulvlqj1
Wkh frqvlghudwlrq ri d Zrrgirug w|sh ri prgho/ zkhuh gxh wr �qdqfldo frq0
vwudlqwv rqo| fdslwdolvwv lqyhvw/ ru d prgho zkhuh djhqwv kdyh lq�qlwh krul}rq
pd| eulqj vrph gl�huhqw uhvxowv/ dw ohdvw iurp wkh vwhdg| vwdwh srlqw ri ylhz1
Dqrwkhu ghvludeoh h{whqvlrq ri rxu prgho lv wkh frqvlghudwlrq ri pruh jhqhudo
suhihuhqfhv1 Zlwk d Free Grxjodv xwlolw| ixqfwlrq vdylqjv gr qrw ghshqg rq
wkh lqwhuhvw udwh1 Dqg wkh vdylqjv ehkdylrxu pd| eh txlwh lpsruwdqw qrw rqo|
iru wkh g|qdplfv ri wkh prgho exw dovr iru wkh fdslwdo ohyho dw wkh vwhdg| vwdwh1
Dqrwkhu lqwhuhvwlqj vwxg| zrxog eh wr xqghuvwdqg zkhwkhu fhuwdlq vw|olvhg
hfrqrplf srolf| uxohv duh deoh wr holplqdwh hqgrjhqrxv  xfwxdwlrqv +dw ohdvw
orfdoo|, lq wkh suhvhqfh ri xqlrqv1

Krzhyhu/ wklv zrun kdv vkrzq wkdw xqlrqv pd| kdyh lpsruwdqw h�hfwv rq
hfrqrplf shuirupdqfh/ qrw rqo| iurp d srvlwlyh srlqw ri ylhz exw dovr iurp
d qrupdwlyh srlqw ri ylhz1 Wkhuhiruh zh eholhyh wkdw ixuwkhu uhvhdufk rq wklv
vxemhfw lv pxfk zhofrph1

D Dsshqgl{

D14 Surri ri Sursrvlwlrq 7

Surri1 Zh vwduw e| dqdo|vlqj wkh h�hfwv ri k rq f1 Gl�huhqwldwlqj +55, dqg
xvlqj +;, dqg +57, zh kdyh wkdw=

0fck ' �E2� q � ru�

E�� q�ru

�

MEf�
+6<,

vr wkdw f lv ghfuhdvlqj lq kc l1h1 lqfuhdvlqj lq xqlrq srzhu/ iru j : j� jlyhq
lq Sursrvlwlrq 51 Qrwh wkdw j� 	 ��

Zh wxuq qrz wr wkh h�hfwv ri k rq fdslwdo1 Gl�huhqwldwlqj +4;, zh kdyh
wkdw=

v0gck '
E�� ru�

ru
n

Ek� � n ru� Ej � � n ru�

kjru
0fck +73,

Wklv lpsolhv wkdw zh kdyh 0gck 	 f wrjhwkhu zlwk 0fck 	 f li j : 4@ Ej�c je�
zkhuh=
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je '
E�� ru�

2

E�� q�Ek� � n ru�
� +74,

Iru vwhdg| vwdwh hpsor|phqw/ dv zh kdyh wkdw 0uck ' 0gck � 0fckc xvlqj
+73, zh rewdlq=

v0uck '
E�� ru�

ru
n

Ek� � n ru�Ej � � n ru�� vkjru
kjru

0fck +75,

Wkhuhiruh/ vwhdg| vwdwh hpsor|phqw lqfuhdvhv zlwk xqlrq srzhu/ E� � k�/
wrjhwkhu zlwk 0fck 	 f li j : 4@ Ej�c j2�� Vlqfh j2 : jec g/ u dqg f
lqfuhdvh vlpxowdqhrxvo| zlwk xqlrq srzhu iru j : 4@ Ej�c j2��

Ilqdoo| zh dqdo|vh krz wkh vwhdg| vwdwh xwlolw| ri wkh uhsuhvhqwdwlyh hp0
sor|hg lqglylgxdo ydulhv zlwk xqlrq srzhu1 Vxevwlwxwlqj +7,/ +8,/ dqg +48, lq
+47, zh rewdlq=

@n T E`c o� ' @

�
sEf�� ks

�

Ef�f
�

dsEf�� s �Ef�fo
' T WEf�� +76,

Gl�huhqwldwlqj wkh suhylrxv h{suhvvlrq zh kdyh wkdw

0T Wck '
E�� ru�

ru

�
E�� k�

k

Ej � ��

j
0%ck � �

�
� +77,

Wkhuhiruh/ vlqfh @ lv frqvwdqw/ T lv ghfuhdvlqj lq kc l1h1 lqfuhdvlqj lq xqlrq
srzhu/ zkhq 0T Wck 	 f 1 Wklv kdsshqv iru j : j� : j��

Frpelqlqj qrz doo wkh suhylrxv uhvxowv Sursrvlwlrq 7 iroorzv1

Uhihuhqfhv
^4` Dorl/ P1/ K1 Gl{rq dqg W1 Oor|g0Eudjd/ +4<<;,/ � Hqgrjhqrxv Ioxfwx0

dwlrqv lq dq Rshq Hfrqrp| zlwk Lqfuhdvlqj Uhwxuqv wr Vfdoh�/ iruwk0
frplqj Mrxuqdo ri Hfrqrplf G|qdplf dqg Frqwuro1

^5` Duurz/ N1 M1/ +4<95,/ �Wkh Hfrqrplf Lpsolfdwlrqv ri Ohduqlqj0e|0
grlqj�/ Uhylhz ri Hfrqrplf Vwxglhv/ 5<1
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